Travelling waves for fourth-order semilinear parabolic equations^�

Jan Bouwe van den Berg, Josephus Hulshof and Robertus van der Vorst July 7, 1999

Abstract We study travelling wave solutions of the fourth-order equation

u_t = −γu_{xxxx} + u_{xx} + (u + a)(1 − u^2),

where 0 < a < 1 and γ > 0. We prove the existence of a travelling wave connecting the stable equilibrium points u = −1 and u = 1 for a large range of γ-values. The proof is based on the observation that the stable manifold of u = 1 (making the Ansatz u(x, t) = U(x+ct)) ‘behaves’ topologically different for small c and for large c. This allows us to conclude that a transition occurs as we vary c, which corresponds to the existence of a connection between u = −1 and u = 1. We also investigate travelling waves between u = −a and u = ±1.

1 Introduction

We consider the fourth-order semilinear parabolic equation u_t = −γu_{xxxx} + u_{xx} + f(u), γ > 0, (1.1a) with the nonlinearity given by the cubic

f(u) = (u + a)(1 − u^2), 0 < a < 1. (1.1b)

This equation is one of the prototype equations describing pattern formation in physical models [5]. With γ = 0 it is a standard equation arising in population genetics [2] and admits a travelling wave solution of the form

u(x, t) = tanh (x + a√2t √ 2 ) . This travelling wave connects the two stable equilibria u = −1 and u = +1 of the ordinary differential equation u^′ = f(u).

�This work was partially supported by grant TMR ERBFMRXCT980201.

For a = 0 Equation (1.1) is known in the literature as the Extended Fisher-Kolmogorov (EFK) equation and has been extensively studied during the last decade. In particular it admits a standing travelling wave (i.e. a stationary solution) connecting u = −1 and u = +1 for all γ > 0. This ‘kink’ solution has been obtained by ODE methods [12] and by variational methods [14]. It is unique (modulo the obvious symmetries) for γ ≤^1_8 [17, 18, 10], while for for γ >^1_8 there is a multitude of (multi-bump) solutions connecting u = −1 and u = +1 [13, 9]. This is due to the fact that as γ crosses the critical value γ =^1_8 , the eigenvalues of the linearised (around u = ±1) stationary equation become complex.

Returning to the case 0 < a < 1, it was shown in [1] that the explicit travelling wave for γ = 0 perturbs to a travelling wave for small γ. Besides, it was shown in [4] that for all γ > 0 the kink solution for a = 0 perturbs to a travelling wave for small a. Both these results are of a local character. In this paper we establish a more global result.

We introduce the potential (see Figure 1)

F (u) = ∫_u 1 f(s)ds, (1.2) and state our main theorem.

Theorem 1.1 For all 0 < a < 1 and all 0 < γ < σ(a), where

σ(a)^{def}= min −1<u<−a −F (u) 2f(u)^2

(1.3)

there exists a travelling wave solution of (1.1) connecting u = −1 and u = 1.

Remark 1.2 Since at the (attained) minimum in (1.3) the equality −F (u) 2f(u)^2 = −1 4f^′(u) holds, we easily derive that σ(a) > 1 8(1 − a) for all 0 < a < 1.

We note that although this estimate is sharp for a → 0, it is not sharp at all for larger values of a. In general, for nonlinearities f(u) having the same shape as (1.1b), a lower bound on σ is

σ ≥ min −1≤u≤−a f0_{(u)<0} −1 4f^′(u)

. (1.4)

This estimate is often easier to compute than σ itself, but it is in general a rather blunt estimate. Note that if the minimum in the right-hand side of (1.4) is only attained at u = −1, then the inequality in (1.4) is strict (e.g. in the case of f(u) = (u + a)(1 − u^2)). Finally, we remark that the critical value σ is also encountered in the study of homoclinic orbits for c = 0 (see [11, Theorem B]). This originates from the similarity of that problem with the proof of Lemma 4.2, which is in fact the only instance in our analysis where γ is required to be smaller than σ. •

In Theorem 1.1 we obtain the existence of a travelling wave connecting u = −1 and u = +1 for some c > 0. In this paper we also prove that for all c > 0 there exists a travelling wave connecting u = −a to u = −1, whereas a travelling wave connecting u = −a to u = +1 exists for c > 0 suf^ciently large (see Theorems 6.1 and 6.2). These results do not depend on the precise shape of the nonlinearity. They hold for all nonlinearities f(u) having the same shape as (1.1b). For the travelling waves connecting u = −a and u = ±1 the proof goes on unchanged, while for the travelling wave connecting u = −1 to u = +1 we need (see Theorem 7.1) the uniform bound which is obtained in Lemma 7.3. Finally, in Theorem 6.3 we give an example of a result for nonlinearities with a different shape.

The organisation of this paper is as follows. In Section 2 we give an outline of the proof of Theorem 1.1, and in the Sections 3 to 5 the details of this proof are ^lled in. In particular, in Section 3 we perform an analysis of the ~ow Şat in^nityŤ. Section 6 discusses the existence of travelling waves connecting u = −a to u = ±1. We conclude with an a priori bound and some remarks on open problems in Section 7.

2 Outline of the proof

Searching for a travelling wave we set u(x, t) = U(x + ct) (c > 0), which, switching to lower case again, reduces (1.1a) to the ordinary differential equation cu^′ = −γu^{′′′′} + u^{′′} + f(u), (2.1) or, written as a four-dimensional system,

u^′ = v; v^′ = w; w^′ = z; γz^′ = w − cv + f(u). (2.2)

The equilibria of this system are (u, v, w, z) = (−1, 0, 0, 0), (u, v, w, z) = (−a, 0, 0, 0) and (u, v, w, z) = (1, 0, 0, 0) (for short: u = −1, u = −a and u = 1). To prove Theorem 1.1 we look for a c ≠ 0 and a corresponding heteroclinic orbit of (2.2) connecting u = −1 to u = 1. Linearising around u = ±1 we ^nd that, irrespective of c, both u = −1 and u = 1 have two-dimensional stable and unstable manifolds, denoted by W^s(±1) and W^u(±1). Generically W^s(1) and W^u(−1) will not intersect but varying c we expect to pick up a non-empty intersection.

A key observation is the following. For c = 0 the eigenvalues of u = ±1 are real when γ is small, and they become complex when γ crosses the critical values γ =^1_{8(1+a)} (for u = +1) and γ =^1_{8(1−a)} (for u = −1). It follows from the analysis in [17] that if c = 0 then for 0 < γ ≤^1_{8(1+a)} all orbits in the stable manifold W^s(1) are unbounded. In this paper we enlarge the range of values of γ for which this holds to 0 < γ < σ(a).

F (u) u −1 −a 1

E_0

Figure 1: The potential F (u) and the energy level E_0 separating u = −a from u = ±1.

An important ingredient in our analysis is a conserved quantity for (2.1) when c = 0, which is a Lyapunov function when c ≠ 0. We de^ne E(u, v, w, z)^{def}= −γvz + γ 2 w^2 + v^2 2 + F (u), (2.3)

where the potential F (u) is given by (1.2), and is depicted in Figure 1. Multiplying (2.1) by u^′ we have E^′(u, u^′, u^{′′}, u^{′′′}) = cu^{′2}, (2.4) so that E, which we shall refer to as the energy of the solution, is increasing along orbits if c > 0, constant if c = 0, and decreasing if c < 0. Since we are looking for a solution of (2.1) connecting u = −1 to u = 1, we see from Figure 1 that we can restrict our attention to c > 0.

To separate the equilibrium point u = a from u = ±1, we choose an energy level E_0 such that (see also Figure 1) F (−a) < E_0 < F (−1) < 0, and we de^ne the set K^{def}= {(u, v, w, z) ∈ ∫^4 | E(u, v, w, z) ≥ E_0}. (2.5) This allows us to formulate the following proposition:

Proposition 2.1 If c > 0 is such that W^s(1) ∩ W^u(−1) = , then every orbit in W^s(1) enters K through its boundary δK and Γ̂ = W^s(1) ∩ δK is a simple closed curve. The set of positive c for which this property holds is open and Γ̂ varies continuously with c.

Proof. In view of (2.4) the intersection of W^s(1) and δK must be transversal. Let us assume that W^s(1) ∩ W^u(−1) = . We need to show that every orbit in W^s(1) can be traced back to δK, for then there is bijection between W^s(1)∩δK and a smooth simple closed curve in W^s_{loc}(1) winding around u = 1 (in W^s_{loc}(1)). Arguing by contradiction we assume that there is an orbit in W^s(1) which is completely contained in K. Let u(t) be a solution representing this orbit. Then u(t) exists on some maximal time interval (t_{min}, ∞). Since u(t) has energy larger than E_0, it follows from (2.4) and (2.5) that ∫_∞ t_{min} u^{′2} ≤ F (1) − E_0 c = −E_0 c , (2.6)

so that u(t) remains bounded on (t_{min}, ∞) if t_{min} is ^nite. Thus t_{min} = −∞ and, again by (2.6), u(t) converges to a limit as t → −∞. Because u = −1 is the only equilibrium in K with energy less than the energy of u = 1, we infer by standard arguments that u(t) ∈ W^u(−1). This contradicts the assumption that W^s(1) ∩ W^u(−1) = . The second statement is an immediate consequence of the transversality of W^s(1) ∩ δK. 2

Proof of Theorem 1.1. It suf^ces to show that there is a c > 0 for which the assumption of Proposition 2.1 fails. Again arguing by contradiction, we assume that Proposition 2.1 applies to all c > 0 and search for a topological obstruction. This requires a description of δK that allows us to form a global picture of this set.

To this end we write δK as δK = { (u, v, w, z) ∈ ∫^4 | | 1 2 (v − γz)^2 + γ 2 w^2 = E_0 − F (u) + γ^2z^2 2 } . (2.7)

In Figure 2 we have plotted the projection of δK onto the (u, z)-plane. For (u, z) lying inside one of the two closed curves (see Figure 2) de^ned by

E_0 − F (u) + γ^2z^2 2 = 0, (2.8)

every (u, v, w, z) belongs to K, while for (u, z) lying outside the two closed curves we only have that (u, v, w, z) is in K if (v, w) is outside the ellipse de^ned by 1 2 (v − γz)^2 + γ 2 w^2 = 0.

The projection of δK onto the (u, z)-plane maps Γ̂ = W^s(1) ∩ δK, which by assumption exists for all c > 0, to a closed but not necessarily simple curve Γ in the (u, z)-plane for which the winding numbers n(Γ, −1) and n(Γ, 1) around (u, z) = (−1, 0) and (u, z) = (1, 0) respectively, are well-de^ned and independent of c (by continuity). A contradiction is derived by showing (in the following proposition) that for small c > 0 we must have n(Γ, −1) = n(Γ, 1) = 1, while n(Γ, −1) = 0 and n(Γ, 1) = 1 for large c > 0 (this is depicted in Figure 2). 2

We may choose the orientation of the simple closed curve in W^s_{loc}(1) winding around u = 1 in such a way that its projection onto the (u, z) plane has winding number equal to +1.

Proposition 2.2

1 −1 −a u z

small c large c

Figure 2: The projection (in grey) of δK onto the (u, z)-plane. The closed curves which form the boundary of the grey area are given by Equation (2.8). The other two curves depict Γ (i.e. the projection of W^s(1) ∩ δK onto the (u, z)-plane) for small c and large c.

(a) Let 0 < γ < σ(a). Then there exists a c_∗ > 0 such that n(Γ, −1) = 1 and n(Γ, 1) = 1 for all 0 < c < c_∗.

(b) Let γ > 0. Then there exists a c^∗ > 0 such that n(Γ, −1) = 0 and n(Γ, 1) = 1 for all c > c^∗. Note that the restriction on γ in Theorem 1.1 is solely due to the fact that our analysis for c = 0 only holds for γ < σ(a).

The analysis for c > 0 large is based on a continuation argument deforming the nonlinearity f(u) into a function which is linear on some interval containing u = 1. For an appropriate choice of E_0 this allows for an explicit calculation giving n(Γ, −1) = 0 and n(Γ, 1) = 1. Using an estimate prohibiting a connection between u = −1 and u = 1 for c > 0 large (uniform in the deformation) we ^nd the same winding numbers for our original f. This will be done in Section 5.

For c > 0 small the analysis is much more involved. We already mentioned that the starting point of the analysis in this paper is the fact that for c = 0 all orbits in W^s(1) are unbounded as long as 0 < γ < σ(a). For the description of unbounded orbits we use a modi^ed Poincarťe transformation which we believe is of independent interest. In Section 3 we investigate orbits which are unbounded if we trace them backwards in time. We shall show that, in an appropriate compacti^cation of the phase space, these orbits must originate from a unique periodic orbit lying at in^nity in the phase space. A similar statement holds for orbits unbounded in forward time. The analysis at in^nity relies largely on a global analysis of bounded and unbounded solutions of the family of equations

u^{′′′′} + u^s = 0 with the convention u^s = |u|^{s−1}u, s ≥ 1. (2.9)

This equation is invariant under the scaling u(t) → λu(λ^s

�1_4

t) for all λ > 0.

In Section 4 we use the analysis in Section 3 to conclude that n(Γ, −1) = n(Γ, 1) = 1 for small c > 0. This part of the analysis also uses a series of deformations of f, resulting in the nonlinearity −u^3. Here it is important to keep the deformations within the class of functions for which W^s(1) consists of unbounded orbits only.

We want to remark that our methods are inspired by Conley index theory, but we have chosen an approach in which only the essential topological information required for our analysis is used, and which avoids the use of algebraic invariants.

3 Classi�cation of unbounded solutions

In this section we show that the ~ow of (2.2) far away from the origin is governed by Equation (2.9) with s = 3. In this analysis it will be convenient not to have parameters in the coef^- cients of the dominating terms in (2.1) and (2.2). Therefore we scale the independent variable by a factor γ^{1/4} and arrive at the system

x^′_1 = x_2; x^′_2 = x_3; x^′_3 = x_4; x^′_4 = Ax_3 − cx_2 + (x_1 + a)(1 − x^2_1), (3.1)

where x_1, x_2, x_3 and x_4 correspond to u, u^′, u^{′′} and u^{′′′} in the new variable. Note that also c has been scaled and that A = 1 √ γ , so that 0 < γ < σ(a) ⇔ A > 1 √ σ(a) . 3.1 The reduced system

We begin by examining the reduced system

x^′_1 = x_2; x^′_2 = x_3; x^′_3 = x_4; x^′_4 = −x^s_1, (3.2)

corresponding to (2.9) with the same notational convention for the power function. Note that for this system the energy (or Hamiltonian)

H(x_1, x_2, x_3, x_4)^{def}= −x_2x_4 + x^2_3 2 − |x_1|^{s+1} s + 1

(3.3)

is a conserved quantity.

We introduce ^ve new dependent variables X_1, X_2, X_3, X_4 and X_5 > 0 by setting x_i = X_i X^{ai}_5

(i = 1, 2, 3, 4), (3.4) where the exponents a_i are to be chosen shortly. Unbounded orbits of (3.2) will correspond to orbits in the new variables with X_5 approaching zero. By substituting (3.4) in (3.2) we obtain the four equations X_5X^′_1 − a_1X_1X^′_5 = X_2X^{1+a1−a2}_5 ; (3.5a) X_5X^′_2 − a_2X_2X^′_5 = X_3X^{1+a2−a3}_5 ; (3.5b) X_5X^′_3 − a_3X_3X^′_5 = X_4X^{1+a3−a4}_5 ; (3.5c) X_5X^′_4 − a_4X_4X^′_5 = −X^s_1 X^{1+a4−sa1}_5 , (3.5d) with a ^fth equation pending. We choose the exponents in such a way that all the exponents in the right hand sides of (3.5) are the same, i.e, b^{def}= 1 + a_1 − a_2 = 1 + a_2 − a_3 = 1 + a_3 − a_4 = 1 + a_4 − sa_1.

Solving for a_1, a_2, a_3, a_4 and b we ^nd

a_1 = 4λ; a_2 = (s + 3)λ; a_3 = (2s + 2)λ; a_4 = (3s + 1)λ; b = 1 − (s − 1)λ, (3.6) where λ is still free and, for the moment, positive. We close system (3.5) by imposing as a ^fth equation X^s_1 X^′_1 + X_2X^′_2 + X_3X^′_3 + X_4X^′_4 = 0. (3.7) When we multiply (3.5a-3.5d) by X^s_1 , X_2, X_3 and X_4 respectively, and add up the resulting equations, we obtain P X^′_5 = − 1 λ QX^b_5. (3.8) Here we have set P^{def}= 4|X_1|^{s+1} + (3 + s)X^2_2 + (2 + 2s)X^2_3 + (1 + 3s)X^2_4 , (3.9) which is non-negative, and Q^{def}= X^s_1 (X_2 − X_4) + X_3(X_2 + X_4).

Introducing a new independent variable, we write Ẋ_5 = P X^{(s−1)λ}_5 X^′_5 = − 1 λ QX_5, (3.10) where the dot denotes derivation with respect to this new independent variable from which the old one may be recovered by integration. Thus, combining (3.10) and (3.5), we arrive at the system

Ẋ_1 = X_2P − 4X_1Q ; (3.11a) Ẋ_2 = X_3P − (3 + s)X_2Q ; (3.11b) Ẋ_3 = X_4P − (2 + 2s)X_3Q ; (3.11c) Ẋ_4 = −X^s_1 P − (1 + 3s)X_4Q . (3.11d)

Note that X_5 has been decoupled from the equations and by construction the system (3.11) leaves the surfaces

Σ^{def}= { (X_1, X_2, X_3, X_4) | | | |X_1|^{s+1} s + 1 + X^2_2 2 + X^2_3 2 + X^2_4 2 = C_0 } ∼= S^3 (3.12)

invariant for all C_0 > 0. The free parameter λ only appears in (3.10) and may be discarded.

The Poincarťe transformation (3.4) is used here to blow up the ~ow near Şin^nityŤ. As will be explained in Section 3.3 this is equivalent to blowing up the ~ow near the equilibrium point u = 0. This blowing-up technique is frequently used in the study of ~ows in the neighbourhood of non-hyperbolic equilibrium points (see e.g. [6, 7]). The transformation de^ned by (3.4) and (3.12) is a variant of the standard Poincarťe transformation, which has a_1 = a_2 = a_3 = a_4 = 1 and imposes as ^fth equation that X^2_1 + X^2_2 + X^2_3 + X^2_4 + X^2_5 be constant, so that the transformed problem is situated on the Poincarťe sphere. The modi^cation presented above, in particular the choice of exponents, is needed to obtain a non-trivial vector ^eld at in^nity from which we may derive the qualitative properties of the ~ow of the full system (3.1) near in^nity.

In Equation (3.7) we have chosen not to include a term X_5X^′_5 and to modify the exponent of X_1. This simpli^es the new vector ^eld and allows the decoupling of the Ẋ_5-equation. Note that instead of a Poincarťe sphere we now have a Poincarťe cylinder Π, namely the topological product of the deformed sphere Σ and the positive X_5-axis:

Π^{def}= {(X_1, X_2, X_3, X_4, X_5) | (X_1, X_2, X_3, X_4) ∈ Σ, X_5 ≥ 0} ∼= S^2 × ∫^+ .

The ~ow of (3.2) is completely determined by the ~ow of (3.11) on Σ. Thus we have a reduction from dimension 4 for (3.2) to dimension 3 for (3.11). The role of X_5 = 0 and X_5 = ∞ can be reversed by changing from positive to negative λ at the expense of a minus sign in (3.10).

Remark 3.1 The choice of C_0 > 0 in (3.12) is arbitrary, because the ~ows on all spheres Σ are C^1-conjugated (modulo the introduction of the new independent variable in Equation (3.10)). This is in fact the very idea of Poincarťe transformations, namely that we divide out the invariance of (3.1) and focus on the resulting ~ow. To be explicit, let X_i and Y_i be two sets of Poincarťe coordinates, i.e., x_i = X_i X^{ai}_5 = Y_i Y^{ai}_5 for i = 1, 2, 3, 4, with constraints |X_1|^{s+1} s + 1 + X^2_2 2 + X^2_3 2 + X^2_4 2 = C_0, (3.13a) |Y_1|^{s+1} s + 1 + Y^2_2 2 + Y^2_3 2 + Y^2_4 2 = C_1. (3.13b)

When we de^ne λ =^{X5}_{Y5} , then the two sets of coordinates are related by

X_5 = λY_5 and X_i = λ^{ai} Y_i for i = 1, 2, 3, 4. (3.14)

Substituting this into (3.13a) we obtain

G(Y_1, Y_2, Y_3, Y_4, λ) ≡ λ^{(s+1)a1}

|Y_1|^{s+1} s + 1

+ λ^{2a2}

Y^2_2 2 + λ^{2a3}

Y^2_3 2 + λ^{2a4}

Y^2_4 2 = C_0.

Since^{∂G}_{∂λ} > 0 for all Y_i that obey (3.13b), it follows from the implicit function theorem that λ(Y_1, Y_2, Y_3, Y_4) is a differentiable function. It is now easily seen from (3.14) that X_i and Y_i are related by a C^1-conjugacy. Therefore, we may choose the constant C_0 according to our liking to obtain a description of the ~ow that is most suitable to our needs. •

For the analysis of (3.11) we ^rst observe

Lemma 3.2 System (3.11) has no stationary points on Σ for any C_0 > 0.

Proof. Since X_1 = X_2 = X_3 = X_4 = 0 is excluded we have that P de^ned by (3.9) is positive. Equating the right hand sides of (3.11) to zero and considering the resulting equations as linear equations in P and Q, it follows that we can only have solutions if every determinant of every pair of two equations vanishes. This would give for instance that

0 ≤ (2 + 2s)X^2_3 = (3 + s)X_2X_4; 0 ≤ 4|X_1|^{s+1} = −(1 + 3s)X_2X_4.

We conclude that X_2X_4 = 0 and with any of the X_i = 0 the others follow immediately. 2

We next use the conserved quantity to obtain a further reduction from dimension 3 to dimension 2 for the limit sets of orbits of (3.5) which approach in^nity (X_5 → 0) or the origin (X_5 → ∞). In the new variables the Hamiltonian is H = ( −X_2X_4 +

X^2_3 2 − |X_1|^{s+1} s + 1 ) X^{−4λ(s+1)} 5 , (3.15)

from which we conclude that for λ > 0

X_5 → 0 ⇔ − X_2X_4 +

X^2_3 2 − |X_1|^{s+1} s + 1

→ 0. (3.16)

For the classi^cation of unbounded orbits we have to analyse the ~ow restricted to the invariant set given by

T^{def}= { (X_1, X_2, X_3, X_4) | | |X_1|^{s+1} s + 1 + X^2_2 2 + X^2_3 2 + X^2_4 2 = C_0,

X^2_3 2 = X_2X_4 +

|X_1|^{s+1} s + 1 } . This set is a topological torus as can be seen by setting

X_1 = ξ_1; X_2 = ξ_2 + ξ_4 √ 2 ; X_3 = ξ_3; X_4 = ξ_2 − ξ_4 √ 2 , (3.17)

so that, in terms of the ξ-variables, T = { (ξ_1, ξ_2, ξ_3, ξ_4) | | | 2 s + 1

|ξ_1|^{s+1} + ξ^2 = ξ^2_3 + ξ^2_4 = C_0 } ∼= S^1 × S^1. (3.18)

Clearly we have that T is the product of two topological circles, one in the (ξ_1, ξ_2)-plane, the other in the (ξ_3, ξ_4)-plane.

Theorem 3.3 Let s ≥ 1 and �x the constant C_0 > 0.

(a) Then there exist precisely two periodic orbits Λ_− and Λ_+ of (3.11) on the torus T . (b) The three non-trivial Floquet multipliers of Λ_+ are contained in the interval (0, 1). The three non-trivial Floquet multipliers of Λ_− are contained in the interval (1, ∞).

(c) Every other orbit on the sphere Σ has Λ_− as α-limit set and Λ_+ as ω-limit set.

Proof. The proof is based on the observation that the coef^cient Q in (3.10), which after transforming by (3.17) reads Q = √ 2(ξ^s_1ξ_4 + ξ_2ξ_3), (3.19)

plays a double role. Obviously it determines which parts of in^nity attract solutions towards X_5 = 0, in forward and in backward time. To prove part (a) we begin by showing that Q can also be seen as minus the divergence of the vector ^eld restricted to the invariant torus T . From (3.11) and (3.17) we derive

ξ̇_1 = ξ^2 + ξ^4√ 2 P − 4ξ_1Q ; (3.20a)

ξ̇_2 = ξ^3 − ξ^{s1}√ 2 P − ((2 + 2s)ξ_2 + (1 − s)ξ_4)Q ; (3.20b)

ξ̇_3 = ξ^2 − ξ^4√ 2 P − (2 + 2s)ξ_3Q ; (3.20c)

ξ̇_4 = ξ^3 + ξ^{s1}√ 2 P − ((1 − s)ξ_2 + (2 + 2s)ξ_4)Q . (3.20d)

We parametrise T by ‘polar coordinates’

ξ_1 = f_1(ϕ); ξ_2 = g_1(ϕ); ξ_3 = f_2(θ); ξ_4 = g_2(θ), (3.21) satisfying

f^′_1 = −g_1; g^′_1 = f^s_1 ; f^′_2 = −g_2; g^′_2 = f_2. (3.22)

Note that when C_0 = 1 and s = 1 we just have

ξ_1 = cos ϕ; ξ_2 = sin ϕ; ξ_3 = cos θ; ξ_4 = sin θ.

From (3.20a), (3.20c), (3.21) and (3.22) we derive that on T the ~ow is given by . ϕ̇ = P√ 2 (−1 − g_2 g_1

) + 4Q f_1 g_1 ≡ w_1(ϕ, θ); θ̇ = P√ 2 (1 − g_1 g_2

) + 2(s + 1)Q f_2 g_2 ≡ w_2(ϕ, θ), where in terms of f_1, g_1, f_2, g_2,

P = 4(s + 1)C_0 + 2(1 − s)g_1g_2, and Q = √ 2(f^s_1 g_2 + f_2g_1).

The functions w_1 and w_2, de^ned in (3.23), appear to have singularities, but using (3.18) they can be written as

w_1(ϕ, θ) = √ 2 [ −2(s + 1)C_0 − (s + 3)g_1g_2 + (s − 1)g^2 + 4f_1f_2 ] , w_2(ϕ, θ) = √ 2 [ 2(s + 1)C_0 − (3s + 1)g_1g_2 + (s − 1)g^2_1 + 2(s + 1)f^s_1 f_2 ] . Taking the divergence of the vector ^eld w we obtain (using (3.22), ∇ · w = ∂w_1 ∂ϕ + ∂w_2 ∂θ = √ 2(−5 − 3s)(f^s_1 g_2 + f_2g_1) = −(3s + 5)Q.

Next, we split T into

T_+ = {(X_1, X_2, X_3, X_4) | Q > 0} and T_− = {(X_1, X_2, X_3, X_4) | Q < 0}.

These two sets share the boundary

T_0 = {(X_1, X_2, X_3, X_4) | Q = 0},

which, in view of (3.18) and (3.19), consists of two topological circles, which both wind one time around the two homotopically distinct simple loops on the torus (see Figure 3). If we can show that an orbit can only pass through T_0 from T_− to T_+, then it follows from the negativity of ∇ · w in T_+ and the winding properties of T_0 on T that T_+ contains precisely one periodic orbit. The same statement follows for T_− with respect to the backward ~ow on T .

To be precise, it follows from (3.21), (3.22) and (3.18) that we may choose ξ_3 = f_2(θ) = √ C_0 cos θ. We de^ne the set S^{def}= {(θ, ϕ) ∈ T | θ =^π_2 }, and it follows that θ̇ | | S = √ 2[2(s + 1)C_0 − (3s + 1) √ C_0g_1 + (s − 1)g^2_1].

T_0

T_+

T_+

T_+

T_−

T_−

Figure 3: A fundamental domain of the torus, in which T_−, T_+ and T_0 are indicated (schematically).

Since |g_1| ≤ √ C_0, it is easy to check that θ̇ | |_S ≥ 0, and equality only holds when g_1 = √C_0. By continuity arguments the orbit through this point also crosses S in the direction of increasing θ. Thus S is a global section for the ~ow on T . Moreover, the return map is well-de^ned, since there is no point in T for which the forward orbit is contained in T \ S. Otherwise such a forward orbit would either be contained in T_− or eventually be in T_+, because T_+ is positively invariant and orbits can only pass through T_0 from T_− to T_+. In the absence of equilibrium points (Lemma 3.2) its ω-limit set would be a periodic orbit. However, there would have to be an equilibrium point inside this periodic orbit, contradicting Lemma 3.2. Hence the return map is well-de^ned. The intersection S ∩ (T_+ ∪ T_0) consists of the line segment {(θ, ϕ) ∈ T | θ =^π_2 , f_1(ϕ) ≥ 0}. The return map maps this line segment into itself, which implies the existence of a periodic orbit in T_+. Similarly there exists a periodic orbit in T_−. The return map is contracting in T_+ and expanding in T_−, since the divergence of the vector ^eld is negative in T_+ and positive in T_−. This proves the uniqueness of the two period orbits and shows that all other orbits on the torus T have Λ_− as α-limit set and Λ_+ as ω-limit set.

We remark that the same conclusion can be reached by combining the Poincarťe-Bendixson theorem for ~ows on the torus and the Morse theory for Morse-Smale ~ows.

We still have to show that an orbit can only pass through T_0 from T_− to T_+. Thus we calculate from (3.19) and (3.20) that Q̇ | | |_{Q=0} = P ( |ξ_1|^{2s} + ξ^2 + ξ^2_3 + ξ^2_4 + (s|ξ_1|^{s−1} − 1)(ξ_2 + ξ_4)ξ_4 ) . (3.24)

Notice that P is positive on T (see (3.9)), thus Q̇ | |_{Q=0} > 0 on T for s = 1. For s > 1 we de^ne R as the second part of the right hand side of (3.24) and simplify it using the expression (3.18) for T :

R^{def}= |ξ_1|^{2s} + ξ^2 + ξ^2_3 + ξ^2_4 + (s|ξ_1|^{s−1} − 1)(ξ_2 + ξ_4)ξ_4 = 2C_0 + |ξ_1|^{2s} − 2 s + 1

|ξ_1|^{s+1} − (1 − s|ξ_1|^{s−1})(ξ_2 + ξ_4)ξ_4. (3.25)

We notice that by (3.18)

(ξ_2 + ξ_4)ξ_4 ≤ ((C_0 − 2 s + 1

|ξ_1|^{s+1})^{12} + C^{12}_0 )C^{12}_0 = C_0(1 + (1 − 2 C_0(s + 1)

|ξ_1|^{s+1})^{12} ),

and we ^x

C_0 = 2 s + 1 (1 s ) s+1_s�_1 . (3.26)

Setting |ξ_1| = x (1 s ) 1_s�_1 , where 0 ≤ x ≤ 1,

it follows that R ≥ 2 s + 1 (1 s ) s+1_s�_1 ( 2 + s + 1 2s x^{2s} − x^{s+1} − (1 − x^{s−1})(1 + (1 − x^{s+1})^{12} ) )

= 2 s + 1 (1 s ) s+1_s�_1 ( 1 + s + 1 2s x^{2s} − x^{s+1} + x^{s−1} − (1 − x^{s−1})(1 − x^{s+1})^{12} )

= 2 s + 1 (1 s ) s+1_s�_1 ( (1 − x^{s+1})^{12} ( (1 − x^{s+1})^{12} − (1 − x^{s−1})^{12} ) + x^{s−1} + s + 1 2 x^{2s} ) . Since 0 ≤ x ≤ 1 we see that R > 0 unless x = 0. Looking at (3.25) we infer that R can only be zero if ξ_1 = ξ_3 = 0 and ξ_2 = ξ_4 = ± √ C_0, or, in terms of the X_i, if X_1 = X_3 = X_4 = 0. By continuity arguments it follows that also in these two points the orbits go from T_− to T_+. Thus, with the particular choice of C_0 given by (3.26) we have indeed that T_+ is positively invariant and T_− is negatively invariant. This completes the proof of part (a) of the theorem.

Note that, although the preceding proof needs C_0 to be given by (3.26), the statements in Theorem 3.3 are true for any choice of C_0 > 0 (see Remark 3.1). Another observation is that the linear case s = 1 may be treated directly by transforming the general solution of the then linear equation (2.9) to the X-variables.

Next we prove part (b) of the theorem. Restricted to T the nontrivial Floquet multiplier of Λ_+ equals (see e.g. [16, p. 198]) exp (∮ Λ_+ ∇ · w ) = exp (∮ Λ_+

−(3s + 5)Q ) . Since Q is uniformly positive on Λ_+, this Floquet multiplier is in (0, 1). Close to the periodic orbit Λ_+ we choose ϕ, θ, X_5 and H_0 as coordinates on the Poincarťe cylinder Π, where H_0 is the ^rst factor of the Hamiltonian H in (3.3):

H_0^{def}= −X_2X_4 +

X^2_3 2 − |X_1|^{s+1} s + 1 . Since H = H_0X^{−4λ(s+1)}

5 is a conserved quantity on Π, it follows from (3.10) that

Ḣ_0 = −4(s + 1)Q H_0.

Together with (3.10) this implies that the other Floquet multipliers are exp (∮ Λ_+

−4(s + 1)Q ) and exp (∮ Λ_+ − 1 λ Q ) , which are in (0, 1) as before. Thus Λ_+ is exponentially stable. The statement for Λ_− is obtained by time reversal.

Finally, we prove part (c) of the theorem. We have already dealt with the ~ow on the torus T in part (a). Orbits of the ~ow on the complement Σ \ T of the torus T in the sphere Σ correspond to solutions of (2.9) with non-zero Hamiltonian. Since H = H_0X^{−4λ(s+1)}_5 and H_0 is bounded on Σ (because Σ is compact), it follows that for such orbits X_5 remains bounded. Thus orbits in Σ \ T are bounded in the X-variables and hence have nonempty compact invariant α- and ω-limit sets, consisting of bounded orbits. We have to show that these limit sets can only be the two periodic orbits Λ_− and Λ_+ provided by part (a) of the theorem. To this end it suf^ces to show that all solutions with H ≠ 0 are unbounded, i.e., X_5 → 0 along a subsequence, since this also implies H_0 → 0 by (3.16), so that an unbounded orbit comes arbitrary close to the torus T .

Postponing the proof of the unboundedness of solutions with H ≠ 0, we then choose an open tubular neighbourhood Λ^ε_− of Λ_− in T , such that Q < 0 in Λ^ε_−. Clearly all orbits starting in T \ Λ^ε_− tend to Λ_+ in forward time. Note that T_0 ∪ T_+ ⊂ T \ Λ^ε_−. By compactness of T and by part (b) of the theorem, there exists a open neighbourhood T^ε of T \ Λ^ε_− in Π such that all orbits starting in T^ε tend to Λ_+ in forward time. Since an orbit which comes close to X_5 = 0 (and thus close to T ), can only do so with non-negative Q, it enters T^ε and hence tends to Λ_+.

We still have to prove that any orbit with non-zero Hamiltonian is unbounded. It has been proved in [10] that (2.9) admits no bounded solutions except u ≡ 0. Here we present a different proof because we need to extend this result to more general situations (see Remark 3.4).

Arguing by contradiction we assume that there is a bounded orbit which has X_5 bounded away both from zero and in^nity. Such an orbit corresponds to a bounded orbit of (3.2) which stays away from the origin, i.e. to a globally de^ned bounded solution u of (2.9) which in phase space stays away from the zero state. It is a simple exercise to show that such solutions u are oscillatory and must attain positive local maxima. In particular any such solution must have a point t_0 in which u(t_0) > 0, u^′(t_0) = 0, u^{′′}(t_0) ≤ 0.

Changing from t to −t if necessary, we may assume that u^{′′′}(t_0) ≤ 0 and apply an oscillation argument from [17] which we repeat here for the sake of completeness. There exists a t^∗ > t_0 such that u^{′′′}(t) < 0 for t_0 < t < t^∗ and u^{′′′}(t^∗) = 0. Using the fact that, H = −u^′u^{′′′} + 1 2 u^{′′2} − 1 s + 1 |u|^{s+1} is constant, it follows that u(t^∗) < −u(t_0) and that the next minimum must occur at t_1 > t^∗ with u(t_1) < u(t^∗) < −u(t_0) and both u^{′′}(t_1) and u^{′′′}(t_1) positive. Repeating this argument we obtain a sequence t_1 < t_2 < t_3 < . . . , in which u(t) has non-degenerate extrema with |u(t_1)| < |u(t_2)| < |u(t_3)| < . . . . By assumption these extrema remain bounded, say lim_{i→∞} |u(t_i)| =

a ∈ ∫^+ . By the energy identity u^{′′}(t_i) is then also bounded, and it is not dif^cult to see from the

differential equation (3.2) that u^{′′′}(t_i) must be bounded as well. A compactness argument now shows that there must be a solution ũ of (3.2) in the ω-limit set of u with

ũ(t_0) = a, ũ^′(t_0) = 0, ũ^{′′}(t_0) < 0, and ũ^{′′′}(t_0) ≤ 0 at some t_0 ∈ ∫,

and such that |ũ| ≤ a on ∫. However, this is impossible by the very same argument. This completes the proof of part (c) of the theorem. 2

Remark 3.4 The oscillation argument above will be applied several times in this paper to differential equations that differ from the present one. It holds that any solution of (2.1) with c = 0 which does not have its range contained in {u ∈ ∫ | F (u) ≥ F (−a)} oscillates towards in^nity exactly as described above (the additional second order term does not cause any dif^culties). For more details we refer to [17]. •

3.2 The reduced system in the linear limit

The transformation of the reduced equation (2.9) to the system (3.11) also allows us to take the limit s ↓ 1. Let us rewrite this system as

Ẋ = V (X; s), X = (X_1, X_2, X_3, X_4). (3.27)

Then the vector ^eld V (·, s) is continuously differentiable for every s ≥ 1 and the ^rst order partial derivatives are bounded on compact sets, uniformly in s ≥ 1. We do not have that V (·, s) → V (·, 1) in C^1_{loc} because of the term X^s_1 appearing in V , but we do have that V (·, s) → V (·, 1) uniformly on compact sets. Therefore the orbits of (3.27) with s > 1, which are bounded uniformly in s in view of (3.12), converge to orbits of (3.27) with s = 1 as s → 1. More precisely, the solution map (τ, ξ, s) → X(τ; ξ, s), where X(τ; ξ, s) is the solution X(τ) of (3.27) with X(0) = ξ, is continuous on ∫ ×∫^4 ×[1, ∞). In particular, this implies that the two periodic orbits Λ_− and Λ_+ depend continuously on s for s ∈ [1, ∞). In the limit case s = 1 the two periodic orbits on

T = {(ξ_1, ξ_2, ξ_3, ξ_4)| ξ^2_1 + ξ^2 = ξ^2_3 + ξ^2_4 = C_0}

X_5 = 0

X_5 = ∞

Λ_− Λ_+

Figure 4: A schematic view of the ~ow on the Poincarťe cylinder Π for the equation u^{′′′′} +u^s = 0. The role of X_5 = 0 and X_5 = ∞ is reversed when λ is negative.

are given by

ξ_1ξ_3 − ξ_2ξ_4 = 0, (3.28)

or in terms of (3.21), by ϕ−θ = ±^π_2 . This can be seen from a second conservation law that exists in the linear case: multiplying u^{′′′′} + u = 0 by u^{′′′} we have that^1_2 u^{′′′2} + uu^{′′} −^1_2 u^{′2} is constant, so that in particular, after transforming to the X-variables, 1 2 X^2_4 + X_1X_3 − 1 2 X^2_2 = 0

is invariant, whence (3.28), which de^nes two circles on the torus T .

3.3 Small solutions

We observed in Section 3.1 that the role of X_5 = 0 and X_5 = ∞ may be reversed. This is a direct consequence of the scaling invariance of (2.9). Thus we may also use (3.4) for the analysis of small solutions to (2.9). The situation is depicted schematically in Figure 4. We simply apply (3.4) with a negative λ so that X_5 → 0 corresponds to u → 0. This only changes the sign in the equation (3.10) for X_5 and means that the orbit Λ_+ now lies in the part of X_5 = 0 which repels solutions with X_5 > 0. Hence the stable manifold of Λ_+ is contained in Π ∩ {X_5 = 0}. The unstable manifold of Λ_+ is given by the direct product Λ_+ × {X_5 | X_5 > 0} and has dimension 2. In the original variables it is the unstable manifold of u = 0 if s = 1 and the center-unstable manifold if s > 1. Likewise, the stable manifold of Λ_− is Λ_− × {X_5 | X_5 > 0}, i.e., the direct product of Λ_− and the positive X_5-axis. As we have seen in Section 3.2, the limit s → 1 is well behaved in the X-variables.

3.4 The full system

Applying the Poincarťe transformation (3.4) with exponents (3.6) to the differential equation (3.1), or, more generally, to

x^′_1 = x_2; x^′_2 = x_3; x^′_3 = x_4; x^′_4 = Φ(x_1, x_2, x_3, x_4),

we arrive at Ẋ_1 = X_2P − 4X_1Q ; (3.29a) Ẋ_2 = X_3P − (3 + s)X_2Q ; (3.29b) Ẋ_3 = X_4P − (2 + 2s)X_3Q ; (3.29c) Ẋ_4 = ΨP − (1 + 3s)X_4Q ; (3.29d) Ẋ_5 = − 1 λ X_5Q , (3.29e)

where

Ψ = X^{4λs}_5 Φ ( X_1 X^{4λ}_5 , X_2 X^{(3+s)λ} 5 , X_3 X^{(2+2s)λ} 5 , X_4 X^{(1+3s)λ} 5 ) , (3.30) and Q = X^s_1 X_2 + X_4Ψ + X_3(X_2 + X_4). (3.31)

In the case of (3.1) we have

Φ(x_1, x_2, x_3) = Ax_3 − cx_2 + (x_1 + a)(1 − x^2_1),

so that, with s = 3 and λ =^1_2 ,

Ψ = −X^3_1 + (AX_3 − aX^2_1 )X^2_5 − cX_2X^3_5 + X_1X^4_5 + aX^6_5 . (3.32)

Clearly the extra terms are at least quadratic in X_5. Thus the local analysis near X_5 = 0 and in particular the Floquet multipliers of Λ_± in the previous section are completely unaffected. The ~ow on the sphere Σ (at in^nity) is identical to the ~ow for the reduced equation (3.1). Only the ~ow on Π \ Σ is different. Note that in this analysis it is essential that the exponent s is larger than 1. We have the following theorem (compare Theorem 3.3). Theorem 3.5 Let s = 3, λ =^1_2 and let Q and Ψ be given by (3.31) and (3.32). (a) The stable periodic orbit Λ_+ of (3.11) is an asymptotically stable periodic orbit of (3.29) with non-trivial Floquet multipliers in (0, 1). Every solution of (3.1) which is unbounded in forward time corresponds to a solution of (3.29) having Λ_+ as ω-limit set. A similar statement holds for solutions unbounded in backward time and Λ_−.

(b) Unbounded solutions of (3.1) blow-up oscillatory in �nite time.

(c) If c ≠ 0 the energy E also blows up.

Proof. By Theorem 3.3(c) all solutions of (3.29) which lie in the invariant set Π ∩ {X_5 = 0} \ Λ_− ⊂ Π tend to Λ_+ in forward time. Reminiscent of the proof of Theorem 3.3(c) we choose a small negatively invariant open tubular neighbourhood Λ^ε_− of Λ_− in Π. By compactness of Π ∩ {X_5 = 0} there exists an open neighbourhood Σ^ε of Π ∩ {X_5 = 0} \ Λ^ε_− in Π such that all orbits with starting point in Σ^ε tend to Λ_+ in forward time. Clearly every unbounded solution of (2.1) enters Σ^ε and thus tends to Λ_+.

For part (b) we observe that the exponent b in (3.8) is smaller than 1 so that in the old time variable X_5 can only go to zero in ^nite time. Finally we have that the energy E can only remain bounded if its derivative is integrable. For c ≠ 0 this implies that u^′ is square integrable (see (2.4)) and thus u itself is (locally) bounded, which prohibits ^nite time blow-up, a contradiction. 2

Remark 3.6 Theorem 3.5 establishes that large solutions of (2.1) are really described by oscillating solutions of u^{′′′′} +u^3 = 0. Thus large solutions do not ŞseeŤ the other terms in (2.1) as they oscillate away to in^nity. This is not only true for lower order polynomial perturbations of f(u), but also for localised perturbations, which will be used in Section 4. E.g., when f(u) = −u^3 − pu − g_μ(u) with g_μ a smooth family of functions vanishing outside a ^xed interval and p a parameter, then (3.30) reads, setting s = 3 and λ =^1_4 ,

Ψ = −X^3_1 − pX_1X^2_5 + X^3_5 g_μ (X_1 X_5 ) . (3.33)

The last term in (3.33) is C^2 and has its derivatives up to second order vanishing in X_5 = 0. Theorem 3.5 applies here equally well. •

4 The winding number for small speeds

In this section we examine the winding properties of the intersection W ∩ δK of the stable manifold W ≡ W^s(1) and the boundary of the set K de^ned by (2.5) when c is small. We shall switch notation between (2.1), (2.2), (3.1) and (3.29) without further comment.

Theorem 4.1 Let 0 < γ < σ(a). For F (−a) < E_0 < F (−1) let K be de�ned by (2.5) and let W be the stable manifold of the equilibrium u = 1. Then, provided c > 0 is suf�ciently small, W ∩ δK is a topological circle. Its projection Γ on the (u, u^{′′′})-plane winds exactly once around a disk containing both closed curves de�ned by C − F (u) +^{γ2u}

0002 2 = 0 (see also Figure 2), i.e., n(Γ, −1) = n(Γ, 1) = 1.

This theorem establishes Proposition 2.2(a). Before we can prove this theorem we ^rst need a description of the global behaviour of W for c = 0. In the following lemma we show that for 0 < γ < σ(a) all orbits in the stable manifold W are unbounded, and, after transforming to the X-variables in Section 3, they all have Λ_− as α-limit set. It is proved in [17] that for 0 < γ ≤^1_{8(1+a)} the bounded solutions of (2.1) with c = 0 correspond exactly to the bounded solutions of the second order equation (γ = 0). Here we want to exclude bounded solutions in the stable manifold of u = 1, i.e., we can restrict the analysis to the energy level E = 0. This allows us to cover a larger range of γ-values.

Lemma 4.2 Let 0 < γ < σ(a) and c = 0. Then W consists of unbounded orbits only, all of which connect Λ_− to u = 1.

Proof. The proof is a combination of arguments also used in [15]. Any bounded solution must have its range in the set V = {u ∈ ∫ | F (u) ≥ F (−a)}, because a solution reaching outside this interval oscillates away towards in^nity, as mentioned in Remark 3.4. Besides, any bounded solution must have at least one minimum below the line u = −a, again basically by the same oscillation argument as in the proof of part (b) of Theorem 3.3. We now assume, arguing by contradiction, that u is a bounded orbit in W . We will show that the range of u is not contained in V , so that u is in fact unbounded. It then follows from Theorem 3.5 that u tends to Λ_− as t → −∞.

Thus, suppose that u is a bounded solution in W . Changing from t to −t if necessary we have that in such a minimum (using the fact that E(u, u^′, u^{′′}, u^{′′′}) = 0)

u(t_0) ≤ −a, u^′(t_0) = 0, u^{′′}(t_0) = √ −^2_γ F (u(t_0)) > 0, u^{′′′}(t_0) ≥ 0. (4.1)

We will show that u(t) increases to a value outside V for t > t_0, which immediately leads to a contradiction.

We de^ne an auxiliary function

G(t)^{def}= u^{′′}(t) − √ −^2_γ F (u(t)).

The following line of reasoning is depicted in Figure 5. Firstly, G(t_0) = 0 and we show that G(t) > 0 in a right neighbourhood of t_0. It is seen from the condition on γ and the observation that f(u) > 0 on (−∞, −1) ∪ (−a, 1), that f(u) > − √ −F (u) 2γ for u < 1. (4.2)

If u^{′′′}(t_0) > 0 then clearly G^′(t_0) > 0, whereas when u^{′′′}(t_0) = 0 then G^′(t_0) = 0, and (since u^′(t_0) = 0)

G^{′′}(t_0) = u^{′′′′}(t_0) + f(u(t_0)) √ −2γF (u(t_0)) u^{′′}(t_0) = 2 γ (√ −F (u(t_0)) 2γ + f(u(t_0)) ) > 0 u^{′′}

u −1 −a 1 u^{′′} =q−^2_γ F (u)

V Figure 5: The (u, u^{′′})-plane with the curve u^{′′} = q−^2_γ F (u). We have sketched the orbit of u for t ≥ t_0, which is discussed in the proof of Lemma 4.2. We have also indicated the set V , in which every bounded solution has its range.

by the differential equation, and (4.1) and (4.2). Thus G(t) > 0 in a right neighbourhood of t_0.

Secondly, we show that G(t) > 0 as long as u(t) ≤ 1. We de^ne t_1 > t_0 as the ^rst maximum of u(t) and t_2 > t_0 as the ^rst point where G(t_2) = 0 (a priori, both t_1 and t_2 may be ∞). Then t_2 < t_1 since u^{′′}(t) > 0 as long as G(t) > 0. It now follows from the expression (2.3) for the energy and by (4.2) that

G^′(t) = u^{′′′}(t) + f(u(t)) √ −2γF (u(t)) u^′(t)

= 1 2 u^{′′2}(t) +^1_γ F (u(t)) u^′(t) + ( 1 2γ + f(u(t)) √ −2γF (u(t)) ) u^′(t) > 0, as long as G(t) > 0 and u(t) ≤ 1. Since G(t) > 0 in a right neighbourhood of t_0 this implies that G(t) > 0 and G^′(t) > 0 as long as u(t) ≤ 1, and thus u(t_2) > 1.

Finally, we de^ne t_3 > t_0 as the ^rst point where u(t) = −a. It is easily seen that t_3 < t_2. By the energy expression we have that u^{′′′}(t) > 0 as long as G(t) > 0, thus u^{′′}(t_2) > u^{′′}(t_3) > √ −^2_γ F (−a). Combining the inequalities u(t_2) > 1 and F (u(t_2)) = −^γ_2 u^{′′2}(t_2) < F (−a), we infer that u(t_2) lies outside V , so that u is unbounded. 2

Remark 4.3 Because all the non-trivial Floquet multipliers of Λ_− lie in (1, ∞) (see Theorem 3.5(a)), Lemma 4.2 remains true for c > 0 suf^ciently small. •

Proof of Theorem 4.1. Our strategy is to deform f(u) in several steps to the pure cubic −u^3 and let A go to zero. We have to do this in such a way that for each intermediate f the conclusion of Lemma 4.2 remains valid. We can then analyse the ~ow for the reduced equation (3.2), and obtain the results of Theorem 4.1 for Equation (3.1) via continuation arguments.

Step 1. We ^rst deform f(u) to a cubic which changes sign at u = 1 only. Let

f(u; μ) ≡ f(u) + μ(u − 1)^2 = −(u − 1)^3 + (μ − a − 3)(u − 1)^2 − 2(a + 1)(u − 1), (4.3)

then f(u, 0) = (u + a)(1 − u^2), and as we increase μ the two other zeros disappear for μ = 3 + a − √ 8(1 + a). When μ = 3 + a we simply have

f_1(u) ≡ f(u; 3 + a) = −(u − 1)^3 − 2(a + 1)(u − 1).

For f(u; μ) we still have the result of Lemma 4.2.

Lemma 4.4 Let 0 < γ < σ(a) and replace f(u) by (4.3) with 0 ≤ μ ≤ 3 + a. Then W still consists of unbounded orbits only, all of which connect Λ_− to u = 1.

Proof. For any 0 < μ < 3 + a − √ 8(1 + a) the argument is exactly the same as in the proof of Lemma 4.2. Note that σ(a) <^{−F (u;μ)}_{2f(u;μ)2} in the interval where f(u; μ) < 0 for all μ ∈ [0, 3 + a]. For 3 + a − √ 8(1 + a) ≤ μ ≤ 3 + a the result also holds, but by a different and less restrictive oscillation argument, which applies to any f(u) with a single zero at which it goes from positive to negative and all γ > 0 (or, which is equivalent, for all A > 0). We already used this argument in the proof of part (c) of Theorem 3.3. The arguments showing that every solution u ≢ 1 oscillates towards in^nity are almost identical (for A > 0 the second order term does not cause any dif^culties). This completes the proof of the lemma. 2

Continuing with the proof of Theorem 4.1, we change f to f_1 by letting μ go from μ = 0 to μ = 3 + a. This leaves the local structure near X_5 = 0, and in particular near Λ_−, unaffected, because the lower order terms of f(u) correspond to terms in (3.29) which are at least quadratic in X_5.

Step 2. Next we let the coef^cient A go to zero. This makes the eigenvalues of u = 1 go from real to complex without any of them going through the imaginary axis. Thus W varies smoothly, its dimension remaining two. The local structure near Λ_− again remains unaffected because A only appears in terms quadratic in X_5. For A = 0 we have arrived, shifting the zero of f to the origin, at the equation

u^{′′′′} − f_2(u) = 0, with f_2(u) = −2(a + 1)u − u^3 = 0.

Since we have shifted the zero of f to the origin, we now have that W = W^s(0). All orbits in W are still unbounded and tend to Λ_− as t → −∞, since f(u) has a single zero at which it goes from positive to negative (see the proof of Lemma 4.4).

Step 3. We deform f_2(u) to f_3(u) satisfying

f_3(u) = { −u for u near 0, −u^3 for u near ± ∞,

using deformations which change sign only in u = 0. Again W = W^s(0) changes smoothly and by Remark 3.6 the local analysis near Λ_− is unaffected. Also, by the same arguments as above (see the proof of Lemma 4.4), every solution in W still comes out of Λ_− for every intermediate f(u). Step 4. We change f_3 using a family of functions satisfying f(u; s) = { −u^s for u near 0, −u^3 for u near ± ∞.

(4.4)

Letting s increase from s = 1 to s = 3 we obtain a function f_4(u) satisfying (4.4) with s = 3 (again using deformations which change sign only in u = 0). We note that for s > 1 the manifold W is the center-stable manifold of 0. Here we use Section 3.2 to conclude that in this process W changes continuously. The manifold W = W^{cs}(0) still consists of orbits coming out of Λ_−.

Step 5. We change f_4(u) to the pure power −u^3. Clearly our requirements concerning W and Λ_− are still met.

By Sections 3.1 and 3.3 we have that, after going through Steps 1Ű5, W is the product of Λ_− and the X_5-axis. In view of the non-trivial Floquet multipliers of Λ_− being in (1, ∞), it holds that for any small ε > 0 there exists a negatively invariant tubular neighbourhood Λ^ε_− of Λ_− in Π with Λ^ε_− ⊂ {X = (X_1, X_2, X_3, X_4, X_5) ∈ Π | d(X, Λ_−) < ε}.

We can choose this neighbourhood such that

Λ^ε_− ∩ {X_5 = ε} = {(X_1, X_2, X_3, X_4) ∈ Λ_−, X_5 = ε}. (4.5)

Besides, we can choose Λ_ε such that the ~ow for our ^nal equation u^{′′′′} +u^3 is transversal to δΛ^ε_−. Moreover, for ε > 0 suf^ciently small, we can choose Λ_ε such the ~ow is transversal to δΛ^ε_− for every intermediate f(u) and A in the deformation process of Steps 1Ű5 above, hence also for the original system (3.1).

For any given r > 0 we can choose ε > 0 so small that the projection Γ_ε of W ∩ δΛ^ε_− on the (x_1, x_4)-plane (or, equivalently, on the (u, u^{′′′})-plane) is a curve with minimal distance to the origin at least r. To see this, we observe that the solution of (2.9) represented by Λ_− cannot have a point where u = u^{′′′} = 0, for in such a point also u^{′′} = 0 in view of the energy E being zero. This would contradict the fact that Q < 0 on Λ_−. Thus in the X-variables Λ_− is uniformly bounded away from (X_1, X_4) = (0, 0), so that for any r > 0 we can ^nd an ε > 0 such that the projection of Λ^ε_− on the (u, u^{′′′})-plane has a distance larger than r from the origin. Therefore, the winding numbers around u = ±1 of the projection Γ_ε of W ∩ δΛ^ε_− on the (u, u^{′′′})-plane are well-de^ned for ε suf^ciently small.

It follows from (4.5) that for our ^nal equation u^{′′′′} + u^3 = 0 we have

W ∩ δΛ^ε_− = {(X_1, X_2, X_3, X_4, X_5) | (X_1, X_2, X_3, X_4) ∈ Λ_−, X_5 = ε},

so that, choosing r large, n(Γ_ε, −1) = n(Γ_ε, 1) = 1. By continuity the winding numbers of Γ_ε do not change if we reverse Steps 1Ű5, and again by continuity arguments and Remark 4.3 this remains true for c > 0 suf^ciently small.

Finally, we know that, tracing back orbits in W until they hit δΛ^ε_−, their energy E remains close to 0, provided we keep c > 0 suf^ciently small. Thus W ∩ δK is contained in Λ^ε_− for small c > 0. Following W ∩ δΛ^ε_− backwards along the ~ow to W ∩ δK (which is a transversal intersection for c > 0), we see that the winding numbers n(Γ, ±1) of the projection of W ∩ δK are also 1. This completes the proof of Theorem 4.1. 2

5 The winding number for large speeds

In this section we examine W ∩ δK when c is large. We show that it is a topological circle and that its projection Γ on the (u, u^{′′′})-plane in Figure 2 has winding numbers n(Γ, −1) = 0 and n(Γ, 1) = 1.

Lemma 5.1 Let f(u) be any smooth nonlinearity with zeros for u ∈ {−1, −a, 1}, having the same sign change behaviour as (1.1b) and suppose f^′(u) is bounded from above. Let c > 0 be a speed for which there exists a travelling wave connecting u = −1 to u = 1. Then c is bounded by a constant which depends only on γ, F (−1), the difference F (−1) − F (−a), and the upper bound M for f^′(u).

Proof. Suppose u is a solution of (2.1) connecting u = −1 to u = 1. Integrating (2.4), we have

−F (−1) = F (1) − F (−1) = c ∫_∞ −∞ u^{′2}. (5.1)

Multiplying (2.1) by u^{′′} and integrating (by parts) we obtain γ ∫_∞ −∞ u^{′′′2} + ∫_∞ −∞ u^{′′2} = ∫_∞ −∞ (f(u))^′u^′ = ∫_∞ −∞ f^′(u)u^{′2} ≤ M ∫_∞ −∞ u^{′2} = M −F (−1) c . (5.2)

Let u_1 ∈ (−a, 1) be de^ned by

F (u_1) = F (−a) + F (−1) 2 .

There must be points t_0, t_1 ∈ ∫, t_0 < t_1, such that u(t_0) = −a, u(t_1) = u_1 and u(t) ∈ [−a, u_1] for t ∈ [t_0, t_1]. The length of this interval is estimated from below by

(u_1 + a)^2 = (∫ t1 t_0 u^′(t)dt )_2

≤ (t_1 − t_0)^2 ∫_{t1} t_0

u^′(t)^2dt ≤ (t_1 − t_0)^2 −F (−1) c . On the one hand ∫_{t1} t_0 ( −γu^{′′′}(t)u^′(t) + γ 2 u^{′′}(t)^2 + 1 2 u^′(t)^2 ) dt ≥ ∫_{t1} t_0 ( F (−1) − F (u(t)) ) dt ≥ (F (−1) − F (u_1))(t_1 − t_0) = F (−1) − F (−a) 2 (t_1 − t_0) ≥ F (−1) − F (−a) 2 (u_1 + a) √ c −F (−1) , (5.3)

while on the other hand, estimating using (5.1) and (5.2), ∫_{t1} t_0 ( −γu^{′′′}(t)u^′(t) + γ 2 u^{′′}(t)^2 + 1 2 u^′(t)^2 ) dt ≤ ∫_{t1} t_0 (γ 2 ( u^{′′′}(t)^2 + u^{′′}(t)^2 ) + 1 + γ 2 u^′(t)^2 ) dt ≤ ( M max{γ, 1} + 1 + γ )−F (−1) 2c . (5.4)

By combining (5.3) and (5.4) we obtain F (−1) − F (−a) 2 (u_1 + a) √ c −F (−1) ≤ ( M max{γ, 1} + 1 + γ )−F (−1) 2c . Since also F (−a) + F (−1) 2 = F (u_1) − F (−a) ≤ M 2 (u_1 + a)^2,

it follows that c ≤ M^{13} ( M max{γ, 1} + 1 + γ

) 2_3 −F (−1) F (−1) − F (−a) . This completes the proof of the lemma. 2

Remark 5.2 Lemma 5.1 also holds for Equation (3.1) for all A ∈ ∫. For A > 0 this is obvious, but for A ≤ 0 the proof is slightly more subtle (in estimate (5.4) one has to use the fact that ∫_∞ −∞ u^{′′2} ≤ λ ∫_∞ −∞ u^{′′′2} +^1_{4λ} ∫_∞ −∞ u^{′2} for all λ > 0). •

We now turn to the proof of Proposition 2.2(b).

Theorem 5.3 For c > 0 suf�ciently large the intersection of the stable manifold W of u = 1 and the boundary δK of K is a smooth simple closed curve which projects on a closed curve Γ in the (u, z)-plane with n(Γ, −1) = 0 and n(Γ, 1) = 1.

Proof. We ^rst prove the theorem for a deformation of f(u). We choose the nonlinearity f̃(u) to satisfy f̃(u) = f^′(1)(u − 1) in a neighbourhood B_ε(1) of u = 1.

For this deformed nonlinearity f̃ we compute the energy Ẽ on a closed curve in W̃ winding once around u = 1 with u-values contained in B_ε(1). The equation is now linear near u = 1, and the characteristic equation −γμ^4 + μ^2 + f^′(1) = cμ has two eigenvalues −μ_1 and −μ_2 with negative real part. For c > 0 large enough we have that μ_1 and μ_2 are real, and asymptotically

μ_1 ∼ ( c γ )1_3

and μ_2 ∼

−f^′(1) c as c → ∞. (5.5)

Since the equation is linear, W̃ is given by (for c large enough) W̃ = {(u, v, w, z) | u = u(t) = 1 + A_1e^{−μ}1^t + A_2e^{−μ}2^t, v = u^′(t), w = u^{′′}(t), z = u^{′′′}(t)} (5.6) We may choose a curve S_1 ⊂ W around u = 1 parametrised by ϕ ∈ [0, 2π), by taking t = 0 and A_1 = r cos ϕ, A_2 = r sin ϕ in (5.6) for some ^xed r > 0. The projection of S_1 on the (u, u^{′′′})-plane is given by

{(u, z) | u = 1 + r(cos ϕ + sin ϕ), z = −r(μ^3_1 cos ϕ + μ^3_2 sin ϕ), 0 ≤ ϕ < 2π}. The energy on S_1 is given by −E = ∫_∞ 0 cu^′(t)^2dt = c ∫_∞ 0 (A_1μ_1e^{−μ1t} + A_2μ_2e^{−μ2t})^2dt

= c(

A^2_1μ_1 2 + 2A_1A_2μ_1μ_2 μ_1 + μ_2 + A^2μ_2 2 ) = cμ_2(

A^2_1μ_1 2μ_2 + 2A_1A_2μ_1 μ_1 + μ_2 + A^2 2 ). (5.7)

Using (5.5) and estimating (5.7) from below we have, for c suf^ciently large, E ≤ f^′(1) 4 r^2 < 0 on S_1.

Thus, choosing an energy level 0 > Ẽ_0 >^f

0_{(1)} 4 r^2, we have that S_1 lies in the complement of K.

Let S̃ = W̃ ∩ δK̃. Then S̃ lies inside S_1 and is obtained by tracing solutions in (5.6) of the linear equation forwards in time until they enter K̃. It follows that S̃ winds around u = 1 in W̃ exactly once and therefore its projection Γ̃ on the (u, z)-plane winds once around (u, z) = (1, 0).

The calculations above only involve u-values between 1 − r √ 2 and 1 + r √ 2 so we may change the de^nition of f̃(u) outside this range. In particular, taking r small, we may choose f̃(u) such that F̃ (u) has a minimum F̃ (−a) < Ẽ_0 and a maximum F̃ (−1) ∈ (Ẽ_0, F̃ (1)), with −1 < a < 1 − r √ 2. Clearly Γ̃ does not wind around the point (u, z) = (−1, 0).

We continue f̃ to f and Ẽ_0 to E_0, taking c large enough as to stay within a class of nonlinearities for which there does not exist a connection between u = −1 and u = 1 (see Lemma 5.1). By continuity we still have that n(Γ, −1) = 0 and n(Γ, 1) = 1. 2

6 Other travelling waves

We consider again the travelling wave equation

cu^′ = −u^{′′′′} + Au^{′′} + (u + a)(1 − u^2), (6.1)

the corresponding system being (3.1). In this section we focus on travelling waves that connect the unstable state u = −a to one of the two stable state u = ±1.

Theorem 6.1 Let −1 < −a < 0 and A ∈ ∫. For every c > 0 there exists a travelling wave solution of (6.1) connecting u = −a to u = −1.

Proof. For all c > 0 we have that the three equilibria are hyperbolic and

dim W^s(±1) = dim W^u(±1) = 2, dim W^u(−a) = 3, dim W^s(−a) = 1.

Travelling wave solutions connecting u = −a and u = −1 correspond to a nonempty intersection of W^u(−a) and dim W^s(−1). Recall that E(u, u^′, u^{′′}, u^{′′′}) = −u^′u^{′′′} + 1 2 u^{′′2} + A 2 u^{′2} + F (u), where F (u) = ∫_u 1 (s + a)(1 − s^2)ds,

satis^es (2.4). We take F (−1) < E_1 < F (1) and consider the set K̃ = {(u, v, w, z) | E(u, v, w, z) = −vz + 1 2 w^2 + A 2 v^2 + F (u) ≤ E_1}.

Now suppose that for some c > 0 the theorem is false. Then all orbits in W^u(−a) have to leave K̃ through δK̃, because an orbit with bounded energy has no other choice than to converge to an equilibrium, see the proof Proposition 2.1, and u = −1, the only equilibrium in K̃ with energy larger than E(−a), is excluded by assumption. Thus we have that the intersection of W^u(−a) and δK̃ is diffeomorphic to a 2-sphere S^2.

For the moment we consider the case that A > 0. Since δK̃ is given by A(v − z A )^2 + w^2 = 2E_1 − 2F (u) + z^2 A , (6.2)

we may deform it smoothly into

{(u, v, w, z) | u^2 + z^2 = 1 + v^2 + w^2},

which de^nes a 3-manifold diffeomorphic to ∫^2 × S^1. As deformations we use (λA + 1 − λ)(v − λ z A )^2 + w^2 = G(u, λ) + (1 − λ + λ A )z^2,

with λ running from 1 to 0, G(u, 1) = 2E_1 − 2F (u) and G(u, 0) = −1 + u^2. Singularities can only appear in points on these manifolds where G_u = v = w = z = 0 and can thus be avoided by the choice of E_1.

It follows that δK̃ is diffeomorphic to ∫^2 × S^1, or, equivalently, to the open solid torus. The intersection W^u(−a) ∩ δK̃, being diffeomorphic to S^2, divides δK̃ into two components, one bounded and diffeomorphic to an open ball in ∫^3 , the other unbounded (this is in fact not completely straightforward.^∗ One needs to lift a neighbourhood of W^u(−a)∩δK̃ to the universal covering space ∫^3 of K̃ and invoke the generalized Schoen~ies Theorem (see [3, page 236]). It follows from this theorem that the lift of W^u(−a) ∩ δK̃ indeed divides ∫^3 into an unbounded component and a bounded component, which is homeomorphic to an open ball in ∫^3 . Besides, the unbounded component of the complement of the countable union of lifts of W^u(−a) ∩ δK̃ is path-connected, since it is homotopic to ∫^3 \ ∫).

Now consider the piecewise smooth 3-manifold formed by the disjoint union of W^u(−a)∩K̃ and this bounded component of δK̃ \ (W^u(−a) ∩ δK̃). This 3-manifold is homeomorphic to two closed balls in ∫^3 sharing an S^2, namely W^u(−a)∩δK̃, as boundary and is therefore homeomorphic to an S^3. By the Jordan-Brouwer theorem this 3-manifold divides ∫^4 to two components, one bounded, the other unbounded. We notice that the bounded component is negatively invariant. Clearly both components contain exactly one of the two orbits which together form W^s(−a). Now consider the orbit in W^s(−a) contained in the bounded component (which is negatively invariant). Since its energy is bounded we may, again by the argument in the proof of Proposition 2.1, conclude that, tracing it backwards, it must go to an equilibrium with energy less than the energy of u = −a. Since such an equilibrium does not exist, we have arrived at a contradiction.

The cases A < 0 and A = 0 are similar, the only changes being that we deform δK̃, given by (6.2), to u^2 + v^2 = 1 + z^2 + w^2 if A < 0, and that for A = 0 we rewrite δK̃ as −2vz + w^2 = 2E_1 − 2F (u) which deforms into −2vz + w^2 = −1 + u^2 or^1_2 (v + z)^2 + u^2 =^1_2 (v − z)^2 + w^2 + 1. This completes the proof of the theorem. 2

We now show that for large c > 0 there exists a travelling wave connecting u = −a to u = +1.

Theorem 6.2 Let −1 < −a < 0 and A ∈ ∫.

(a) There exists a c_∗ ≥ 0 such that for all c > c_∗ there is a travelling wave solution of (2.1) connecting u = −a to u = 1.

(b) Suppose that A >^{1√}_{σ(a)} . Then there exists a c^∗ > 0 such that c^∗ is the largest speed for which there exists a travelling wave solution of (2.1) connecting u = −1 to u = 1. For all c > c^∗ there exists a connection between u = −a and u = 1.

Proof. We consider the stable manifold W = W^s(1) of u = 1. We have shown in Theorem 5.3 that for c > 0 large enough the intersection of the stable manifold W of u = −1 and the boundary δK of K (de^ned in (2.5)) is a smooth simple closed curve which projects on a closed curve Γ in the (u, z)-plane with n(Γ, −1) = 0 and n(Γ, 1) = 1. We note that Lemma 5.1 (see Remark 5.2)

�We gratefully acknowledge the help of H. Geiges in dealing with this topological problem.

and Theorem 5.3 still hold for A ≤ 0. For A < 0 we need to consider the (u, v − z/A)-plane in stead of the (u, z)-plane, and for A = 0 we have to consider the (u, v + z)-plane, as already explained at the end of the proof of Theorem 6.1.

Let us now assume, by contradiction, that for such a c there is no connection between u = −a and u = 1. The intersection between W and δK depends continuously on the energy level E as long as we do not encounter an equilibrium point. Assuming there is no connection between between u = −a and u = 1, we let E decrease from F (−1) > E_0 > F (−a) to E_2 < F (−a). The projection Γ in the (u, z)-plane then depends continuously on E, as do the winding numbers, so that n(Γ, −1) = 0 and n(Γ, 1) = 1 for all E_0 ≤ E ≤ E_2. However, for the energy level E_2 we have that (−1, 0) and (1, 0) lie in the same component of the complement of the projection of δK onto the (u, z) plane. Therefore n(Γ, −1) = n(Γ, 1), a contradiction. This completes the proof of part (a).

To prove part (b) we suppose that A >^{1√}_{σ(a)} . We again take an energy level F (−1) > E_0 > F (−a). We de^ne the following sets

C_1^{def}= {c > 0 | there is no connection between u = −1 and u = 1}, C_2^{def}= {c > 0 | c ∈ C_1 and n(Γ, −1) = 0 and n(Γ, 1) = 1}, C_3^{def}= {c > 0 | c ∈ C_1 and either n(Γ, −1) ≠ 0 or n(Γ, 1) ≠ 1}.

We have that C_1 = C_2 ∪ C_3 and we notice that by compactness of Γ and transversality of W ∩ δK the sets C_2 and C_3 are open.

On the one hand we know from the proof of part (a) that whenever there is no connection between u = −1 and u = 1 and when in addition n(Γ, −1) = 0 and n(Γ, 1) = 1, then a connection between u = −a and u = 1 always exists. This situation occurs for c > 0 large enough, so that C_2 ≠ , and

c^{∗ def}= inf{c̃ > 0 | c ∈ C_2 for all c > c̃}

is well-de^ned. On the other hand for small c and A >^1√_{σ(a)} there is no connection of u = −a or u = −1 with u = 1 since W consists of unbounded orbits only (see Lemma 4.2 and Remark 4.3), and n(Γ, −1) = 1 and n(Γ, 1) = 1. Thus c^∗ is strictly positive. Clearly c^∗ /∈ C_1 since c^∗ is a boundary point of C_2 and both C_2 and C_3 are disjoint open sets which together constitute the whole of C_1. This proves that for c = c^∗ a connection exists between u = −1 and u = 1, and it follows from the de^nition of c^∗ that this is the largest speed for which such a connection exists. 2 We note that the method in the proof of Theorem 6.2(a) can also be used to prove Theorem 6.1. Besides, if a = 0 then the same method shows that there exist travelling waves connecting u = 0 to u = ±1 for all c > 0 and all A ∈ ∫. We have a similar result for

cu^′ = −u^{′′′′} + Au^{′′} + f(u) with f(u) = u(1 − u). (6.3)

Theorem 6.3 For every c > 0 and all A ∈ ∫ there exists a travelling wave solution of (6.3) connecting the unstable state u = 0 to the stable state u = 1.

The proof is a minor modi^cation of the previous ones, and for once we leave the details to the reader.

7 Concluding remarks

7.1 Non-polynomial nonlinearities

The analysis in this paper applies to more general nonlinearities f(u). For travelling waves connecting u = −a to u = ±1 the analysis in Section 6 goes on unchanged, and for travelling waves connecting u = −1 to u = +1 we have the following theorem.

Theorem 7.1 For some a ∈ (−1, 1) and M > 0, let f(u) ∈ C^1(∫) satisfy the assumptions f(u) = 0 ⇔ u ∈ {−1, −a, 1}, F (−1) < F (1), f^′(u) ≤ M for all u ∈ ∫, F (u) → −∞ as u → ±∞. Then (1.1a) has a travelling wave solution connecting u = −1 and u = 1 for all γ < σ, where σ is given by (1.3).

Proof. The analysis of Sections 2 to 5 is applicable. The only point of care is that we have used in the analysis at in^nity (Section 3) the fact that f is polynomial for large u. We accommodate for non-polynomial nonlinearities by changing the nonlinearity for large u, which is without consequences for the existence of travelling waves as is seen from Lemma 7.3, since an a priori bound on F (u) implies an a priori bound on |u|. 2

Remark 7.2 When F (−1) = F (1) there is a standing wave between u = −1 and u = 1 for all γ > 0, as follows from the minimisation procedure in [9]. •

Lemma 7.3 Let f(u) satisfy the assumptions in Theorem 7.1. Then there exists a C > 0 such that for every connection u(t) between u = −1 and u = +1, we have F (u(t)) ≥ −C for all

t ∈ ∫. The constant C depends on γ, M, F (−a), and F (−1) only.

Proof. We may suppose that there is a connection u with range not contained in the bounded interval {u ∈ ∫ | F (u) ≥ F (−a)}, otherwise we already have our desired uniform bound. Therefore, without loss of generality we may assume that

F (u(0)) = min_{t∈} R F (u(t)) < F (−a). (7.1) It follows from Lemma 5.1 that the wave speed c is bounded above by a constant c_0, which depends on γ, M, F (−a) and F (−1) only.

We consider the case where u(0) < −1 (the case u(0) > 1 is completely analogous). Since

E(u, u^′, u^{′′}, u^{′′′})(t) ∈ (F (−1), F (1)) = (F (−1), 0) for all t ∈ ∫, (7.2)

we clearly have that

u(0) < −1, u^′(0) = 0, 0 < √ − 2 γ ( F (−1) − F (u(0)) ) < u^{′′}(0) < √ − 2 γ F (u(0)), and, changing t to −t (and c to −c) if necessary, we may assume that u^{′′′}(0) ≥ 0. Since u^{′′′′}(0) > 0 by the differential equation, and since u(t) tends to an equilibrium point as t → ∞, there exists a t_1 > 0 such that u^{′′′}(t) > 0 for 0 < t < t_1 and u^{′′′}(t_1) = 0. Equation (2.4) implies that −γu^′(t)u^{′′′}(t) + F (u(t)) − F (u(0)) = − γ 2 ( u^{′′}(t)^2 − u^{′′}(0)^2 ) − 1 2 u^′(t)^2 + c ∫_t 0 u^′(s)^2ds. By (7.1) we know that F (u(t_1)) ≥ F (u(0)), so that γ 2 ( u^{′′}(t_1)^2 − u^{′′}(0)^2 ) + 1 2 u^′(t_1)^2 ≤ c ∫_{t1} 0 u^′(s)^2ds. (7.3)

Since u^{′′}(t) increases on (0, t_1) it is immediate that c > 0. We also obtain that γ 2 ( u^{′′}(t)^2 − u^{′′}(0)^2 ) ≤ c ∫_t 0 u^′(s)^2ds < α, (7.4)

where α^{def}= −F (−1) > 0. Estimating u^{′′}(0)t ≤ u^′(t) ≤ u^{′′}(t_1)t on (0, t_1) gives

u^′(t_1)^2 ≥ t^2_1u^{′′}(0)^2 and t^3_1 3 u^{′′}(0)^2 ≤ ∫_{t1} 0 u^′(s)^2ds ≤ t^3_1 3 u^{′′}(t_1)^2.

On the one hand it follows from (7.3) and (7.4) that

t_1 ≥

3u^{′′}(0)^2 2cu^{′′}(t_1)^2 ≥ 3u^{′′}(0)^2 2c(^{2α}_γ + u^{′′}(0)^2)

. (7.5)

On the other hand it follows that ct^3_1 3 u^{′′}(0)^2 ≤ α. (7.6)

Combining (7.5) and (7.6) we obtain

u^{′′}(0)^8 ≤ 8αc^2 9 ( 2α γ + u^{′′}(0)^2

)_3 . Since c was already uniformly bounded by c_0, this gives a bound on u^{′′}(0)^2. By (7.1) and (7.2) we have F (u(t)) ≥ F (u(0)) ≥ F (−1) − γ 2 u^{′′}(0)^2 for all t ∈ ∫.

This completes the proof of Lemma 7.3. 2

7.2 Open questions

The most apparent (and attractive) open problem is the existence of a travelling wave connecting u = −1 to u = 1 for large values of γ. Equation (1.1) with a = 0 admits an abundance of standing wave solutions for γ >^1_8 . It has been proved in [4] that there are many travelling waves for large γ and very small a > 0, and these include travelling waves with arbitrary small c, which rules out the possibility of a statement analogous to Proposition 2.2(a). A different method, exploiting the more complicated dynamics, seems to be required to extend the existence results to all 0 < a < 1 for large γ.

A second question is whether for small γ the travelling wave is unique, as one might expect from the limiting second order case (γ = 0). Besides, the method used in this paper does not give any information about the shape of the solution. For example, we would like to know for which values of γ and a the solution is monotone. Since we do not know the value of c for which a traveling wave occurs, we do not even know whether the connected equilibrium points are approached monotonically or in an oscillatory manner.

Finally, the question arises to what extent the travelling wave solution is of importance to the dynamics of the PDE. It might be a limit pro^le for a class of initial conditions as is the case for the second order equation. Since travelling waves connecting u = −a to u = ±1 exist for large ranges of c, it would be interesting to know which of these waves is generally encountered. In [5, 8] the wave selection mechanism has been investigated for a propagating front which is formed from localised initial data (i.e., u + a is localised). Using the physically motivated assumption that the linearised equation (around u = −a) drives the system, it is argued that for γ <^1_{12(1−a2 )} one of the travelling waves is selected (and the wave speed is calculated), while for γ >^1_{12(1−a2 )} the propagating front is argued not to have a ^xed pro^le. However, it is in fact unknown whether the selected travelling wave is stable.

References

[1] M. E. Akveld and J. Hulshof, Travelling wave solutions of a fourth-order semilinear diffusion equation, Appl. Math. Lett. 11 (1998), 115Ű120.

[2] D. G. Aronson and H. F. Weinberger, Nonlinear diffusion in population genetics, combustion, and nerve pulse propagation, in: Partial Differential Equations and Related Topics, edited by J. A. Goldstein, Lecture Notes in Math. 446, Springer-Verlag, Berlin, 1975.

[3] G. E. Bredon, Topology and geometry, Springer-Verlag, 1993.

[4] B. Buffoni, Shooting methods and topological transversality, 1996, preprint.

[5] G. T. Dee and W. van Saarloos, Bistable systems with propagating fronts leading to pattern formation, Phys. Rev. Lett. 60 (1988), 2641Ű2644.

[6] F. Dumortier, Singularities of vector �elds on the plane, J. Diff. Eq. 23 (1977), 53Ű106.

[7] F. Dumortier, Local study of planar vector �elds: singularities and their unfoldings, in:

Structures in dynamics, �nite dimensional deterministic studies, edited by H. W. Broer et al., Stud. Math. Phys., Vol. 2, pp. 161Ű241, North-Holland, 1991.

[8] U. Ebert and W. van Saarloos, Universal algebraic relaxation of fronts propagating into an unstable state and implications for moving boundary approximations, Phys. Rev. Lett. 80 (1998), 1650Ű1653.

[9] W. D. Kalies, J. Kwapisz and R. C. A. M. van der Vorst, Homotopy classes for stable connections between Hamiltonian saddle-focus equilibria, Comm. Math. Phys. 193 (1998), 337Ű371.

[10] J. Kwapisz, Uniqueness of the stationary wave for the Extended Fisher Kolmogorov equation, 1997, preprint.

[11] L. A. Peletier, A. I. Rotariu-Bruma and W. C. Troy, Pulse-like spatial patterns described by higher-order model equations, J. Diff. Eq. 150 (1998), 124Ű187.

[12] L. A. Peletier and W. C. Troy, Spatial patterns described by the Extended Fisher- Kolmogorov (EFK) equation: Kinks, Diff. Int. Eq. 8 (1995), 1279Ű1304.

[13] L. A. Peletier and W. C. Troy, A topological shooting method and the existence of kinks of the Extended Fisher-Kolmogorov equation, Topological Methods in Nonlinear Analysis 6 (1995), 331Ű355.

[14] L. A. Peletier, W. C. Troy and R. C. A. M. van der Vorst, Stationary solutions of a fourthorder nonlinear diffusion equation, in Russian: Differentsial’nye Uravneniya 31 (1995), 327Ű337, in English: Diff. Eq. 31 (1995), 301Ű314.

[15] M. A. Peletier, Non-existence and uniqueness results for the Extended Fisher-Kolmogorov equation, 1999, CWI Preprint MAS-R9903.

[16] L. Perko, Differential equations and dynamical systems, Springer-Verlag, 1991.

[17] J. B. van den Berg, The phase-plane picture for some fourth-order conservative differential equations, 1998, Leiden University Report, W98-23 (to appear in J. Diff. Eq.).

[18] J. B. van den Berg, Uniqueness of solutions for the extended Fisher-Kolmogorov equation, C. R. Acad. Sci. Paris (Sťerie I) 326 (1998), 447Ű452.

J. B. van den Berg Mathematical Institute Leiden University P.O. Box 9512 2300 RA Leiden The Netherlands gvdberg@wi.leidenuniv.nl http://www.wi.leidenuniv.nl/Ÿgvdberg/

J. Hulshof Mathematical Institute Leiden University Niels Bohrweg 1 2333 CA Leiden The Netherlands hulshof@wi.leidenuniv.nl http://www.wi.leidenuniv.nl/Ÿhulshof/

R. C. A. M. van der Vorst Center for Dynamical Systems and Nonlinear Studies Georgia Institute of Technology Atlanta, GA 30332-0190 USA rvander@math.gatech.edu http://www.math.gatech.edu/Ÿrvander/ or Faculty of Sciences Vrije Universiteit de Boelelaan 1081 1081 HV Amsterdam The Netherlands