Parameter identifiability of differential delay equations

Sjoerd M. Verduyn Lunel^∗

Mathematisch Instituut, Universiteit Leiden, P.O. Box 9512, 2300 RA, The Netherlands.

Abstract

Parameter identifiability is concerned with the question whether the parameters of a specific model can be identified from knowledge about certain solutions of the model, assuming perfect data. In this paper we shall consider conditions for identifiability of parameters and time delays in infinite dimensional dynamical systems, described by linear differential delay equations, assuming knowledge of particular solutions on bounded time intervals. We shall show how methods from operator theory can be exploited to give necessary and sufficient conditions which guarantee that the inverse problem has a unique solution.

1 Introduction

A mathematical model often predicts quantities which cannot be measured directly. Therefore, it is not only important to know whether the parameters of the model are uniquely identifiable but, more general, whether there is a unique model in a given class that fits the experimental data, assuming perfect data. For models that can be embedded into finite dimensional dynamical systems, there is a rather complete theory, see, for example, [12, 4, 6]. Also for parabolic partial differential equations, there is a rather complete theory [2, 9, 10, 16], but for differential delay equations there are only a few results known [11].

Before attempting parameter estimation in infinite dimensional dynamical systems the identifiability question has to be addressed. For linear systems controlled by linear feedback laws, time delays arise naturally and represent effects due to communication, transmission, transportation or iternia effects. In this paper we shall address the question whether a specific model, from a given class of differential delay equations, can be identified from information about certain solutions of the model, assuming perfect data.

∗Supported by an N.W.O. PIONIER-grant under 600-61-410.

We start this paper with a short introduction to differential delay equations. Consider the simplest linear differential delay equation dx dt (t) = Ax(t) + Bx(t − 1), t ≥ 0, (1.1)

where A and B are n × n-matrices and x : [0, ∞) → R^n denotes the solution. A moment of reflection indicates that the minimal amount of information of initial data in order for (1.1) to a unique solution x is to specify a continuous function on the interval [−1, 0]. In fact, if x(t) = φ(t), −1 ≤ t ≤ 0, then

x(t) = e^{At}φ(0) + ∫_t 0 e^{A(t−s)}Bφ(s − r) ds, 0 ≤ t ≤ 1, (1.2) is the unique solution of (1.1) on [0, 1]. Once x is known on [0, 1] the process can be repeated to find the unique solution on [1, 2], etc. This process is called the method of steps and yields a unique, globally defined, solution of (1.1).

The method of steps can be interpreted as follows. The differential delay equation (1.1) can be viewed as an iterative process on a space of continuous functions, iterating a segment of the solution. Indeed, set x_n(θ) = x(n + θ), −1 ≤ θ ≤ 0, n = 0, 1, 2, . . . . Then x_0 = φ and for n = 1, 2, . . .

x_{n+1}(θ) = e^{Aθ}x_n(0) −

∫_0 θ e^{A(θ−s)}Bx_n(s) ds, −1 ≤ θ ≤ 0. (1.3) From this approach, it also follows that, in general, solutions of (1.1) are only defined on [0, ∞). Backward continuation of solutions of differential delay equations along the negative real axis requires smoothness of the initial function φ defined on [−1, 0]. From this approach, it is clear that differential delay equations are infinite dimensional dynamical systems defined by iterating a segment of a function. There are, in general, infinitely many independent exponential solutions x_j (t) = e^{λj t}, j = 1, 2, 3, . . . . Indeed, substitution of an exponential solution in (1.1) yields that for each zero λ of the equation det[λI − A − Be^{−λ}] = 0, the exponential x(t) = e^{λt} is a solution of (1.1) for all real t.

The dynamical system approach to differential delay equations is to associate with (1.1) a semiflow defined by the time evolution of segments of solutions (see Figure 1). If the solution of (1.1) with initial data x(θ) = φ(θ), −1 ≤ θ ≤ 0, is denoted by x( · ; φ) and x_t(θ; φ) = x(t + θ; φ), −1 ≤ θ ≤ 0,

Figure 1: The state space approach

then the semiflow is defined by T (t)φ = x_t( · ; φ).

An important observation is that the evolution of the state x_t is given by an abstract ordinary differential equation in the infinite dimensional state space of continuous functions defined on the interval [−1, 0] (see Section 2 for the details).

Next we shall motivate the problem which we shall address in this paper. Parameter identification using a model system is very important in the control of distributed parameter systems [1]. As an illustration of the main result in this paper, we consider the following inverse problem. Suppose that we have an unknown scalar differential delay equation dx dt (t) = ax(t) + bx(t − 1), x_0 = φ, (1.4)

and that we would like to find the system parameters a and b using a model system dy dt (t) = a^my(t) + b^my(t − 1), y_0 = φ^m, (1.5)

where a^m and b^m are known model parameters and φ^m is a known model initial function. Suppose that we can adjust the system parameters in the model system (1.5) and find an initial condition φ_m such that the solution of the model system (1.5) and the observed solution of the unknown system (1.4) are identical on a bounded time interval [t_1, t_2], i.e.,

y(t; φ^m) = x(t; φ), 0 < t_1 ≤ t ≤ t_2. (1.6)

When does this identity imply that a = a^m, b = b^m and φ = φ^m?

Figure 2: The solution of (1.7) with initial data φ^m(θ) = e^θ, −1 ≤ θ ≤ 0

Our main result states that if φ^m(θ) = e^{λθ} with λ such that λ − a_m − b_me^{−λ} ≠ 0 and t_2 − t_1 > 1, the length of the maximal time delay in the system, then (1.6) implies that a = a^m, b = b^m and φ = φ^m.

In particular, knowledge of just the solution, on a time interval of length bigger than the largest time delay in the system, uniquely determines a nondegenerate scalar delay equation.

For example, knowledge of just the solution with initial data φ^m(θ) = e^θ (see Figure 2), on any time interval of length bigger than 1, uniquely determines the model equation dx dt (t) = −2x(t) + 2x(t − 1). (1.7)

The organization of the paper is as follows. In Section 2 we first discuss some basic properties of general linear delay equations and then generalize the identification problem, as considered before by Nakagiri and Yamamoto [11] to general linear systems of differential delay equations. In Section 3 we shall discuss some elements of the theory of semigroups and develop the spectral theory for linear differential delay equations. In Section 4 we prove the main result using the results from Section 3. And, finally, in Section 5 we shall illustrate how to apply the main result to specific problems.

2 Parameter identifiability of linear systems of delay equations

An initial value problem for a linear retarded functional differential equation (RFDE) is given by the following equation dx dt (t) = ∫_h 0 dζ(θ)x(t − θ), t ≥ 0, (2.1) where ζ is an n × n-matrix function of bounded variation normalized such that ζ(0) = 0 and ζ is continuous from the right on the open interval (0, ∞). The initial data is given by x(θ) = φ(θ) for −h ≤ θ ≤ 0, where φ is a given continuous function on [−h, 0] with values in R^n . The solution with initial data φ we shall denote by x = x( · , φ), φ ∈ C, where C denotes the space of R^n -valued continuous functions on the interval [−h, 0] provided with the sup-norm, i.e., for φ ∈ C, the norm is given by ‖φ‖ := max_{−h≤θ≤0} |φ(θ)|.

The dynamical systems approach is to associate with (2.1) a semigroup of solution operators acting on the state space C. The semigroup is given by translation along the solution, i.e., T (t)φ = x_t( · ; φ), t ≥ 0, where x = x( · ; φ) denotes the solution to (2.1) and x_t(θ; φ) = x(t + θ) for −h ≤ θ ≤ 0. See [3] and [5] for further information about the general theory of delay equations.

The infinitesimal generator of the semigroup T (t) is given by D(A) = { φ ∈ C | | dφ dθ ∈ C, dφ dθ (0) = ∫_h 0 dζ(θ)φ(−θ) } , (2.2) Aφ = dφ dθ , φ ∈ D(A). (2.3) It is a simple computation to show that the spectrum of A consists of eigenvalues only, i.e., complex numbers λ with Aϕ = λϕ for some nonzero ϕ ∈ C, and that the set of eigenvalues of A is given by the zero set of an entire function σ(A) = { λ ∈ C | det Δ(λ) = 0 } . Here Δ(z), the so-called characteristic matrix of (2.1), is given by Δ(z) = zI − ∫_h 0 e^{−zt}dζ(t) (2.4)

(see Section 3 for details, in particular, compare formula (3.3) for the resolvent of A).

In [11] Nakagiri and Yamamoto consider the identification problem for the following system of equations dx dt (t) = k∑ j=1 A_j x(t − h_j ) + ∫_h 0 A_I (s)x(t − s) ds. (2.5) Here h is a given fixed real number. The matrices A_j and A_I ( · ) and the time delays h_j (0 ≤ h_1 < h_2 < · · · < h_k ≤ h) are unknown.

Suppose that N solutions x_i = x( · ; φ_i) of eq. (2.5) are known on a given bounded time interval [t_1, t_2]. The identification problem consists of the determination of the unknown coefficient matrices, time delays and the unknown initial data φ_i ∈ C (i = 1, . . . , N).

The model system which is used for the identifiability of the unknown parameters in (2.5) is given by dy dt (t) = l∑ j=1 A^m_j y(t − h^m_j ) + ∫_h 0 A^m_I (s)y(t − s) ds (2.6) with initial data y_0 = φ^m_i ∈ C. An ‘m’ superscript in the model system means that the matrices A^m_j , the integrable matrix-valued-function A^m_I , the time delays h^m_j (0 = h^m_1 < h^m_2 < · · · < h^m_l = h) and the initial data φ^m_i , i = 1, 2, . . . , N, are known.

For problem (2.6), the kernel ζ^m consists of finitely many jumps and an absolutely continuous part, i.e.,

ζ^m(s) = l∑ j=1 A^m_j H(s − h^m_j ) + ∫_s 0 A^m_I (θ) dθ, (2.7)

where H denotes the Heaviside function H : R → R with H(s) = 0 for s ≤ 0 and H(s) = 1 for s > 0. The characteristic matrix associated with (2.6) is given by

Δ^m(z) = zI − l∑ j=1 A^m_j e^{−hmj z} − ∫_h 0 A^m_I (s)e^{−sz} ds. (2.8) Definition 2.1 The unknown quantities A_I , A_j and h_j for 1 ≤ j ≤ k and φ_i for 1 ≤ i ≤ N in (2.5) are said be to identifiable on [t_1, t_2] if the equalities k = l, A_j = A^m_j , h_j = h^m_j (j = 1, . . . , l), A_I (s) = A^m_I (s) a.e s ∈ [0, h], φ_i(s) = φ^m_i (s) − h ≤ s ≤ 0 (i = 1, . . . , N), follow from

y(t; φ^m_i ) = x(t; φ_i), t_1 ≤ t ≤ t_2 (i = 1, . . . , N).

It is clear that some conditions on the solutions that are known on the interval [t_1, t_2] are needed. For example, consider the following scalar model equation dy dt (t) = y(t) − y(t − 1). If the initial data φ^m(θ) = 1, then y(t; φ^m) = 1 for all t ≥ 0. Therefore, the observation data y(t, φ^m) = x(t, φ) for t ∈ [t_1, t_2] holds for any unknown system that has the solution x ≡ 1.

This example describes actually an exceptional case. The next surprising corollary is a consequence of our main result.

Corollary 2.1 Suppose that an unknown scalar system is given by dx dt (t) = k∑ j=1 a_j x(t − h_j ) + ∫_h 0 a_I (s)x(t − s) ds, (2.9) and that the model system is given by dy dt (t) = l∑ j=1 a^m_j y(t − h^m_j ) + ∫_h 0 a^m_I (s)y(t − s) ds. (2.10)

If a^m_l ≠ 0, φ^m(θ) = e^{λ0θ}, −h ≤ θ ≤ 0, where λ_0 is such that Δ^m(λ_0) ≠ 0, then

y(t; φ^m) = x(t, φ), t_1 ≤ t ≤ t_2, t_2 − t_1 > h,

implies that the systems (2.9) and (2.10) are identical.

The following example shows that the condition t_2 − t_1 > h in Corollary 2.1 cannot be improved. Suppose that the model system is given by the scalar differential delay equation dy dt (t) = y(t) + y(t − 1). (2.11)

To satisfy the first condition of Corollary 2.1, we first compute the characteristic matrix of the model system (2.11)

Δ^m(λ) = λ − 1 − e^{−λ}.

It follows that we can take λ_0 = 0 and φ^m(θ) = 1, −1 ≤ θ ≤ 0. The solution y(t; φ^m) of (2.11) on the interval [0, 1] is given by y(t; φ^m) = 2e^t − 1, 0 ≤ t ≤ 1.

However, the solution x(t; φ) of the following system dx dt (t) = 2ex(t − 1), x_0 = φ, (2.12)

with φ(θ) = e^θ is, on the interval [0, 1], also given by x(t; φ) = 2e^t − 1, 0 ≤ t ≤ 1. Thus y(t; φ^m) = x(t, φ), 0 ≤ t ≤ 1, but the systems (2.11) and (2.12) are not identical.

Before we state our main result, we present another special case for systems of two equations.

Corollary 2.2 Suppose that the model system is given by dy_1 dt (t) = a_1y_2(t − 1), dy_2 dt (t) = a_2y_1(t − 1).

(2.13)

If a_1a_2 ≠ 0 and φ^m = (φ^m_1 , φ^m_2 )^T is constant with √ a_1φ^m_2 ± √ a_2φ^m_1 ≠ 0, then y(t; φ^m) = x(t, φ), t_1 ≤ t ≤ t_2, t_2 − t_1 > 2h, implies that the unknown quantities A_I , A_j and h_j for 1 ≤ j ≤ k and φ_1 (N = 1) in (2.5) are identifiable on [t_1, t_2].

The next example shows that the condition t_2 − t_1 > 2h in Corollary 2.2 cannot be improved. Suppose that the model system is given by the differential delay equation dy_1 dt (t) = y_2(t − 1), dy_2 dt (t) = y_1(t − 1)

(2.14)

and that the initial data φ^m = (φ^m_1 , φ^m_2 )^T is constant with φ^m_1 = 1 and φ^m_2 = 0.

A direct computation shows that the solution y(t; φ^m) = (y_1(t), y_2(t)) of (2.14) for t ∈ [0, 1] is given by y_1(t) = 1 and y_2(t) = t for 0 ≤ t ≤ 1.

Using the method of steps we next use the solution on [0, 1] to compute the solution y(t; φ^m) of (2.14) for t ∈ [1, 2]. This yields y_1(t) =^1_2 t^2 − t +^3_2 and y_2(t) = t for 1 ≤ t ≤ 2.

However, the following system dx_1 dt (t) = x_1(t − 1) + 2x_2(t − 1) − x_2(t), dx_2 dt (t) = x_2(t) − x_2(t − 1),

(2.15)

with initial data φ = (φ_1, φ_2)^T and φ_1(θ) = 1 − θ and φ_2(θ) = θ, has the property that y(t; φ^m) = x(t, φ), 0 ≤ t ≤ 2, but the model system (2.14) and the unknown system (2.15) are not identical.

We can now state our main result.

Theorem 2.1 Assume that the model system (2.6) is nondegenerate, i.e., det A^m_l ≠ 0 or det A^m_I is not identically zero a.e. in a neighbourhood of nh. Suppose that N initial conditions φ^m_i , i = 1, 2, . . . , N, are given. Define

p^m_{λ,i} := φ^m_i (0) + ∫_h 0 ( e^{λτ} ∫_h τ e^{−λs} dζ^m(s) ) φ^m_i (−τ) dτ, i = 1, . . . , N. (2.16) For every λ with det Δ^m(λ) = 0, define {q^m_{λ,j}}^{dλ}_{j=1} to be a basis of row vectors for the left null space {v ∈ R^n | vΔ^m(λ) = 0}. If rank ( q^m_{λ,j} p^m_{λ,i} ) 1≤i≤N,1≤j≤d_λ = dλ, (2.17) and t_2 − t_1 > nh, (2.18) then the quantities A_I , A_j and h_j for 1 ≤ j ≤ k in (2.5) and the initial data φ_i for 1 ≤ i ≤ N are identifiable on [t_1, t_2]. Furthermore, the conditions (2.17) and (2.18) are sharp for n = 1 and n = 2.

In the result of Nakagiri and Yamamoto [11] the condition t_2 − t_1 > 2nh is needed and the authors raise the question to find the optimal condition. The rank condition (2.17) in Theorem 2.1 is related to the condition obtained by Nakagiri and Yamamoto but is simpler to verify in examples. The examples in this section illustrate that the conditions (2.17) and (2.18) are sharp for n = 1 and n = 2.

The main idea in the proof of Theorem 2.1 is to use the semigroup approach presented in the beginning of this section. In the sequel we let T (t) with infinitesimal generator A denote the semigroup associated with (2.5) and T^m(t) with infinitesimal generator A^m the semigroup associated with the model system (2.6). To prove the theorem, it suffices to show that T (t) = T^m(t). This implies that the infinitesimal generators A and A^m are equal and hence, from (2.2) that ζ = ζ^m. An important ingredient in the proof is a result about completeness of the set of eigenvectors and generalized eigenvectors of the generator A [13, 14] which extends earlier work by Manitius [8].

3 Spectral theory for differential delay equations

Let T (t) : C → C be the semigroup given by translation along the solutions of the differential delay equation (2.1). The semigroup T (t) satisfies the following basic properties

(i) T (0) = I;

(ii) T (t + s) = T (t)T (s) for t, s ≥ 0;

(iii) for every φ ∈ C, the maps t → T (t)φ are continuous.

The infinitesimal generator A is defined by

Aφ := lim_{t↓0} 1 t [ T (t)φ − φ ] for every φ ∈ D(A), (3.1)

where D(A) consists of all φ ∈ C for which the limit in (3.1) exists. The growth bound of T (t) is defined by

ω_0 := lim_{t→∞} 1 t log ‖T (t)‖. It is known that ω_0 < ∞ and that for Rez > ω_0, the resolvent of A equals the Laplace transform of the semigroup T (t)

(zI − A)^{−1} = ∫_∞ 0 e^{−zt}T (t) dt for Rez > ω_0.

Let λ ∈ σ(A) be an eigenvalue of A, the kernel N ( λI − A ) is called the eigenspace at λ and its dimension d_λ the geometric multiplicity. The generalized eigenspace M_λ is the smallest closed subspace that contains all N ( (λI − A)^j ) , j = 1, 2, . . . and its dimension is called the algebraic multiplicity. It is known that there is a close connection between the spectral properties of the infinitesimal generator A and the characteristic matrix Δ(z) associated with (2.1), see [3] and [7]. In particular, the geometric multiplicity d_λ equals the dimension of the null space of Δ(λ) at λ and the algebraic multiplicity is equal to the multiplicity of z = λ as a zero of det Δ(z). Furthermore, the generalized eigenspace at λ is given by

M_λ = N ( (λI − A)^{kλ} ) , where k_λ is the order of z = λ as a pole of Δ(z)^{−1}. The eigenvalue λ is called simple if m_λ = 1.

Let {φ_1, . . . , φ_{mλ} } be a basis of eigenvectors and generalized eigenvectors of A at λ. Define the row m_λ-vector Φ = {φ_1, . . . , φ_{mλ} }. Since M_λ is invariant under A, there exists a m_λ × m_λ matrix M such that AΦ = ΦM. The action of the semigroup T (t) on Φ is given by T (t)Φ = Φe^{tM} . In particular, it follows that Φ(θ) = Φ(0)e^{θM} , −h ≤ θ ≤ 0. So, in order to obtain a complete description of the subspace M_λ, we have to compute Φ(0).

From standard spectral theory it follows that the spectral projection onto M_λ along R ( (λI − A)^{kλ} ) can be represented by a Dunford integral

P_λ = 1 2πi ∫ Γ_λ (zI − A)^{−1} dz, (3.2) where Γ_λ is a small circle such that λ is the only singularity of (zI −A)^{−1} inside Γ_λ. A direct computation yields the following representation for the resolvent of A: (zI − A)^{−1}φ = 1 det Δ(z)

P (z)φ, (3.3)

where ( P (z)φ ) (θ) = e^{zθ} { adj Δ(z)[φ(0) + ∫_h 0 dζ(τ) ∫_τ 0 e^{−zσ}φ(σ − τ) dσ] + det Δ(z)

∫_0 θ e^{−zσ}φ(σ) dσ } . (3.4)

For example, if λ is a simple eigenvalue, this representation together with formula (3.2) can be used to obtain an explicit representation for the spectral projection onto the eigenspace corresponding to a simple eigenvalue P_λφ = e^{λ ·} H(λ) ( φ(0) + ∫_h 0 dζ(θ) ∫_θ 0 e^{−λσ}φ(σ − θ) dσ ) , where H(λ) = lim_{z→λ}(z − λ)Δ(z)^{−1}. Equivalently, we can write P_λφ = ⟨ϕ^∗_λ, φ⟩ϕ_λ, where ϕ_λ is an eigenvector at λ for A, ϕ^∗_λ is an eigenvector at λ for A^∗ and ⟨ϕ^∗_λ, ϕ_λ⟩ = 1 (here ⟨·, ·⟩ denotes the duality pairing between C and the dual space C^∗).

Thus Φ(0) can be found by providing a basis for the range of P_λ. In [7] and Section IV.4 of [3] a systematic procedure has been developed to construct a canonical basis using Jordan chains. We shall here describe the underlying idea.

Definition 3.1 A sequence of vectors {ϕ_0, ϕ_1, . . . , ϕ_{r−1}} in C with ϕ_0 ≠ 0 is called a Jordan chain of A at λ if

Aϕ_0 = λϕ_0, Aϕ_j = λϕ_j + ϕ_{j−1},

for j = 1, 2, . . . , r−1. The integer r is called the rank of the Jordan chain. Note that ϕ_0 is an eigenvector of A, the vectors ϕ_1, . . . , ϕ_{r−1} are called generalized eigenvectors at λ.

One can organize the Jordan chains as follows. Choose an eigenvector, say ϕ^{1,0}_λ , with maximal rank, say r_1. Next, choose a Jordan chain (ϕ^{1,0}_λ , . . . , ϕ^{1,r1−1}_λ ) of length r_1 and let N_1 be the complement in N ( λI − A ) of the subspace spanned by ϕ^{1,0}_λ . In N_1 we choose an eigenvector ϕ^{2,0}_λ of maximal rank, say r_2, and let (ϕ^{2,0}_λ , . . . , ϕ^{2,r2−1}_λ ) be a corresponding Jordan chain of length r_2. Next let N_2 be the complement in N_1 of the subspace spanned by ϕ^{2,0}_λ and replace N_1 by N_2 in the abovedescribed procedure.

This construction yields a basis {ϕ^{1,0}_λ , . . . , ϕ^{dλ,0}_λ } for N ( λI − A ) and a corresponding canonical system of Jordan chains ϕ^{1,0}_λ , . . . , ϕ^{1,r1−1}_λ , . . . , ϕ^{p,0}_λ , . . . , ϕ^{dλ,rdλ−1}_λ .

Note that max{r_j | j = 1, . . . , d_λ} = k_λ and that d_λ∑

j=1 r_j = m_λ.

Because of the construction, the canonical system of Jordan chains is a basis for the generalized eigenspace M_λ. With respect to this basis, the matrix M has Jordan normal form. We shall call such a basis a canonical basis of eigenvectors and generalized eigenvectors for A at λ (see [3] for much more information).

The generalized eigenspace M is the smallest subspace that contains all M_λ, λ ∈ σ(A). If M is dense in C, we call the system of eigenvectors and generalized eigenvectors of A complete. A Jordan chain of A gives rise to a special solution of (2.1). If {φ_0, φ_1, . . . , φ_{r−1}} is a Jordan chain of A at λ, then

x(t) = e^{λt} r−1∑ ν=0 1 ν! t^ν φ_{r−1−ν} (0) (3.5)

is a solution of (2.1) for all t. So if the linear space spanned by all eigenvectors and generalized eigenvectors is dense in C then each solution can be approximated by a linear combination of solutions of the form (3.5) (in a sense that can be made precise). In this case we say that the operator A has a complete span of eigenvectors and generalized eigenvectors.

To present a simple necessary and sufficient condition for completeness, we need the following definition.

Definition 3.2 An entire function f : C → C is of exponential type if

lim sup r→∞ 1 r log max 0≤θ≤2π |f(re^{iθ})| = E(f),

where 0 ≤ E(f) < ∞. In that case, E(f) is called the exponential type of f.

In is known (see [3]) that the system of eigenvectors and generalized eigenvectors of A is dense in the space C if and only if the semigroup T (t) is one-to-one if and only if E(det Δ(z)) = nh. For example, the system dx_1 dt (t) = x_1(t) + x_2(t − 1) dx_2 dt (t) = x_1(t − 1)

(3.6)

has the following characteristic equation

Δ(z) = ( z − 1 −e^{−z} −e^{−z} z ) . So det Δ(z) = z^2 − z − e^{−2z} and E(det Δ(z)) = 2. Therefore, the system of eigenvectors and generalized eigenvectors corresponding to (3.6) is complete.

The condition in Theorem 2.1 that det A^m_l ≠ 0 or det A^m_I is not identically zero in a neighbourhood of h implies that E(det Δ^m(z)) = nh. This condition cannot be omitted in the theorem. Suppose that E(det Δ^m(z)) < nh and, hence, T^m(t) is not one-to-one. If φ^m is such that T^m(t_0)φ^m is identically zero for certain t_0 then the condition y(t; φ^m) = x(t; φ) only implies that the unknown system has a solution of this type as well. No information is obtained about the unknown parameters in (2.5).

4 Proof of the main result

We start this section with the formulation of a more general version of Theorem 2.1.

Theorem 4.1 Consider an unknown equation (2.1) and assume that the model system dy dt (t) = ∫_h 0 dζ^m(θ)y(t − θ), t ≥ 0, (4.1) has the property that E(det Δ^m(z)) = nh. For every λ ∈ σ(A^m), define ϕ^{m,∗,j,0}_λ , j = 1, . . . , d_λ to be a basis for N ( (λI − (A^m)^∗ ) . Suppose that N initial conditions φ^m_i , i = 1, 2, . . . , N, are given such that

rank ( ⟨ϕ^{m,∗,j,0} λ , φ^m_i ⟩ ) 1≤i≤N,1≤j≤d_λ = dλ (4.2) (here ⟨·, ·⟩ denotes the duality pairing between C and the dual space C^∗) and such that there exists t_1, t_2 ≥ 0 with

T^m(t)φ^m_i = T (t)φ_i t_1 + h ≤ t ≤ t_2, i = 1, 2, . . . , N. (4.3)

If t_2 − t_1 > nh, then ζ = ζ^m and the unknown and the model system are identical.

In the proof of Theorem 4.1 we shall exploit the fact that the system is time-invariant. Define ψ^m_i := T^m(t_1 + h)φ^m_i for i = 1, 2, . . . , N.

Using the semigroup property of T^m(t), it follows that condition (4.3) can be rewritten as T^m(t)ψ^m_i = T (t)ψ^m_i 0 ≤ t ≤ τ, i = 1, 2, . . . , N, (4.4) where τ > (n − 1)h. Furthermore, since ⟨ϕ^{m,∗,j,0} λ , T^m(t_1 + h)φ^m_i ⟩ = ⟨T^m(t_1 + h)^∗ϕ^{m,∗,j,0}_λ , φ^m_i ⟩ = e^{λ(t1 +h)}⟨ϕ^{m,∗,j,0}_λ , φ^m_i ⟩, we have rank ( ⟨ϕ^{m,∗,j,0} λ , ψ^m_i ⟩ ) 1≤i≤N,1≤j≤d_λ = dλ. (4.5) Thus in the proof of Theorem 4.1 we can, without loss of generality, assume that t_1 = −h, τ = t_2 − t_1 > (n − 1)h and φ_i = φ^m_i for i = 1, 2, . . . , N.

The following lemma is essential and allows us to use techniques from the theory of the Laplace transform.

Lemma 4.1 Suppose that E(det Δ^m(z)) = nh. If T^m(t)ψ^m = T (t)ψ^m for 0 ≤ t ≤ τ and τ > (n − 1)h, then T^m(t)ψ^m = T (t)ψ^m for all t ≥ 0.

Proof. From basic properties of the Laplace transform, it follows that ∫_∞ 0 e^{−zt}T^m(t)ψ^m dt = (zI − A^m)^{−1}ψ^m, Rez > ω_0, where A^m denotes the infinitesimal generator and ω_0 denotes the growth bound of T^m(t). The resolvent of A^m admits an explicit representation (zI − A^m)^{−1}ψ^m = 1 det Δ^m(z)

P^m(z)ψ^m, (4.6) where P^m(z) is given by (3.4).

Define Z : [0, ∞) → C by Z(t) := T^m(t)ψ^m − T (t)ψ^m, then Z(t) = 0 on [0, τ]. From the definition of Z(t), it follows ∫_∞ 0 e^{−zt}Z(t) dt = 1 det Δ^m(z) P^m(z)ψ^m − 1 det Δ(z)

P (z)ψ^m. (4.7)

On the other hand ∫_∞ 0 e^{−zt}Z(t) dt = ∫_∞ τ e^{−zt}Z(t) dt = e^{−zτ} ∫_∞ 0 e^{−zt}Z(t + τ) dt. (4.8)

Since

Z(t + τ) = T^m(t + τ)ψ^m − T (t + τ)ψ^m = T^m(t)T^m(τ)ψ^m − T (t)T^m(τ)ψ^m,

(4.9)

it follows that ∫_∞ 0 e^{−zt}Z(t + τ) dt = 1 det Δ^m(z) P^m(z)T^m(τ)ψ^m − 1 det Δ(z) P (z)T^m(τ)ψ^m. (4.10)

Now define H : C → C

H(z) := det Δ(z) det Δ^m(z) ∫_∞ 0 e^{−zt}Z(t) dt. (4.11) Observe that

H(z) = det Δ(z)P^m(z)ψ^m − det Δ^m(z)P (z)ψ^m (4.12)

and the function H is an entire vector-valued function of finite exponential type.

Suppose that H is not identically zero. Using the exponential type calculus (see Section V.2 of [3]) we can compute the exponential type of H in the left half plane

E(H) = max { E(det Δ(z)) + E(P^m(z)ψ^m), E(det Δ^m(z)) + E(P(z)ψ^m) } .

From Lemma V.3.1 of [3], it follows that E(P^m(z)ψ^m) ≤ nh and E(P(z)ψ^m) ≤ nh.

Furthermore, E(det Δ(z)) ≤ nh and hence E(H) ≤ 2nh.

On the other hand, using (4.8) and (4.10), we have

E(H) = max { τ + E(det Δ(z)) + E(P^m(z)T^m(τ)ψ^m),

τ + E(det Δ^m(z)) + E(P(z)T^m(τ)ψ^m) } . (4.13)

Since E(det Δ^m(z)) = nh, it follows that T^m(t) is one-to-one and therefore T^m(τ)ψ^m ≠ 0. Together with the definition of P (z) (see (3.4)) this implies that E(P^m(z)T^m(τ)ψ^m) ≥ h. Thus (4.13) yields the estimate

2nh ≥ E(H) ≥ τ + E(det Δ^m(z)) + E(P(z)T^m(τ)ψ^m) ≥ τ + nh + h > 2nh. A contradiction to the assumption that H is nonzero. Thus H(z) = 0 and the Laplace transform of Z(· + τ) is zero. Since Z is continuous, this implies that Z is identically zero and T^m(t)ψ^m = T (t)ψ^m for t ≥ 0.

This completes the proof of the lemma. ⊔⊓ In the following lemma we use the Laplace transform and the Dunford representation of the spectral projection to derive a useful identity. Lemma 4.2 If T^m(t)ψ^m = T (t)ψ^m for all t ≥ 0, then for every λ ∈ C and s ≥ 0 T^m(s)(A^m − λI)^j P^m_λ ψ^m = T (s)(A − λI)^jP_λψ^m, j = 1, 2, . . . . (4.14) Proof. From the assumption and the semigroup property, it follows that for all t, s ≥ 0 T^m(t)T^m(s)ψ^m = T (t)T (s)ψ^m. (4.15) Applying the Laplace transform to (4.15) with respect to t yields (zI − A^m)^{−1}T^m(s)ψ^m = (zI − A)^{−1}T (s)ψ^m for Re z > ω_0. (4.16)

From the representation (3.3) for the resolvent of A it follows, by analytic continuation, that we can extend identity (4.16) to hold for all z ∈ C except at the poles of (zI − A^m)^{−1}T^m(s)ψ^m. For every λ ∈ σ(A^m), we choose a small circle Γ_λ such that λ is the only singularity of (zI −A^m)^{−1}T^m(s)ψ^m inside Γ_λ. A direct computation, using the extended identity (4.16) and representation (3.2) for the spectral projection, yields for every λ ∈ σ(A^m) and t_0 ≥ 0 T^m(s)P^m_λ ψ^m = T (s)P_λψ^m. (4.17) Again, using the semigroup property, we have for all t, s ≥ 0 T^m(t)T^m(s)P^m_λ ψ^m = T (t)T (s)P_λψ^m. (4.18) From this identity and the definition

Aφ = lim_{t↓0} 1 t [T (t)φ − φ] for φ ∈ D(A), it follows that A^mT^m(s)P^m_λ ψ^m = AT (s)P_λψ^m s ≥ 0. (4.19) Since A commutes with T (t) the identity (4.14) follows by induction. ⊔⊓

Lemma 4.3 Suppose that N ( (λI − A^m)^k_λ ) = {ϕ^{m,1,0}_λ , . . . , ϕ^{m,1,r1−1}_λ } consists of one Jordan chain only (d_λ = 1). If ϕ^{m,∗,1,0}_λ is an eigenvector of (A^m)^∗ at λ and ⟨ϕ^{m,∗,1,0} λ , ψ^m⟩ ≠ 0, (4.20) then span j=0,1,... ,k_λ−1 (A^m − λI)^jP^m_λ ψ^m = M^m_λ . (4.21)

Proof. If ϕ^{m,∗,1,j}_λ , j = 0, . . . , r_1 − 1, denotes a canonical basis for N ( (λI − (A^m)^∗)^{kλ} ) , we have ((A^m)^∗ − λI)ϕ^{m,∗,1,j}_λ = ϕ^{m,∗,1,j−1}_λ (4.22) and ((A^m)^∗ − λI)ϕ^{m,∗,1,0}_λ = 0.

Using induction with respect to j, we conclude that (4.20) implies ⟨ϕ^{m,∗,1,j} λ , (A^m − λ)^jψ^m⟩ ≠ 0 (4.23)

for j = 0, . . . , m_λ − 1. Using identity (4.23) we shall show that the vectors

(A^m − λI)^jP^m_λ ψ^m, j = 0, . . . , r_1 − 1, (4.24)

are linearly independent.

We argue by contradiction and suppose that the vectors in (4.24) are linearly dependent. Then there exist constants c_j not all zero such that m_λ−1∑

j=0 c_j (A^m − λI)^jP^m_λ ψ^m = 0

and hence, using (4.22) 0 = ⟨ϕ^{m,∗,1,k}_λ , r_1−1∑

j=0 c_j (A^m − λI)^jP^m_λ ψ^m⟩

= k∑ j=0 c_j⟨ϕ^{m,∗,1,k} λ , (A^m − λI)^j ψ^m⟩ for k = 0, 1, . . . , m_λ − 1. For k = 0, condition (4.20) implies that c_0 = 0. For k = 1, it follows from (4.23) and c_0 = 0 that c_1 = 0. We proceed by induction and conclude that c_j = 0 for j = 0, . . . , r_1 − 1. A contradiction to the assumption that the constants c_j are not all zero. This proves that the vectors in (4.24) are linearly independent.

Therefore there are r_1 linearly independent vectors of the form (4.24) which belong to M_λ. Since dim M^m_λ = m_λ = r_1, the conclusion of the lemma follows. ⊔⊓

Proof of Theorem 4.1. First we consider the case d_λ = 1. From the earlier observation and Lemma 4.1, it follows that without loss of generality we can assume that T^m(t)ψ^m = T (t)ψ^m for all t ≥ 0.

From Lemma 4.2 and Lemma 4.3 we derive that (see (4.14) and (4.21))

T^m(t)|_Mm_λ = T (t)|_Mm_λ .

This procedure can be repeated for every λ ∈ σ(A^m) to obtain T^m(t)|_Mm = T (t)|_Mm .

From the assumption that E(det Δ^m(z)) = nh, it follows that M^m is a dense subspace of C and thus T^m(t) = T (t).

This proves the theorem in case d_λ = 1.

Next we consider the case d_λ > 1. Let {ϕ^{m,∗,j,0}_λ }^{dλ}_{j=1} denote a basis for N ( λI − (A^m)^∗ ) and {ϕ^{m,∗,j,i} λ | j = 1, . . . , d_λ, i = 0, 1, . . . , r_j − 1} the canonical basis for N ( (λI − (A^m)^∗)^{kλ} ) . Using Lemma 4.1, it follows that without loss of generality we can assume that for i = 1, 2, . . . , d_λ T (t)ψ^m_i = T^m(t)ψ^m_i t ≥ 0 (4.25) and the matrix ( ⟨ϕ^{m,∗,j,0} λ , ψ^m_i ⟩ ) 1≤i≤d_λ,1≤j≤d_λ is invertible. (4.26)

For k = 1, 2, . . . , d_λ, define ψ^{m,k} = c^k_1ψ^m_1 + · · · c^k_{dλ} ψ^m_{dλ} , c^k_j ∈ R. Then it follows from (4.25) that T^m(t)ψ^{m,k} = T (t)ψ^{m,k}, t ≥ 0. Using (4.26), we can choose the c^k_j such that ⟨ϕ^{m,∗,j,0} λ , ψ^{m,k}⟩ ≠ 0 for j = k and ⟨ϕ^{m,∗,j,0} λ , ψ^{m,k}⟩ = 0 for j ≠ k. So, for every fixed k, we are in a situation similar to the case d_λ = 1 and ψ^m = ψ^{m,k}. Using Lemma 4.2 and Lemma 4.3, we obtain dim span j=0,1,... ,r_k−1 (A − λI)^jP^m_λ ψ^{m,k} = r_k. (4.27)

This identity implies that

dim^{dλ}⊕_{k=1} span j=0,1,... ,r_k−1 (A^m − λI)^jP^m_λ ψ^{m,k} = d_λ∑

k=1 r_k = m_λ.

Thus d_λ ⊕_{k=1} span j=0,1,... ,r_k−1 (A^m − λI)^jP^m_λ ψ^{m,k} = M^m_λ . (4.28)

From the identities (4.14) and (4.28), we derive that

T^m(t)|_Mm_λ = T (t)|_Mm_λ .

This procedure can be repeated for every λ ∈ σ(A^m) to obtain T^m(t)|_Mm = T (t)|_Mm . From the assumption E(det Δ^m(z)) = nh, it follows that M^m is a dense subspace of C and thus T^m(t) = T (t).

This completes the proof of Theorem 4.1. ⊔⊓

To derive Theorem 2.1 from Theorem 4.1, it suffices to compute the eigenvectors of (A^m)^∗. In [3], Corollary 5.12, one can find the following explicit representation for a basis of eigenvectors of (A^m)^∗ at λ ∈ σ(A^m) ϕ^{m,∗,j,0} λ (τ) = q^{m,j}_λ (I + ∫_τ 0 ∫_h σ e^{λ(σ−s)} dζ^m(s) dσ), j = 1, 2, . . . , d_λ, where q^{m,j}_λ , j = 1, 2, . . . , d_λ, is a basis for the left null space of Δ^m(λ). Using this representation, it follows directly that condition (2.17) and (4.2) are equivalent.

For further generalizations to neutral functional differential equations and to models describing the dynamics of age-dependent populations we refer to [15].

5 Proofs of the corollaries

In this section we shall prove Corollary 2.1 and Corollary 2.2. The proofs of the corollaries illustrate how to apply Theorem 4.1 and how to adapt the main result to other specific examples.

Proof of Corollary 2.1. In order to apply Theorem 2.1, it suffices to verify (2.17). Since in the scalar case d_λ = 1 and we can choose q^m_λ = 1, it remains to show that p^m_λ in (2.16) with φ^m = e^{λ0θ}, Δ^m(λ_0) ≠ 0, is not equal to zero. From the definition of p^m_λ we derive

p^m_λ = 1 + ∫_h 0 (e^{λτ} ∫_h τ e^{−λs}dζ^m(s))e^{−λ0τ} dτ = 1 + ∫_h 0 ( ∫_s 0 e^{λ(τ −s)}e^{−λ0τ} dτ) dζ^m(s) = 1 + ∫_h 0 ( ∫_s 0 e^{(λ−λ0)τ} dτ)e^{−λs} dζ^m(s) = 1 + ∫_h 0 (^1_{λ−λ0} [e^{(λ−λ0)s} − 1]e^{−λs} dζ^m(s)

= 1 +^1_{λ−λ0} ∫_h 0 e^{−λ0s}dζ^m(s) −^1_{λ−λ0} ∫_h 0 e^{−λs}dζ^m(s) =^1_{λ−λ0} [ Δ^m(λ) − Δ^m(λ_0) ] = −^1_{λ−λ0} Δ^m(λ_0) ≠ 0.

In the computation we have reversed the order of integration and used the fact that λ is a zero of Δ^m(z). ⊔⊓

Proof of Corollary 2.2. In order to apply Theorem 2.1, it suffices to verify (2.17). We first compute d_λ and the vectors q^m_λ for every λ with det Δ^m(λ) = 0.

The model system is given by dy_1 dt (t) = a_1y_2(t − 1) dy_2 dt (t) = a_2y_1(t − 1)

and hence the characteristic matrix is given by

Δ^m(z) = ( z −a_1e^{−z} −a_2e^{−z} z ) . The determinant satisfies

det Δ^m(z) = z^2 − a_1a_2e^{−2z} = (z − √ a_1a_2e^{−z})(z + √ a_1a_2e^{−z}).

If λ = √ a_1a_2e^{−λ}, then

Δ^m(λ) = e^{−λ} ( √ a_1a_2 −a_1 −a_2 √ a_1a_2 ) .

So for every λ with λ − √ a_1a_2e^{−λ} = 0,

we have dim N ( Δ^m(λ) ) = d_λ = 1 and

q^{m,+}_λ = ( √ a_1a_2 a_1 ) . (5.1)

If λ = − √ a_1a_2e^{−λ}, then Δ^m(λ) = −e^{−λ} ( √ a_1a_2 a_1 a_2 √ a_1a_2 ) . So for every λ with λ + √ a_1a_2e^{−λ} = 0,

we have dim N ( Δ^m(λ) ) = d_λ = 1 and q^{m,−}_λ = ( √ a_1a_2 −a_1 ) . (5.2)

The matrix ζ^m in (2.7) is given by

ζ^m = ( 0 a_1H_1 a_2H_1 0 ) , where H_1(θ) = { 0 θ < 1 1 θ ≥ 1. In order to compute p^m_λ in (2.16) we first compute ∫_1 0 e^{λτ} ∫_1 τ e^{−λs}dζ^m(s) = ∫_1 0 e^{λτ} ( 0 a_1e^{−λ} a_2e^{−λ} 0 )

= 1 λ ( 0 a_1(1 − e^{−λ}) a_2(1 − e^{−λ}) 0 ) . Thus if φ^m = (φ^m_1 , φ^m_2 )^T is constant

p^m_λ = ( φ^m_1 φ^m_2 ) + 1 λ ( 0 a_1(1 − e^{−λ}) a_2(1 − e^{−λ}) 0 ) ( φ^m_1 φ^m_2 )

= 1 λ [ λI − ( 0 a_1e^{−λ} a_2e^{−λ} 0 ) + ( 0 a_1 a_2 0 )] ( φ^m_1 φ^m_2 )

= 1 λ [Δ^m(λ) − Δ^m(0)] ( φ^m_1 φ^m_2 ) .

Since d_λ = 1 for every λ with det Δ^m(λ) = 0, it suffices to show that q^{m,±}_λ p^m_λ ≠ 0. Note that q^{m,±}_λ Δ^m(λ) = 0. Thus

q^{m,±}_λ p^m_λ = − 1 λ q^{m,±}_λ Δ^m(0) ( φ^m_1 φ^m_2 )

= − 1 λ (a_1 √ a_1a_2φ^m_2 ± a_1a_2φ^m_1 ) = − 1 λ a_1 √ a_2( √ a_1φ^m_2 ± √ a_2φ^m_1 ) ≠ 0,

since √ a_1φ^m_2 ± √ a_2φ^m_1 ≠ 0. ⊔⊓

6 Conclusions

We have presented a result on identification of unknown system parameters and time delays in models described by linear differential delay equations from knowledge of particular solutions on bounded time intervals. We made clear how methods from operator theory can be exploited to give necessary and sufficient conditions that guarantee that this inverse problem has a unique solution. From the proof of Lemma 4.1, it follows that the condition t_2−t_1 > nh can only be improved if there is more information available about the unknown system. So, in general, the condition that t_2 − t_1 > nh is sharp. However, we do not know an easy procedure to generalize the examples in Section 1 for nondegenerate model equations of arbitrary dimension.

It is surprising that for scalar differential delay equations, in general, knowing one solution on a time interval of length bigger than the largest time delay in the system uniquely determines the infinite dimensional system. Important open problems concern the identifiability of nonlinear equations, and even for linear systems, parameter identifiability in case there is only indirect knowledge about certain particular solutions. For example, the case that only certain components of the solutions can be observed. Another important open problem concerns robustness. Suppose that the observed solutions are very close to the corresponding solutions of the model system. When does this imply that the system parameters and the delays in the unknown system and the model system are close? The present proof completely breaks down in this case.

References

[1] Banks, H.T. and K. Kunisch, Estimation Techniques for Distributed Parameter Systems, Birkhäuser, Berlin, 1989.

[2] Courdesses, M., M.P. Polis and M. Amouroux, On identifiability of parameters in a class of parabolic distributed systems, IEEE Trans. Automat. Control 26 (1981), 474–477.

[3] Diekmann, O., S.A. van Gils, S.M. Verduyn Lunel and H.O. Walther, Delay Equations: Functional-, Complex-, and Nonlinear Analysis, Springer- Verlag, New York, Applied Mathematical Sciences Vol. 110, 1995.

[4] Godfrey, K.R. and M.J. Chapman, Identifiability and indistinguishability of linear compartmental models, Math. Comput. Simulation 32 (1990), 273–295.

[5] Hale, J.K. and S.M. Verduyn Lunel, Introduction to Functional Differential Equations, Springer-Verlag, New York, Applied Mathematical Sciences Vol. 99, 1993.

[6] van den Hof, J.M., Structural identifiability of linear compartmental systems, IEEE Trans. Automat. Control 43 (1998), 800–818.

[7] Kaashoek, M.A. and S.M. Verduyn Lunel, Characteristic matrices and spectral properties of evolutionary systems, Trans. Amer. Math. Soc. 334 (1992), 479–517.

[8] Manitius, A., Completeness and F-completeness of eigenfunctions associated with retarded functional differential equations, J. Differential Eqns. 35 (1980), 1–29.

[9] Nakagiri, S., Identifiability of linear systems in Hilbert spaces, SIAM J.

Control Optim. 21 (1983), 501–530.

[10] Nakagiri, S., Review of Japanese work of the last ten years on identifiability in distributed parameter systems, Inverse Problems 9 (1993), 141–191.

[11] Nakagiri, S. and M. Yamamoto, Unique identification of coefficient matrices, time delays and initial functions of functional differential equations, J. Math. Systems, Estimation and Control 5 (1995), 1–22.

[12] Nguyen, V. V. and E.F. Wood, Review and unification of linear identifiability concepts, SIAM Rev. 24 (1982), 34–51.

[13] Verduyn Lunel, S.M., The closure of the generalized eigenspace of a class of infinitesimal generators, Proc. Roy. Soc. Edinburgh Sect. A 117 (1991), 171–192.

[14] Verduyn Lunel, S.M., About completeness for a class of unbounded operators, J. Differential Eqns. 120 (1995), 108–132.

[15] Verduyn Lunel, S.M., Inverse problems for nonself-adjoint evolutionary systems, Fields Institute Communication Series to appear.

[16] Yamamoto, M. and S. Nakagiri, Identifiability of operators for evolution equations in Banach spaces with an application to transport equations, J. Math. Anal. Appl. 186 (1994), 161–181.