A series approach to stochastic differential equations with infinite dimensional noise

Onno van Gaans^∗

Abstract This paper considers semilinear stochastic differential equations in Hilbert spaces with Lipschitz nonlinearities and with the noise terms driven by sequences of independent scalar Wiener processes (Brownian motions). The interpretation of such equations requires a stochastic integral. By means of a series of Itô integrals, an elementary and direct construction of a Hilbert space valued stochastic integral with respect to a sequence of independent scalar Wiener processes is given. As an application, existence and strong and weak uniqueness for the stochastic differential equation are shown by exploiting the series construction of the integral.

1 Introduction

In order to model noise in infinite dimensional dynamical systems, it might be necessary to consider noise terms that are driven by infinite dimensional Wiener processes. See for example [7] and references therein. A simple and direct way to formulate infinite dimensional noise is by means of a sequence of independent scalar Wiener processes. The proper formulation as an integral equation needs a corresponding stochastic integral. In general, the integral of [4] for Hilbert-Schmidt operator valued integrands and Hilbert space valued Wiener processes is used, and one needs to transform the model to this formulation by constructing the Wiener process and considering a spectral decomposition of its covariance operator (see, e.g., [1]). Instead of packing the sequence of scaler Wiener processes into one Hilbert space valued Wiener process and using the integral of [4], it is our aim to present a construction directly in terms of the sequence of independent scaler processes. The construction is a straightforward extension of Itô’s integral with respect to a vector of independent Wiener processes as in [10], though we present it in a Hilbert space setting. In fact, we simply consider a series of Itô integrals with respect to the scalar processes.

∗supported by an N.W.O. PIONIER-grant under 600-61-410

We will show that the construction yields an integral that is equivalent to the integral of [4], both for the trace class covariance and cylindrical case.

We will exploit the series construction of the stochastic integral to study the stochastic differential equation X^′(t) = AX(t) + F (t, X(t)) + B(t, X(t))W^′(t), t ≥ 0, (1) where X will take values in a separable real Hilbert space H, A is the generator of a strongly continuous semigroup (S(t))_{t≥0} on H, and F : [0, ∞) × H → H is a continuous function that is Lipschitz continuous in its second argument. In this equation W^′ denotes the infinite dimensional white noise corresponding to a sequence of independent scalar Wiener processes ((W_i(t))_{t≥0})^∞_{i=0} and it is modified by the coefficient B = (B_i)^∞_{i=0}, where each B_i : [0, ∞) × H → H is continuous and Lipschitz continuous in its second argument. We suppose that each W_i contributes noise in a direction and with a weight given by B_i, depending on both t and X(t), so that B(t, X(t))W^′(t) = ∞∑ i=0 B_i(t, X(t))W^′_i (t), t ≥ 0. (2) The corresponding stochastic integral will be defined by ∫_t 0 Φ(s)dW (s) = ∞∑ i=0 ∫_t 0 Φ_i(s)dW_i(s), t ≥ 0, (3)

where Φ_i(s) = B_i(s, X(s)), s ≥ 0, and we interpret equation (1) as the integral equation

X(t) = S(t)X(0) + ∫_t 0 S(t − s)F (s, X(s))ds (4) + ∞∑ i=0 ∫_t 0 S(t − s)B_i(s, X(s))dW_i(s), t ≥ 0. We will establish existence and strong uniqueness, and give a detailed proof of weak uniqueness, which is essential for certain coupling techniques (see [8]).

In the next section we present the construction of the stochastic integral and in Section 3 we discuss the equivalence with the integral of [4]. In Section 4 we prove the existence and uniqueness theorems for equation (4). As it is our aim to convince the reader that the series construction of the integral is simple and easy to deal with, we devised the paper to be self-contained.

2 The Construction of the stochastic integral

We will first give a construction of the Hilbert space valued Itô integral and then we use it to build the stochastic integral with respect to a sequence of independent scalar Wiener processes. We begin by introducing some terminology and fixing notations.

A scalar Wiener process is a family (W (t))_{t≥0} of real valued random variables on some probability space (Ω, F, P) such that (i) W (0) = 0, (ii) for almost all ω ∈ Ω the function t → W (t)(ω) is continuous, (iii) W (t + s) − W (t) and W (u) are independent for all t ≥ u ≥ 0, s ≥ 0, and (iv) W (t + s) − W (t) has a Gaussian distribution with mean 0 and variance σ^2s for all s, t ≥ 0. If σ = 1, the Wiener process is called normalized.

The construction of the Itô integral with respect to the Wiener process (W (t))_{t≥0} requires a certain kind of adaptedness of the integrand. For instance, one can assume that the integrand is at every t measurable with respect to the σ-algebra generated by {W (s): 0 ≤ s ≤ t}. In view of other random variables involved, such as stochastic initial conditions or several other independent Wiener processes, it is often useful to allow families of larger σ-algebras called filtrations.

Let (Ω, F, P) be a probability space. An increasing family (F_t)_{t≥0} of subσ-algebras of F is called a filtration in F or, less precisely, in Ω. A Wiener process (W (t))_{t≥0} on Ω is called a Wiener process with respect to (F_t)_{t≥0} if W (t) is F_t measurable and W (t + s) − W (t) is independent of F_t, that is, for every Borel set B ⊂ R and C ∈ F_t one has P(A ∩ C) = P(A)P(C), where A = {ω ∈ Ω : (W (t + s) − W (t))(ω) ∈ B}, for all t, s ≥ 0. For instance, if (X_i)_{i∈I} is a family of random variables on Ω with X_i independent of W (t) for all i and t, and F_t is the sub-σ-algebra of F generated by {W (s): 0 ≤ s ≤ t} and {X_i : i ∈ I}, then (F_t)_{t≥0} is a filtration and W is a Wiener process with respect to (F_t)_{t≥0}. In particular, (X_i)_{i∈I} may consist of one or several Wiener processes that are independent of W .

For an index set I ⊂ [0, ∞), a family (Φ_t)_{t∈I} of random variables on Ω that take values in a separable real Hilbert space H is called adapted to (F_t)_{t≥0} if Φ_t is measurable with respect to F_t and the Borel σ-algebra of H for every t ∈ I. We will view t → Φ_t as a function and mainly consider the case that Φ : [0, ∞) → L^2(Ω; H), where L^2(Ω; H) denotes the Hilbert space of H-valued square Bochner integrable random variables.

For the Itô integral we will consider integrands Φ : [0, ∞) → L^2(Ω; H) that are adapted and either continuous or simple. In order to combine both cases we consider the following class. We call a function f : [0, T ] → L^2(Ω; H) piecewise uniformly continuous (PUC) if there are 0 = a_0 < a_1 < · · · < a_n = T such that f is uniformly continuous on (a_{k−1}, a_k) for each k. Observe that each such function is bounded and that the class of PUC functions contains the continuous functions and the simple functions. A function f : [0, ∞) → L^2(Ω; H) is called piecewise uniformly continuous if every restriction f|_{[0,T ]} (T > 0) is PUC.

The setting for the construction will be as follows. Let H be a separable real Hilbert space with the inner product denoted by ⟨·, ·⟩. Let (Ω, F, P) be a probability space and let W = (W_i)_{i∈N} be a sequence of independent normalized scalar Wiener processes on Ω with respect to a filtration (F_t)_{t≥0} in F. For instance, the probability space may be the product of countably many copies of a space belonging to one normalized scalar Wiener process and the filtration may consist of the σ-algebras F_t generated by {W_i(s): 0 ≤ s ≤ t, i ∈ N}, t ≥ 0. As integrand we will consider a sequence Φ = (Φ_i)_i of PUC functions from [0, ∞) to L^2(Ω; H), with each Φ_i adapted to the filtration (F_t)_{t≥0}.

The Hilbert space valued Itô integrals ∫_t 0 Φ_i(s)dW_i(s), i ∈ N, will be defined as limits in L^2(Ω; H) of certain Riemann sums. They turn out to form an orthogonal sequence in the Hilbert space L^2(Ω; H) and their norms are given by the Itô isometry (6) below. If their norms are square summable we can define the stochastic integral of Φ with respect to W by (3).

Lemma 2.1. Let H be a real separable Hilbert space. Let (Ω, F, P) be a probability space and let (W_i)^∞_{i=0} be a sequence of independent normalized scalar Wiener processes on Ω with respect to a filtration (F_t)_{t≥0} in F. Let T > 0 and let (Φ_i)^∞_{i=0} be a sequence of adapted piecewise uniformly continuous functions from [0, T ] to L^2(Ω; H). Then:

(i) For each i ∈ N, the integral ∫_T 0 Φ_i(s)dW_i(s) is well-defined as a limit in L^2(Ω; H) of Riemann sums of the form n∑ k=1 Φ_i(s_{k−1}) ( W_i(s_k) − W_i(s_{k−1}) ) , (5)

where 0 = s_0 < s_1 < · · · < s_n = T . More precisely, there is an element in L^2(Ω; H), denoted by ∫_T 0 Φ_i(s)dW_i(s), such that for every ε > 0 there is a δ > 0 with E ‖ ∫_T 0 Φ_i(s)dW_i(s) − ∑_n k=1 Φ_i(s_{k−1})(W_i(s_k) − W (s_{k−1}))‖ < ε for any partition 0 = s_0 < s_1 < · · · < s_n = T with max_k |s_k − s_{k−1}| < δ.

(ii) For each i the Itô isometry holds true: E ‖ ‖ ∫_T 0 Φ_i(s)dW_i(s) ‖ ‖^2 = ∫_T 0 E ‖Φ_i(s)‖^2ds. (6)

(iii) For each i and j with i ≠ j one has E ⟨∫_T 0 Φ_i(s)dW_i(s), ∫_T 0 Φ_j (s)dW_j (s) ⟩ = 0. (7)

The lemma can be proved by standard arguments. We have included a proof in the Appendix.

Remark 2.2. 1. In Lemma 2.1 we did not assume independence of Φ_i and Φ_j. Actually, independence of W_i and W_j (i ≠ j) and adaptedness of Φ_i and Φ_j already imply the orthogonality relation expressed by (7).

2. It follows from part (ii) of Lemma 2.1 that the value of the integral ∫_t 0 Φ_i(s) dW_i(s) is not affected by changing s → Φ_i(s) at finitely many points. Therefore the integral is well-defined on any interval [a, b] with 0 ≤ a ≤ b by setting ∫_b a Φ_i(s) dW_i(s) := ∫_b 0 1_{[a,b]}(s)Φ_i(s) dW_i(s).

3. One can extend the definition of the Itô integral to all adapted functions in L^2([0, T ]; L^2(Ω; H)). The proof of this observation comes down to showing that the adapted simple functions (i.e. piecewise uniformly continuous and taking only finitely many values) are dense in the subspace of L^2([0, T ]; L^2(Ω; H)) consisting of adapted functions. Indeed, because of the Itô isometry, the extension then follows directly. In order to show that the adapted simple functions are dense, one can adapt one of several proofs that exist for the scalar valued case (see, e.g., [13, p.27–28]). We prefer, instead, an elegant translation argument presented by J. van Neerven [12]. First, note that by definition of square Bochner integrability (see [5, 6]), for every f ∈ L^2([0, T ]; L^2(Ω; H)) and ε > 0, there are measurable sets A_1, . . . , A_n ⊂ [0, T ] and a_1, . . . , a_n ∈ L^2(Ω; H) such that ‖f − g‖_L2 = (∫_T 0 E ‖f(s) − g(s)‖^2ds )_{1/2} < ε, where g = ∑_n i=1 a_i1_{Ai} . More than that, we may assume that the sets A_1, . . . , A_n are disjoint intervals, as each A_i can be replaced by a union U of disjoint intervals such that (A_i \ U) ∪ (U \ A_i) has arbitrary small Lebesgue measure.

Let now f ∈ L^2([0, T ]; L^2(Ω; H)) be adapted to (F_t)_{t≥0} and let ε > 0. Fix a τ > 0 such that ‖f − f_τ ‖_L2 < ε/2, where f_τ is defined by f_τ (t) = f(t − τ), τ ≤ t ≤ T , f_τ (t) = 0, 0 ≤ t < τ. If we define

E := {f ∈ L^2([0, T ]; L^2(Ω; H)) : f(t) is F_{nτ} -measurable for each n and t ∈ [nτ, (n + 1)τ] ∩ [0, T ]},

then E is a closed subspace and every element of E is adapted. Let P denote the orthogonal projection on E. The P -image of a simple function is simple as well, and P f_τ = f_τ . Next, take a simple function g with ‖f_τ − g‖_L2 < ε/2. Since ‖f_τ − P g‖_L2 = ‖P (f_τ − g)‖_l2 ≤ ‖f_τ − g‖_L2 < ε/2, it follows that ‖f − P g‖_L2 < ε. As P g is an adapted simple function, the proof is complete.

The integrals ∫_T 0 Φ_i(s)dW_i(s), i ∈ N, of Lemma 2.1 form an orthogonal sequence in the Hilbert space L^2(Ω; H). Hence their infinite sum exists if their norms are square summable, and their norms are given by (6). Thus we obtain the following.

Theorem 2.3 (construction of the stochastic integral). Let H be a separable real Hilbert space. Let (Ω; F, P) be a probability space and let (W_i)^∞_{i=0} be a sequence of independent normalized scalar Wiener processes on Ω with respect to a filtration (F_t)_{t≥0} in F. Let T > 0 and let Φ = (Φ_i)^∞_{i=0} be a sequence of adapted piecewise uniformly continuous functions from [0, T ] to L^2(Ω; H) such that ∫_T 0 ∞∑ i=0 E ‖Φ_i(s)‖^2ds < ∞. (8)

Then ∫_T 0 Φ(s)dW (s) := ∞∑ i=0 ∫_T 0 Φ_i(s)dW_i(s) exists in L^2(Ω; H) and E ‖ ∫_T 0 Φ(s)dW (s)‖^2 = ∫_T 0 E ∞∑ i=0 ‖Φ_i(s)‖^2ds. Remark 2.4. 1. It is clear that the assumption in Theorem 2.3 that the W_i are normalized does not restrict the generality, as the scaling can be absorbed in the Φ_i for each i ∈ N.

2. With aid of Remark 2.2.3, we may relax the condition of piecewise uniform continuity of the functions Φ_i in Theorem 2.3 to Φ_i ∈ L^2([0, T ]; L^2(Ω; H)) for i ∈ N.

3. The finite dimensional case is included in Theorem 2.3 by taking all but finitely many of the functions Φ_i identically zero.

4. Instead of viewing the integrand as a sequence of functions, it may be considered as one function with values in a sequence space. Indeed, if we define the Hilbert space

l^2(N; H) := {x: N → H : ∑_∞ i=0 ‖x_i‖^2 < ∞} with the inner product given by ⟨x, y⟩_l2_{(N;H)} = ∑_∞ i=0 ⟨x_i, y_i⟩, x, y ∈ l^2(N; H), then for every sequence (X_i)^∞_{i=0} in L^2(Ω; H) with ∑_∞ i=0 E ‖X_i‖^2 < ∞, the map ω → (X_i(ω))^∞_{i=0} is an element of L^2(Ω; l^2(N; H)). Moreover, a function Φ from [0, T ] to L^2(Ω; l^2(N; H)) is adapted and measurable if and only if t → (ω →

(Φ(t)(ω))_i) is adapted and measurable from [0, T ] to L^2(Ω; H) for each i ∈ N, and ‖Φ‖^2_L2_{([0,T ];L}2_{(Ω;l}2_{(N;H)))} = ∫_T 0 ∫ Ω ∞∑ i=0 ‖(Φ(s)(ω))_i‖^2dP(ω)ds. In this way, the stochastic integral is defined for all adapted elements of the space L^2([0, T ]; L^2(Ω; l^2(N; H))) and the Itô isometry can be written as E ‖ ∫_T 0 Φ(s)dW (s)‖^2 = ‖Φ‖^2_L2_{([0,T ];L}2_{(Ω;l}2_{(N;H)))} ,

Φ ∈ L^2([0, T ]; L^2(Ω; l^2(N; H))).

Proposition 2.5. Let H be a separable real Hilbert space. Let (Ω, F, P) be a probability space and let (W_i)^∞_{i=0} be a sequence of independent normalized scalar Wiener processes on Ω with respect to a filtration (F_t)_{t≥0} in F. Let Φ = (Φ_i)^∞_{i=0} be a sequence of adapted piecewise uniformly continuous functions from [0, ∞) to L^2(Ω; H) such that ∫_t 0 ∑_∞ i=0 E ‖Φ_i(s)‖^2ds < ∞ for every t ∈ [0, ∞). Then: (i) t → ∫_t 0 Φ(s)dW (s): [0, ∞) → L^2(Ω; H) is continuous and adapted.

(ii) If T : H → H is a bounded linear operator, then for each t ≥ 0 ∫_t 0 T Φ(s)dW (s) = T ∫_t 0 Φ(s)dW (s), which means explicitly that ∞∑ i=0 ∫_t 0 T ∘ (Φ_i(s))dW_i(s) = T ∘ (^∞∑ i=0 ∫_t 0 Φ_i(s)dW_i(s) ) .

Proof. (i): Note that, by construction, each t → ∫_t 0 Φ_i(s)dW_i(s) is adapted and therefore the infinite sum is adapted as well. The continuity of the integral with respect to t follows from the Itô isometry and Lebesgue’s dominated convergence theorem. Indeed, we have that E ‖ ∫_{t+h} 0 Φ(s)dW (s) − ∫_t 0 Φ(s)dW (s)‖^2 = E ‖ ∞∑ i=0 ∫_{t+h} 0 Φ_i(s)1_{[t,t+h]}(s)dW_i(s)‖^2

= ∞∑ i=0 ∫_{t+h} 0 E ‖Φ_i(s)1_{[t,t+h]}(s)‖^2ds

= ∫_{t+1} 0 1_{[t,t+h]}(s)E ∞∑ i=0 ‖Φ_i(s)‖^2ds → 0 as h ↓ 0, for every t ≥ 0, and continuity follows.

(ii): As the map f → T ∘ f on L^2(Ω; H) is linear, bounded, and preserves adaptedness, the assertion follows from the very construction of the integral.

3 Equivalence with Da Prato and Zabczyk’s approach

In this section we will show that the stochastic integral constructed in Section 2 contains the same information as the integrals given by Da Prato and Zabczyk in [4], both for trace class covariance and cylindrical Wiener processes. A translation scheme between the two definitions is provided by making series expansions of the Wiener processes and considering elementary functions. For earlier work on the integral of [4] we refer to [2] and [3, Chapter 5] and references therein.

We will need the following lemma on Bochner spaces. A proof is given in the Appendix. If (S, F, μ) is a σ-finite measure space, X is a Banach space, and 1 ≤ p < ∞, then L^p(S; X) denotes the space of strongly measurable functions f : S → X with ∫ S ‖f‖^pdμ < ∞. By L^p(S; X) we denote the Banach space of equivalence classes with respect to the relation of equality almost everywhere on S (see [5]). For f ∈ L^p(S; X) we denote by [f] the equivalence class of L^p(S; X) that contains f.

Lemma 3.1. Let (s, F, μ) and (T, G, ν) be σ-finite measure spaces, let X be a Banach space, and let 1 ≤ p < ∞. Then L^p(S × T ; X) and L^p(S; L^p(T ; X)) are naturally isometrically isomorphic. More specifically, let D = {f ∈ L^p(S × T ; X) : f(s, ·) ∈ L^p(T ; X) for all s ∈ S} and define for f ∈ D the function I(f) : S → L^p(T ; X) by I(f) := s → [f(s, ·)]. Then I is a linear map from D to L^p(S; L^p(T ; X)), ‖I(f)‖_Lp_{(S;L}p_{(T ;X))} = ‖f‖_Lp_{(S×T ;X)} for all f ∈ D, and for every f, g ∈ L^p(S × T ; X) one has f = g a.e. on S × T if and only if I(f) = I(g) a.e. on S. Moreoever, for every F ∈ L^p(S; L^p(T ; X)) there is an f ∈ D with I(f) = F a.e. on S, each equivalence class of L^p(S × T ; X) contains an element of D, and therefore I induces a linear, isometrical bijection from L^p(S × T ; X) onto L^p(S; L^p(T ; X)).

Let H be a separable real Hilbert space. For I ⊂ N, define the Hilbert space

l^2(I; H) := {x: I → H : ∑ i∈I ‖x_i‖^2 < ∞}, with the inner product ⟨x, y⟩_l2 = ∑ i∈I ⟨x_i, y_i⟩, x, y ∈ l^2(I; H). Let U be a separable real Hilbert space and consider a Wiener process W in U with covariance operator Q that is of trace class. Since Q is self-adjoint, positive definite, and of trace class, there is an orthonormal basis of eigenvectors (e_i)_i of Q with corresponding eigenvalues (λ_i)_i with λ_i ≥ 0 for all i and ∑ i λ_i < ∞. Let I := {i ∈ N : λ_i ≠ 0} and define W_i(t) = λ^{−1/2}_i ⟨W (t), e_i⟩ , t ≥ 0, i ∈ I. We have that (W_i)_{i∈I} is a sequence of independent normalized scalar Wiener processes. (In fact, the process W is constructed by W (t) = ∑ i √ λ_iW_i(t)e_i, t ≥ 0.) The space U_0 := Q^{1/2}(U) endowed with the inner product induced by Q^{1/2}, that is, ⟨x, y⟩_{U0} = ⟨ Q^{−1/2}x, Q^{−1/2}y ⟩ U , x, y ∈ U_0, contains e_i for all i ∈ I and has ( √ λ_ie_i)_{i∈I} as an orthonormal basis. Therefore a linear operator Ψ from U_0 to H is Hilbert-Schmidt if and only if ∑ i∈I ‖Ψ( √ λ_ie_i)‖^2 = ∑ i∈I λ_i‖Ψe_i‖^2 < ∞, which means that ( √ λ_iΨe_i)_i ∈ l^2(I; H). Thus, the Hilbert space L^0_2 of [4] consisting of the Hilbert-Schmidt operators from U_0 to H is isometrically isomorphic to l^2(I; H), where the isomorphism I is given by

I(Ψ) = ( √ λ_iΨe_i)_{i∈I} , Ψ ∈ L^0_2. (9)

In particular,

‖Ψ‖^2_L0_2 = ∑ i λ_i‖Ψe_i‖^2 = ‖( √ λ_iΨe_i)_i‖^2_l2_{(I;H)} = ‖I(Ψ)‖^2_l2_{(I;H)}.

Since the integrands that Da Prato and Zabczyk consider in [4] are functions with values in L^0_2, we can use the isomorphism I of (9) to identify them with functions with values in l^2(I; H). More precisely, we have that L^2([0, T ]×Ω; L^0_2) is isometrically isomorphic to L^2([0, T ] × Ω; L^2(I; H)), which is on its turn naturally isometrically isomorphic to L^2([0, T ]; L^2(Ω; l^2(I; H))), by Lemma 3.1. Moreover, the ‘predictable’ elements of L^2([0, T ] × Ω; L^0_2) considered in [4] correspond to the adapted elements of L^2([0, T ]; L^2(Ω; l^2(I; H))). Therefore the integrands of [4] coincide with the integrands in our approach (see Remark 2.4.4).

Let us now establish that the integrals coincide as well. A function Φ from [0, T ] to L^2(Ω; L(U, H)) is called elementary in [4] if

Φ(s) = n−1∑ k=0 Φ_k1_{(tk ,tk+1]}(s), 0 ≤ s ≤ T, (10)

where 0 = t_0 < t_1 < · · · < t_n = T and Φ_0, . . . , Φ_{n−1} are random variables, each taking only a finite number of values in the space L(U, H) of bounded linear operators from U to H and such that each Φ_k is F_{tk} -measurable. For a function Φ given by (10) the integral in [4] is defined by ∫_T 0 Φ(s)dW (s) := n−1∑ k=0 Φ_k ( W (t_{k+1}) − W (t_k) ) . (11)

It is then observed in [4] that every elementary function Φ may be viewed as a predictable element of L^2([0, T ] × Ω; L^0_2) and that the elementary functions are dense in the subspace of L^2([0, T ] × Ω; L^0_2) consisting of predictable functions. This allows one to extend the stochastic integral to an isometry from the predictable functions of L^2([0, T ] × Ω; L^0_2) to L^2(Ω; H).

As L^2([0, T ]×Ω; L^0_2) is isometrically isomorphic to L^2([0, T ]; L^2(Ω; l^2(I; H))), it suffices to show that our definition of ∫_T 0 Φ(s)dW (s) coincides with the definition given above for elementary processes. (For general processes the equivalence then follows by extension.) So, let Φ be elementary as in (10) and write out (11), n−1∑ k=0 Φ_k ( W (s_{k+1}) − W (s_k) ) = n−1∑ k=0 Φ_k ∑ i∈I √ λ_i ( W_i(s_{k+1}) − W_i(s_k) ) e_i

= ∑ i∈I √ λ_i ∫_T 0 Φ(s)e_idW_i(s)

= ∫_T 0 ( √ λ_iΦ(s)e_i)_{i∈I} d(W_i)_{i∈I} (s), where the latter integral is as in Section 2. The sequence ( √ λ_iΦ(s)e_i)_{i∈I} is exactly the image of Φ(s) under the isomorphism I of (9) between L^0_2 and l^2(I; H).

We have a similar equivalence with the integral of [4] for cylindrical Wiener processes. A cylindrical Wiener process W in U is a Wiener process with a covariance operator Q on U that is bounded linear, self-adjoint, and positive definite, but not of trace class. Such a process can be constructed in the same fashion as in the trace class case, but one can no longer use the space U itself. Instead, let U_1 be a separable real Hilbert space such that U is continuously embedded in U_1 and such that there is an embedding J from U_0 = Q^{1/2}(U) into U_1 that is Hilbert-Schmidt. So, given an orthonormal basis (g_i)_i of U_0 one has that ∑ i ‖Jg_i‖^2 < ∞, and

W (t) := ∑ i W_i(t)Jg_i, t ≥ 0, (12) defines a Wiener process in U_1. Furthermore, it turns out that the covariance operator Q_1 of W equals JJ^∗ which is a trace class operator on U_1. The process W defined by (12) is called a cylindrical Wiener process on U. Notice that the space U_1 is not unique. However, it can be shown that Ũ_0 := Q^{1/2}_1 (U_1) is isometrically isomorphic to U_0 and therefore independent of the choice of U_1. Accordingly, the space L̃^0_2 of Hilbert-Schmidt operators from Ũ_0 to H is unambiguous and the stochastic integral of L̃^0_2-valued integrands with respect to W is therefore well-defined by the above construction with U and Q replaced by U_1 and Q_1. This is the definition given in [4] and the correspondence with the series definition of Section 2 proceeds along the same lines as above, with Q replaced by Q_1.

Thus we arrive at the following equivalence.

Theorem 3.2 (equivalence of the stochastic integrals). Let W be a Q- Wiener process in a separable real Hilbert space U with Q of trace class and let Φ be a predictable process with values in L^0_2 such that |||Φ|||_T := (E ∫_T 0 ‖Φ(s)‖^2_L0_2 ds)^{1/2} < ∞

(see [4]). Take an orthonormal basis (e_i)_i in U and numbers λ_i ≥ 0, i ∈ N, with ∑ i λ_i < ∞ so that W (t) = ∑ i W_i(t) √ λ_ie_i, t ≥ 0, where (W_i)_i is a sequence of independent normalized scalar Wiener processes. Define

Φ_i(t)(ω) := √ λ_iΦ(t, ω)e_i, ω ∈ Ω, t ≥ 0, i ∈ N. Then one may view Φ_i as an element of L^2([0, T ]; L^2(Ω; H)) and Φ_i is adapted for all i ∈ N. Moreover, (Φ_i)_i satisfies (8) and one has for the integral as defined in [4] ∫_T 0 Φ(s)dW (s) = ∞∑ i=0 ∫_T 0 Φ_i(s)dW_i(s) = ∫_T 0 (Φ_i)_i(s)d(W_i)_i(s), (13)

where the latter integral is in the sense of Section 2. If the Wiener process W is cylindrical, then it is actually a Q_1-Wiener process on some separable real Hilbert space U_1 with Q_1 of trace class and one has the same conclusion as above with U replaced by U_1.

Conversely, let (W_i)_{i∈N} be a sequence of independent normalized scalar Wiener processes and let (Φ_i)^∞_{i=0} be a sequence of adapted functions in the space L^2([0, T ]; L^2(Ω; H)) satisfying (8). Choose an arbitrary separable real Hilbert space U with an orthonormal basis (e_i)^∞_{i=0} and numbers λ_i > 0 with ∑ i λ_i < ∞, put Qx := ∑ i λ_i ⟨x, e_i⟩, x ∈ U, and define a Q-Wiener process in U by W (t) := ∑ i W_i(t) √ λ_ie_i. Use the natural isomorphism of L^2([0, T ]; L^2(Ω; H)) and L^2([0, T ] × Ω; H) to define Φ(t, ω)x := ∑ i∈I λ^{−1/2}_i ⟨x, e_i⟩ Φ_i(t)(ω), x ∈ U_0, t ≥ 0, ω ∈ Ω, where U_0 = Q^{1/2}(U). Then Φ is a predictable process with values in L^0_2 satisfying |||Φ|||_T < ∞, and one has again relation (13).

Remark 3.3. The only information on W that is used for the definition of Da Prato and Zabczyk’s integral in [4]—both in the trace class and cylindrical case—is the information contained in the covariance operator Q. More than that, the integrands still leave the freedom to change the directions and amplitudes of the noise components. In the construction of Section 2, we have absorbed all such information into the integrands and undressed the Wiener process to only a sequence of independent normalized scalar Wiener processes. We believe that the remaining construction is simpler and from a modelling point of view maybe even more natural.

4 Stochastic differential equations

In this section we consider semilinear stochastic differential equations of the form (1) with infinite dimensional noise and Lipschitz nonlinearities. We interpret (1) as the integral equation (4) with the stochastic integral defined as in Section 2. We will prove existence and strong and weak uniqueness for the initial value problem associated to (4). Existence and strong uniqueness results based on the stochastic integral developed in [4] are readily available in the literature. However, weak uniqueness results are often less explicit and therefore we treat it in detail.

Let H be a separable real Hilbert space and let (S(t))_{t≥0} be a strongly continuous semigroup in H with generator A. Let F : [0, ∞) × H → H be a continuous function and let B = (B_i)^∞_{i=0} be a sequence of continuous functions B_i : [0, ∞) × H → H, i ∈ N, such that there exist constants L_F , L_B ≥ 0 with for all t ≥ 0 and x, y ∈ H: ‖F (t, x) − F (t, y)‖ ≤ L_F ‖x − y‖, ∞∑ i=0 ‖B_i(t, x) − B_i(t, y)‖^2 ≤ L^2_B ‖x − y‖^2, (14) ∫_t 0 ∞∑ i=0 ‖B_i(s, 0)‖^2 ds < ∞. Let (Ω, F, P) be a probability space and let W = (W_i)^∞_{i=0} be a sequence of independent normalized scalar Wiener processes on Ω with respect to some filtration (F_t)_{t≥0} in F. Let X_0 ∈ L^2(Ω; H) be F_0-measurable and consider the initial value problem { dX(t) = AX(t)dt + F (t, X(t))dt + B(t, X(t))dW (t), t ≥ 0, X(0) = X_0.

(15)

We interpret (15) as the stochastic integral equation

X(t) = S(t)X_0 + ∫_t 0 S(t−s)F (s, X(s))ds+ ∫_t 0 S(t−s)B(s, X(s))dW (s), t ≥ 0, (16) where the latter integral is defined as in Section 2: ∫_t 0 S(t − s)B(s, X(s))dW (s) = ∞∑ i=0 ∫_t 0 S(t − s)B_i(s, X(s))dW_i(s). Observe that the integrals are well-defined whenever X is a continuous and adapted function from [0, t] to L^2(Ω; H). Indeed, in that case the functions s → F (s, X(s)) and s → B_i(s, X(s)) are continous and adapted for every i. Hence s → S(t − s)F (s, X(s)) and s → S(t − s)B_i(s, X(s)) are continous from [0, t] to L^2(Ω; H) and adapted. Furthermore, let M_t ≥ 0 be such that ‖S(s)‖ ≤ M_t for all 0 ≤ s ≤ t, t ≥ 0, and observe that ∫_t 0 E ∞∑ i=0 ‖S(t − s)B_i(s, X(s))‖^2ds

≤ M^2_t ∫_t 0 E ∞∑ i=0 ( 2‖B_i(s, X(s)) − B_i(s, 0)‖^2 + 2‖B_i(s, 0)‖^2 ) ds

≤ 2M^2_t L^2_B ∫_t 0 E ‖X(s)‖^2ds + 2M^2_t ∫_t 0 ∞∑ i=0 ‖B_i(s, 0)‖^2ds < ∞ for t ≥ 0. A continuous and adapted function X : [0, ∞) → L^2(Ω; H) that satisfies equation (16) for each t ≥ 0 is called a mild solution of (15) and (16).

Our aim in this section is to prove existence and uniqueness of a mild solution of (16). Uniqueness in this sense is usually called strong uniqueness. However, in many questions concerning the stochastic behavior of the solution, it is not the function X : [0, ∞) × Ω → H that is important, but rather its family of distributions {μ_{X(t)} : t ≥ 0}. Typical questions are usually: with what probability is X(3) in a set V ⊂ H? with what probability is X(t) less than 0 for t ≤ 1 and more than 10 for t ≥ 5? is there for every ε > 0 a compact set K ⊂ H such that X(t) is in K with probability at least 1 − ε for all t ≥ 0? For such questions the underlying space Ω is irrelevant. More than that, when (15) is viewed as a model equation for a certain stochastic phenomenon, the choice of the probability space Ω is arbitrary. What matters is that the noise is generated by Wiener processes and not on what probability space these processes are constructed. If one would use another probability space, the essential behavior of the solution should not be affected, or rather its distributions should be the same. This kind of uniqueness is called weak uniqueness (or uniqueness in law [11]). Its definition is exactly the first statement of Theorem 4.2.

Theorem 4.1 (existence and strong uniqueness of mild solutions). There exists one and only one function X : [0, ∞) → L^2(Ω; H) that is continuous, adapted to (F_t)_{t≥0}, and that satisfies (16).

Theorem 4.2 (weak uniqueness of mild solutions). Let (Ω^′, F^′, P^′) be a probability space and let W^′ = (W^′_i )^∞_{i=0} be a sequence of independent normalized scalar Wiener processes on Ω^′ with respect to some filtration (F^′_t )_{t≥0} in F^′. Let X^′ : [0, ∞) → L^2(Ω^′; H) be continuous, adapted, and such that

X^′(t) = S(t)X^′_0 + ∫_t 0 S(t − s)F (s, X^′(s))ds + ∫_t 0 S(t − s)B(s, X^′(s))dW^′(s), for all t ≥ 0, where X^′_0 ∈ L^2(Ω^′; H) is F^′_0-measurable. If X^′_0 has the same distribution as X_0, then X(t) (with X as in Theorem 4.1) and X^′(t) have the same distribution for all t ≥ 0. More than that, for any 0 ≤ t_1 ≤ t_2 ≤ · · · ≤ t_n and m ∈ N, the random vectors ( X(t_1), . . . , X(t_n), W_1(t_1), . . . , W_1(t_n), . . . , W_m(t_1), . . . , W_m(t_n) )

and ( X^′(t_1), . . . , X^′(t_n), W^′_1(t_1), . . . , W^′_1(t_n), . . . , W^′_m(t_1), . . . , W^′_m(t_n) )

have the same distribution.

The basic idea is to use a Banach fixed point argument, similar to the proofs in a finite dimensional setting in [14, Chapter 5].

Proof of Theorem 4.1. Let T > 0. It suffices to prove existence and strong uniqueness on [0, T ]. Let C_{ad} denote the subspace of C([0, T ]; L^2(Ω; H)) consisting of functions that are adapted to (F_t)_t. The subspace C_{ad} is closed with respect to the norm ‖.‖_∞ given by

‖X‖_∞ := max_{0≤t≤T} ‖X(t)‖_L2_{(Ω;H)} = max_{0≤t≤T} (E ‖X(t)‖^2)^{1/2},

X ∈ C([0, T ]; L^2(Ω; H)). Define for X ∈ C_{ad} the function

R(X)(t) := S(t)X_0 + ∫_t 0 S(t − s)F (s, X(s))ds + ∫_t 0 S(t − s)B(s, X(s))dW (s), (17) t ∈ [0, T ]. Since R(X)(t) ∈ L^2(Ω; H) for all t, R(X) is continuous from [0, T ] to L^2(Ω; H) (use Itô isometry), and R(X) is adapted, it follows that R maps C_{ad} into itself.

Let X, Y ∈ C_{ad}. For t ∈ [0, T ] we have E ‖R(X)(t) − R(Y )(t)‖^2 ≤ E { 2 (∫_t 0 ‖S(t − s) ( F (s, X(s)) − F (s, Y (s)) ) ‖ds )_2

+ 2‖ ∞∑ i=0 ∫_t 0 S(t − s) ( B_i(s, X(s)) − B_i(s, Y (s)) ) dW_i(s)‖^2 }

≤ 2E (∫_t 0 M_tL_F ‖X(s) − Y (s)‖ds )_2

+2 ∞∑ i=0 ∫_t 0 E ‖S(t − s) ( B_i(s, X(s)) − B_i(s, Y (s)) ) ‖^2ds ≤ 2M^2_t L^2_F tE ∫_t 0 ‖X(s) − Y (s)‖^2ds +2M^2_t ∫_t 0 E ∞∑ i=0 ‖B_i(s, X(s)) − B_i(s, Y (s))‖^2ds ≤ 2M^2_t L^2_F t ∫_t 0 E ‖X(s) − Y (s)‖^2ds + 2M^2_t L^2_B ∫_t 0 E ‖X(s) − Y (s)‖^2ds ≤ 2(L^2_F T + L^2_B )M^2_T ∫_t 0 E ‖X(s) − Y (s)‖^2ds. Hence for any a > 0 and t ∈ [0, T ] we find e^{−at}E ‖R(X)(t) − R(Y )(t)‖^2 ≤ 2(L^2_F T + L^2_B)M^2_T ∫_t 0 e^{−a(t−s)}e^{−as}E ‖X(s) − Y (s)‖^2ds ≤ 2(L^2_F T + L^2_B)M^2_T ∫_t 0 e^{−a(t−s)}ds max_{0≤s≤t} e^{−as}E ‖X(s) − Y (s)‖^2 ≤ 2a^{−1}(L^2_F T + L^2_B )M^2_T max_{0≤s≤t} e^{−as}E ‖X(s) − Y (s)‖^2, and consequently max 0≤t≤T e^{−at}E ‖R(X)(t) − R(Y )(t)‖^2 ≤ 2a^{−1}(L^2_F T + L^2_B)M^2_T max_{0≤s≤T} e^{−as}E ‖X(s) − Y (s)‖^2.

Now choose a > 2(L^2_F T + L^2_B )M^2_T , then R is a strict contraction on C_{ad} with respect to the norm |||.||| given by |||X||| = max_{0≤t≤T} ( e^{−at}E ‖X(t)‖^2 )_{1/2} , X ∈ C_{ad}.

The norm |||.||| is equivalent to ‖.‖_∞ and therefore (C_{ad}, |||.|||) is a Banach space. Banach’s fixed point theorem therefore yields that R has a unique fixed point in C_{ad}. It is clear that this fixed point is the unique solution of (16) on [0, T ].

To prove the weak uniqueness theorem, we will consider the sequence of iterates X_1 = R(X_0), X_2 = R(X_1), . . . (with the notations from the proof of Theorem 4.1) and show that the distribution of each X_n(t) depends only on the distribution of X_0 and not on the underlying probability spaces of X_0 and W . By the series construction of the stochastic integral, the main point is to understand when the distributions of two Itô integrals ∫_t 0 g(s)dB(s) and ∫_t 0 g^′(s)dB^′(s) are equal, where B and B^′ are scalar normalized Wiener processes. A naive guess (and a naive interpretation of the text in the proof of Corollary 5.13 on p. 127 of [14]) is that it suffices that (g(t_1), . . . , g(t_n)) and (g^′(t_1), . . . , g^′(t_n)) have the same distribution for every 0 ≤ t_1 ≤ t_2 ≤ · · · ≤ t_n ≤ t. However, one has to be more careful.

Example 4.3. Let B be a normalized scalar Wiener process and let N_1 and N_2 be two independent standard Gaussian random variables both independent of B. Consider the functions

g(t) = B(1)1_{[1,2)}(t) + B(2)1_{[2,3]}(t) = B(1)1_{[1,3)}(t) + (B(2) − B(1))1_{[2,3]}(t), t ≥ 0, and g^′(t) = N_11_{[1,3)}(t) + N_21_{[2,3]}(t), t ≥ 0.

If (F_t)_{t≥0} is the filtration generated by (B(t))_{t≥0}, N_1, and N_2, then B is a Wiener proces with respect to (F_t)_{t≥0} and both g and g^′ are adapted simple functions from [0, ∞) to L^2(Ω; H). For every 0 ≤ t_1 ≤ t_2 ≤ · · · ≤ t_n the random vectors (g(t_1), . . . , g(t_n)) and (g^′(t_1), . . . , g^′(t_n)) have the same distribution. However,

∫_3 0 g(s)dB(s) and ∫_3 0 g^′(s)dB(s) do not have the same distribution.

Indeed, E ( ∫ 3 0 g(s)dB(s) )_3 = E ( B(1) ( B(2) − B(1) ) + B(2) ( B(3) − B(2) ))3 = E B(1)^3 ( B(2) − B(1)

)_3

+ 3E B(1)^2 ( B(2) − B(1)

)_2

B(2) ( B(3) − B(2) ) +3E B(1) ( B(2) − B(1) ) B(2)^2 ( B(3) − B(2)

)_2

+ E B(2)^3 ( B(3) − B(2)

)_3

= 3E B(1) ( B(2) − B(1) ) B(2)^2E ( B(3) − B(2)

)_2

= 3E B(1) ( B(2) − B(1) )( B(1) + B(2) − B(1)

)_2

= 3E B(1) ( B(2) − B(1) )( B(1)^2 + 2B(1) ( B(2) − B(1) ) + ( B(2) − B(1)

)_2)

= 6E B(1)^2 ( B(2) − B(1)

)_2

= 6E B(1)^2E ( B(2) − B(1)

)_2

= 6,

whereas E ( ∫ 3 0 g^′(s)dB(s) )_3 = E ( N_1 ( B(3) − B(1) ) + N_2 ( B(3) − B(2) ))3 = E N^3_1 ( B(3) − B(1)

)_3

+ 3E N^2_1 ( B(3) − B(1)

)_2

N_2 ( B(3) − B(2) ) +3E N_1 ( B(3) − B(1) ) N^2_2 ( B(3) − B(2)

)_2 + E N^3_2 ( B(3) − B(2)

)_3

= 0,

so that

∫_3 0 g(s)dB(s) and ∫_3 0 g^′(s)dB(s) do not have the same distribution.

Let us now consider conditions that provide that the random variables ∫_t 0 g(s)dB(s) and ∫_t 0 g^′(s)dB^′(s) are equally distributed for all t. It turns out that it suffices that the joint distributions of g and B equal the joint distributions of g^′ and B^′. In view of later application, we will prove a more general statement. We first prove the following lemma on convergence. In the sequel, the distribution of a random variable X ∈ L^2(Ω; H) will be denoted by μ_X .

Lemma 4.4. Let H be a separable real Hilbert space and let (Ω, F, P) be a probability space.

(i) If a sequence (X_n)_n in L^2(Ω; H) and X ∈ L^2(Ω; H) are such that X_n → X in L^2(Ω; H), then there is a subsequence, given by (n_k)_k, such that μ_{Xnk} → μ_X in the sense of weak convergence of measures.

(ii) If (X_n)_n and (Y_n)_n are sequences in L^2(Ω; H), X, Y ∈ L^2(Ω; H), X_n → X, Y_n → Y in L^2(Ω; H), and μ_{Xn} = μ_{Yn} for all n, then μ_X = μ_Y .

Proof. (i): There is a subsequence such that X_{nk} → X a.e. on Ω. (Indeed, ∫ Ω ‖X_n − X‖^2dP → 0 so that ‖X_{nk} − X‖^2 → 0 a.e. for a certain subsequence.) Then f(X_{nk} ) → f(X) a.e. for every bounded continuous f : H → H so that, by dominated convergence, E f(X_{nk} ) → f(X) for every bounded continuous f : H → H. Hence μ_{Xnk} → μ_X .

(ii): Direct from (i).

By a family of random variables on a probability space (Ω, F, P) we mean a family (X_i)_{i∈I} where each X_i is a measurable mapping from Ω to some Hilbert space H_i. For a finite choice i_1, . . . , i_n ∈ I the random vector (X_{i1} , . . . , X_{in} ) may be viewed as a random variable and its distribution is a measure on the product Hilbert space H_{i1} ×· · ·×H_{in} . Given two families (X_i)_{i∈I} and (X^′_i)_{i∈I} of random variables on Ω and another probability space (Ω^′, F^′, P^′), respectively, we say that they are equally distributed if for any i_1, . . . , i_n ∈ I the vectors (X_{i1} , . . . , X_{in} ) and (X^′_{i1} , . . . , X^′_{in} ) map into the same Hilbert space and have the same distribution.

Lemma 4.5. Let (Ω, F, P) and (Ω^′, F^′, P^′) be probability spaces and let (Z^{(n)}_i )_{i∈I} and (Z^∞_i )_{i∈I} , n ∈ N, and (Z^{′(n)}_i )_{i∈I} and (Z^{′∞}_i )_{i∈I} , n ∈ N, be families of random variables on Ω and Ω^′, respectively. Suppose that for each i the random variables Z^{(n)}_i , Z^{′(n)}_i , Z^∞_i , and Z^{′∞}_i take values in a separable real Hilbert space H_i for all n. Suppose also that Z^{(n)}_i → Z^∞_i in L^2(Ω; H_i) and Z^{′(n)}_i → Z^{′∞}_i in L^2(Ω^′; H_i). If (Z^{(n)}_i )_{i∈I} and (Z^{′(n)}_i )_{i∈I} are equally distributed for every n, then (Z^∞_i )_{i∈I} and (Z^{′∞}_i )_{i∈I} are equally distributed.

Proof. For any i_1, . . . , i_m ∈ I we have (Z^{(n)}_{i1} , . . . , Z^{(n)}_{im} ) → (Z^∞_{i1} , . . . , Z^∞_{im} ) and (Z^{′(n)}_{i1} , . . . , Z^{′(n)}_{im} ) → (Z^{′∞}_{i1} , . . . , Z^{′∞}_{im} ) in L^2(Ω; H_{i1} × · · · × H_{im} ) and L^2(Ω^′; H_{i1} × · · · × H_{im} ), respectively, so that Lemma 4.4 yields that (Z^∞_{i1} , . . . , Z^∞_{im} ) and (Z^{′∞}_{i1} , . . . , Z^{′∞}_{im} ) have the same distribution.

Lemma 4.6. Let (Ω, F, P) and (Ω^′, F^′, P^′) be probability spaces and let (Z_i)_{i∈I} and (Z^′_i)_{i∈I} be families of random variables on Ω and Ω^′, respectively. Let H be a separable real Hilbert space.

(i) Let g : [0, ∞) → L^2(Ω; H) and g^′ : [0, ∞) → L^2(Ω^′; H) be piecewise uniformly continuous functions. If ( g(t), Z_i : t ≥ 0, i ∈ I )

and ( g^′(t), Z^′_i : t ≥ 0, i ∈ I ) are equally distributed, then (∫_t 0 g(s) ds, Z_i : t ≥ 0, i ∈ I )

and (∫_t 0 g^′(s) ds, Z^′_i : t ≥ 0, i ∈ I ) are equally distributed.

(ii) Let W = (W_k)_{k∈N} and W^′ = (W^′_k)_{k∈N} be sequences of independent scalar Wiener processes on Ω and Ω^′, respectively, and let g = (g_k)_{k∈N} and g^′ = (g^′_k)_{k∈N} be sequences of adapted piecewise uniformly continuous functions from [0, ∞) to L^2(Ω; H) and L^2(Ω^′; H), respectively. Assume that ∫_t 0 E ∑ i ‖g_i(s)‖^2 ds < ∞ and ∫_t 0 E ∑ i ‖g^′_i(s)‖^2 ds < ∞ for all t ≥ 0. If ( g_k(t), W_k(t), Z_i : t ≥ 0, k ∈ N, i ∈ I ) and ( g^′_k(t), W^′_k(t), Z^′_i : t ≥ 0, k ∈ N, i ∈ I ) are equally distributed, then (∫_t 0 g(s) dW (s), Z_i : t ≥ 0, i ∈ I )

and (∫_t 0 g^′(s) dW^′(s), Z^′_i : t ≥ 0, i ∈ I ) are equally distributed.

Proof. (i): Fix t_1, . . . , t_n ≥ 0 and i_1, . . . , i_m ∈ I. For any partitions 0 = s^k_0 ≤

· · · ≤ s^k_{pk} = t_k, k = 1, . . . , n, we have that ( g(s^1), . . . , g(s^1_{p1} ), . . . , g(s^n_1 ), . . . , g(s^n_{pn} ), Z_{i1} , . . . , Z_{im} )

and ( g^′(s^1), . . . , g^′(s^1_{p1} ), . . . , g^′(s^n_1 ), . . . , g^′(s^n_{pn} ), Z^′_{i1} , . . . , Z^′_{im} ) have the same dis-

tribution. Therefore (∑ l g(s^1_l )(s^1_{l+1} − s^1_l ), . . . , ∑ l g(s^n_l )(s^n_{l+1} − s^n_l ), Z_{i1} , . . . , Z_{im} )

and (∑ l g^′(s^1_l )(s^1_{l+1} − s^1_l ), . . . , ∑ l g^′(s^n_l )(s^n_{l+1} − s^n_l ), Z^′_{i1} , . . . , Z^′_{im} ) have the same

distribution as well. With aid of Lemma 4.4(ii), it follows that (∫_{t1} 0 g(s) ds, . . . , ∫_{tn} 0 g(s) ds, Z_{i1} , . . . , Z_{im} )

and (∫_{t1} 0 g^′(s) ds, . . . , ∫_{tn} 0 g^′(s) ds, Z^′_{i1} , . . . , Z^′_{im} ) have the same distribution.

(ii): Fix t_1, . . . , t_n ≥ 0 and i_1, . . . , i_m ∈ I. Similar to the proof of (i), we can

consider partitions 0 = s^k_0 ≤ · · · ≤ s^k_{pk} = t_k, k = 1, . . . , n, and the random vector

composed of g_j (s^k_l ), W_j (s^k_l ), with l = 0, . . . , p_k, k = 1, . . . , n, j = 0, . . . , J, and

the corresponding vector with primes, in order to find that (∑_J j=0 ∫_{t1} 0 g_j(s) dW_j (s), . . . , ∑_J j=0 ∫_{tn} 0 g_j (s) dW_j (s), Z_{i1} , . . . , Z_{im} )

and (∑_J j=0 ∫_{t1} 0 g^′_j (s) dW^′_j (s), . . . , ∑_J j=0 ∫_{tn} 0 g^′_j (s) dW^′_j (s), Z^′_{i1} , . . . , Z^′_{im} ) have the

same distribution. Now let J → ∞ and use Lemma 4.5 to conclude that (∫_{t1} 0 g(s) dW (s), . . . , ∫_{tn} 0 g(s) dW (s), Z_{i1} , . . . , Z_{im} )

and (∫_{t1} 0 g^′(s) dW^′(s), . . . , ∫_{tn} 0 g^′(s) dW^′(s), Z^′_{i1} , . . . , Z^′_{im} ) have the same distri-

bution.

Corollary 4.7. Let H be a real separable Hilbert space, (S(t))_{t≥0} a strongly

continuous semugroup on H, F : [0, ∞) × H → H a continuous function, and

B = (B_i)^∞_{i=0} a sequence of continuous functions B_i : [0, ∞) × H → H satisfying

(14). Let (Ω, F, P) and (Ω^′, F^′, P^′) be probability spaces and W = (W_i)^∞_{i=0} and

W^′ = (W^′_i )^∞_{i=0} be sequences of independent Wiener processes on Ω and Ω^′, re-

spectively. Let X_0 ∈ L^2(Ω; H) and X^′_0 ∈ L^2(Ω^′; H). Let X : [0, ∞) → L^2(Ω; H) and X^′ : [0, ∞) → L^2(Ω^′; H) be adapted piecewise uniformly continuous functions and let

Y (t) := S(t)X_0 + ∫_t 0 S(t − s)F (X(s))ds + ∫_t 0 S(t − s)B(X(s))dW (s) Y^′(t) := S(t)X^′_0 + ∫_t 0 S(t − s)F (X^′(s))ds + ∫_t 0 S(t − s)B(X^′(s))dW^′(s) If ( X(t), X_0, W_i(t): t ≥ 0, i ∈ N ) and ( X^′(t), X^′_0, W^′_i (t): t ≥ 0, i ∈ N ) are equally distributed, then ( Y (t), X_0, W_i(t): t ≥ 0, i ∈ N ) and ( Y^′(t), X^′_0, W^′_i (t): t ≥ 0, i ∈ N ) are equally distributed.

Proof. The assumptions yield that ( S(t − s)F (X(s)), S(t − s)B_k(X(s)), S(t)X_0, W_k(t): 0 ≤ s ≤ t, t ≥ 0, k ∈ N ) and ( S(t−s)F (X^′(s)), S(t−s)B_k(X^′(s)), S(t)X^′_0, W^′_k(t): 0 ≤ s ≤ t, t ≥ 0, k ∈ N ) are equally distributed. By applying Lemma 4.6 twice and with appropriate choices of the families (Z_i)_{i∈I} and (Z^′_i)_{i∈I} , we find that (∫_t 0 S(t−s)F (X(s))ds, ∫_t 0 S(t−s)B(X(s))dW (s), S(t)X_0, W_k(t): t ≥ 0, k ∈ N ) and (∫_t 0 S(t−s)F (X^′(s))ds, ∫_t 0 S(t−s)B(X^′(s))dW^′(s), S(t)X^′_0, W^′_k(t): t ≥ 0, k ∈ N ) are equally distributed, and the assertion follows.

Proof of Theorem 4.2. Let X_0(t) := X_0, X^′_0(t) := X^′_0, t ≥ 0. Define

X_{n+1}(t) := S(t)X_0 + ∫_t 0 S(t − s)F (X_n(s))ds + ∫_t 0 S(t − s)B(X_n(s))dW (s), X^′_{n+1}(t) := S(t)X^′_0 + ∫_t 0 S(t − s)F (X^′_n(s))ds + ∫_t 0 S(t − s)B(X^′_n(s))dW^′(s), t ≥ 0, n = 0, 1, . . .. Fix a T > 0. With the operator R defined by (17) we have that X_{n+1} = R(X_n) and since R is a contraction (with respect to the suitably scaled norm |||.|||), we obtain that |||X_n − X||| → 0, where X is the continuous and adapted function from [0, ∞) to L^2(Ω; H) satisfying

X(t) := S(t)X_0 + ∫_t 0 S(t − s)F (X(s))ds + ∫_t 0 S(t − s)B(X(s))dW (s), t ≥ 0.

In particular, X_n(t) → X(t) in L^2(Ω; H) for every t ∈ [0, T ], and since T was arbitrary, for every t ≥ 0. Similarly, X^′_n(t) → X^′(t) in L^2(Ω^′; H) for every t ≥ 0. The families (X_0(t), X_0, W_i(t): t ≥ 0, i ∈ N) and (X^′_0(t), X^′_0, W^′_i (t): t ≥ 0, i ∈ N) are equally distributed and it follows from Corollary 4.7 that then

(X_n(t), X_0, W_i(t): t ≥ 0, i ∈ N) and (X^′_n(t), X^′_0, W^′_i (t): t ≥ 0, i ∈ N)

are equally distributed. Lemma 4.5 now yields that

(X(t), X_0, W_i(t): t ≥ 0, i ∈ N) and (X^′(t), X^′_0, W^′_i (t): t ≥ 0, i ∈ N)

are equally distributed, and the proof is complete.

To conclude this paper we would like to point out by means of an example that the definition of the stochastic integral as a series of stochastic integrals with respect to scalar Wiener processes may have advantages for numerical simulations. Indeed, in certain cases this definition allows us to straightforwardly reduce the infinite dimensional equation to a numerically tractable finite dimensional equation (see also [1]).

Example 4.8. Let us assume that the linear operator A in (15) has a complete orthonormal system of eigenvectors (e_i)^∞_{i=0} with corresponding eigenvalues (λ_i)^∞_{i=0}. If each Wiener process W_i generates noise in the direction of e_i, that is, B_i(t, x) = φ_i(t, x)e_i, t ≥ 0, x ∈ H, i ∈ N, where each φ_i is a scalar function, then the infinite dimensional integral equation (16) reduces to a system of scalar equations. Indeed, we have that S(t)e_i = e^{λit}, and if we decompose F (t, x) = ∞∑ i=0 f_i(t, x)e_i, where f_i(t, x) = ⟨F (t, x), e_i⟩, t ≥ 0, x ∈ H, and let X_i(t) = ⟨X(t), e_i⟩, t ≥ 0, i ∈ N, then (16) can be written as

X_i(t) = e^{λit}X_i(0) + ∫_t 0 e^{λi(t−s)}f_i(s, X(s))ds + ∫_t 0 e^{λi(t−s)}φ_i(s, X(s)) dW_i(s), (18) t ≥ 0, i ∈ N. If the infinite dimensional function X is approximated by X(t) = ∑_m i=1 X_i(t)e_i, t ≥ 0, then (18) reduces to a genuinely finite dimensional system of coupled equations.

Appendix

Proof of Lemma 2.1. (i): For convenience, we suppress the index i in the proof. Let 0 = a_0 < a_1 < · · · < a_N = T be such that Φ is uniformly continuous on each interval (a_{k−1}, a_k). Let M := sup_{0≤s≤T} E ‖Φ(s)‖^2 and let ε > 0. Take δ > 0 such that 8MNδ < ε and such that for each k one has E ‖Φ(r)−Φ(s)‖^2 < ε/2T whenever r, s ∈ (a_{k−1}, a_k). Let 0 = t_0 < t_1 < · · · < t_n = T be a partition of [0, t] and let 0 = s_0 < s_1 < · · · < s_m = T be a refinement. Define the simple function

Ψ := n∑ k=1 Φ(t_{k−1})1_{[tk−1,tk)}, then the Riemann sum of Φ corresponding to the partition t_1, . . . , t_n is n∑ k=1 Φ(t_{k−1}) ( W (t_k) − W (t_{k−1}) ) = m∑ k=1 Ψ(s_{k−1}) ( W (s_k) − W (s_{k−1}) ) . By adaptedness one has E ‖ n−1∑ k=0 Φ(t_k) ( W (t_{k+1}) − W (t_k) ) − m−1∑ k=0 Φ(s_k) ( W (s_{k+1}) − W (s_k) ) ‖^2

= E m−1∑ k=0 m−1∑ l=0 ⟨ Ψ(s_k) − Φ(s_k), Ψ(s_l) − Φ(s_l) ⟩

· ( W (s_{k+1}) − W (s_k) )( W (s_{l+1}) − W (s_l) )

= m−1∑ k=0 E ‖Ψ(s_k) − Φ(s_k)‖^2E ( W (s_{k+1}) − W (s_k)

)_2

+2 m−1∑ k=0 k−1∑ l=0 E ⟨ Ψ(s_k) − Φ(s_k), Ψ(s_l) − Φ(s_l) ⟩

·E ( W (s_{k+1}) − W (s_k) ) E ( W (s_{l+1}) − W (s_l) )

= m−1∑ k=0 E ‖Ψ(s_k) − Φ(s_k)‖^2(s_{k+1} − s_k).

Denote by J the set of indices j for which the interval [t_{j−1}, t_j ) contains one or more of the jump points a_i. Note that J has at most N elements. Hence m−1∑ k=0 E ‖Ψ(s_k) − Φ(s_k)‖^2(s_{k+1} − s_k) = ( ∑ j∈J ∑ k : s_k∈[t_{j−1},t_j ) + ∑ j∉J ∑ k : s_k∈[t_{j−1},t_j ) ) E ‖Ψ(s_k) − Φ(s_k)‖^2(s_{k+1} − s_k)

≤ ∑ j∈J ∑ k : s_k∈[t_{j−1} ,t_j ) E ( ‖Ψ(s_k)‖ + ‖Φ(s_k)‖

)_2

(s_{k+1} − s_k) + ∑ j∉J ∑ k : s_k∈[t_{j−1},t_j ) (ε/2T )(s_{k+1} − s_k) ≤ ∑ j∈J 4M(t_j − t_{j−1}) + (ε/2T )T ≤ 4MNδ + ε/2 < ε. Therefore E ‖ n∑ k=1 Φ(t_{k−1})(W (t_k) − W (t_{k−1})) − m∑ k=1 Φ(s_{k−1})(W (s_k) − W (s_{k−1}))‖^2 < ε.

Since L^2(Ω; H) is complete, it follows that the limit in (5) exists.

(ii): As in the proof of (i), we find for any partition 0 = t_0 < t_1 < · · · < t_n = T : E ‖ n∑ k=1 Φ_i(t_{k−1}) ( W (t_k) − W (t_{k−1}) ) ‖^2 = n∑ k=1 E ‖Φ_i(t_{k−1})‖^2(t_k − t_{k−1}),

and by considering partitions with mesh sizes tending to zero the equality follows.

(iii): Because of (i) and continuity of the inner product in L^2(Ω; H), it suffices to show that E ⟨_{n−1} ∑ k=0 Φ_i(s_k)(W_i(s_{k+1}) − W_i(s_k)), n−1∑ l=0 Φ_j(s_{l−1})(W_j (s_l) − W_j(s_l)) ⟩ = 0 for each partition 0 = s_0 < s_1 < · · · < s_n = T .

Using that W_i(s_k) − W_i(s_{k−1}) is independent of both W_j(s_l) − W_j (s_{l−1}) and ⟨Φ_i(s_{k−1}), Φ_j (s_{l−1})⟩ for all i, j and l ≥ k, we obtain that

E ⟨_{n−1} ∑ k=0 Φ_i(s_k) ( W_i(s_{k+1}) − W_i(s_k) ) , n−1∑ l=0 Φ_j(s_l) ( W_j(s_{l+1}) − W_j(s_l) ) ⟩ =

2 n−1∑ k=0 k−1∑ l=0 E ( W_i(s_{k+1}) − W_i(s_k) )( W_j (s_{l+1}) − W_j (s_l) ) ⟨Φ_i(s_k), Φ_j (s_l)⟩ + n−1∑ k=0 E ( W_i(s_{k+1}) − W_i(s_k) )( W_j (s_{k+1}) − W_j(s_k) ) ⟨Φ_i(s_k), Φ_j (s_k)⟩ = 0.

Proof of Lemma 3.1. Without loss of generality we may assume that F and G are complete. Let us call a set of the form A × B with A ∈ F and B ∈ G a rectangle in S × T and consider R := { n⋃ i=1 R_i : R_1, . . . , R_n mutually disjoint rectangles in S × T, n ∈ N}.

We call f = ∑_n i=1 a_i1_{Ri} an R-step function if R_i ∈ R and a_i ∈ X for all i. The proof follows from the following sequence of claims.

(a) If E ∈ F ⊗ G, then {t : (s, t) ∈ E} ∈ G for almost every s ∈ S, and E is a null set if and only if {t : (s, t) ∈ E} is a null set for almost every s ∈ S.

(b) For every E ∈ F ⊗ G and ε > 0 there is an R ∈ R such that (μ ⊗ ν)((E \ R)∪(R\E)) < ε. For a proof, combine [9, VII, §33, Theorem E] and [6, Lemma III.8.3].

(c) For every stepfunction f ∈ L^p(S × T ; X) and ε > 0, there is an Rstepfunction g with ‖f − g‖_Lp_{(S×T ;X)} < ε. This claim follows from (b).

(d) If f is an R-stepfunction, then t → f(s, t) is a stepfunction in L^p(T ; X) for every s ∈ S, and s → [f(s, ·)] is a stepfunction in L^p(S; L^p(T ; X)).

(e) If f ∈ L^p(S×T ; X), then ∫ S×T ‖f‖^pd(μ⊗ν) = ∫ S (∫ T ‖f(s, t)‖^pdν(t) ) dμ(s). This is a consequence of Fubini’s theorem, since (s, t) → ‖f(s, t)‖^p is measurable.

(f) If f ∈ L^p(S × T ; X), then t → f(s, t) ∈ L^p(T ; X) for almost every s ∈ S. To prove this, let f ∈ L^p(S × T ; X) and take, with aid of (c), a sequence of R-stepfunctions (g_n)_n such that ‖f −g_n‖_Lp_{(S×T ;X)} → 0 as n → ∞. By means of (e) we can find a subsequence (g_{nk} )_k such that ∫ T ‖f(s, t)−g_{nk} (s, t)‖^pdν(t) → 0 as n → ∞ for almost every s ∈ S. The claim now follows from (d).

(g) For every f ∈ D we have I(f) ∈ L^p(S; L^p(T ; X)) and ‖I(f)‖_Lp_{(S;L}p_{(T ;X))} = ‖f‖_Lp_{(S×T ;X)}. Indeed, let f ∈ L^p(S × T ; X) and let (g_n)_n be the sequence from the proof of claim (f). As f ∈ D, it follows from (d) and (e) that ∫ S ‖[f(s, ·)] − [g_n(s, ·)]‖^p_{Lp (T ;X)}dμ(s) → 0 as n → ∞, and therefore I(f) ∈ L^p(S; L^p(T ; X)). The equality of the norms of I(f) and f follows from (e).

(h) If f : S → L^p(T ; X) is a step function and ε > 0, then there is an R-stepfunction g such that ‖f − I(g)‖^p_{Lp(S;Lp(T ;x))} < ε. For a proof, let f = ∑_n i=1 a_i1_{Ai} with a_i ∈ L^p(T ; X), A_i ∈ F, and μ(A_i) < ∞ for all i, and let ε > 0.

We can approximate every a_i by a stepfunction b_i from T to X in such a way that ∑_n i=1 ‖a_i − [b_i]‖^p_{Lp(T ;X)}μ(A_i) < ε. If we set g(s, t) := ∑_n i=1 b_i(t)1_{Ai} (s), s ∈ S, t ∈ T , then g is an R-stepfunction and ‖f − I(g)‖^p_{Lp(S;Lp(T ;X))} = ∫ S ‖ ∑_n i=1(a_i − [b_i])1_{Ai} (s)‖^p_{Lp(T ;X)}dμ(s) < ε. (i) For every F ∈ L^p(S; L^p(T ; X)) there is an f ∈ D with I(f) = F . In order to prove this claim, let F ∈ L^p(S; L^p(T ; X)) and let (F_n)_n be a sequence of stepfunctions from S to L^p(T ; X) such that ‖F_n − F ‖_Lp_{(S;L}p_{(T ;X))} → 0 as n → ∞. Because of (h), we can modify (F_n)_n to a sequence of R-stepfunctions

(f_n)_n with ‖F − I(f_n)‖_Lp_{(S;L}p_{(S;X))} → 0 as n → ∞. From (g) it follows that (f_n)_n is a Cauchy sequence in L^p(S × T ; X), and there is an f ∈ L^p(S × T ; X) such that ‖f_n − f‖_Lp_{(S×T ;X)} → 0, n → ∞. By (g), again, we obtain I(f) = F a.e. on S.

To complete the proof of the lemma, combine (g) and (i), and observe that I is linear. Furthermore, (a) yields that f = g a.e. on S × T if and only if I(f) = I(g) a.e. on S, for every f, g ∈ D, and that it follows from (f) that each equivalence class of L^p(S × T ; X) contains an elements of D.

References

[1] Blömker, Dirk, Stanislaus Maier-Paape, and Thomas Wanner, Spinodal decomposition for the stochastic Cahn-Hilliard equation, in: Equadiff 99 (Vol. 2) Proceedings of the International Conference on Differential Equations, (eds. B. Fiedler et al.), World Scientific Publishing Co., Singapore, 2000, pp. 1265–1267.

[2] Curtain, Ruth F. and Peter L. Falb, Stochastic Differential Equations in Hilbert Spaces, J. Diff. Eq. 10 (1971), 412–430.

[3] Curtain, R.F. and A.J. Pritchard, Infinite dimensional linear system theory [Lecture notes in Control and Information Sciences 8], Springer-Verlag, Berlin, 1978.

[4] Da Prato, Giuseppe and Jerzy Zabczyk, Stochastic equations in infinite dimensions [Encyclopedia of mathematics and its applications 45], Cambridge University Press, 1992.

[5] Diestel, J. and J.J. Uhl, Jr., Vector Measures [Mathematical surveys 15], AMS, Providence, R.I., 1977.

[6] Dunford, Nelson and Jacob T. Schwartz, Linear Operators, Part 1: General Theory, Wiley Interscience, New York, 1957.

[7] Eckmann, J.-P. and M. Hairer, Invariant measures for stochastic partial differential equations in unbounded domains, Nonlinearity 14 (2001), 133– 151.

[8] van Gaans, Onno and Sjoerd Verduyn Lunel, Long term behavior of dichotomous stochastic differential equations in Hilbert spaces, preprint, 2002.

[9] Halmos, Paul R., Measure Theory, Van Nostrand, New York, 1950.

[10] Hitsuda, Masuyuki and Hisao Watanabe, On Stochastic Integrals with Respect to an Infinite Number of Brownian Motions and its Applications, in: Proceedings of the International Symposium on Stochastic Differential Equations, Kyoto, 1976 (ed. Kiyosi Itô), John Wiley & Sons, New York, 1978, pp. 57–74.

[11] Karatzas, Ioannis and Steven E. Shreve, Brownian Motion and Stochastic Calculus, Springer-Verlag, New York, 1988.

[12] van Neerven, Jan, private communications.

[13] Øksendal, Bernt, Stochastic Differential Equations, 5th edition, Springer- Verlag, Berlin - Heidelberg, 1998.

[14] Stroock, Daniel W. and S.R.S. Varadhan, Multidimensional Diffusion Processes, Springer-Verlag, Berlin, 1979.

O.W. van Gaans Mathematical Institute, Leiden University, The Netherlands Current address:

Department of Applied Mathematical Analysis, Faculty ITS, Delft University of Technology, P.O. Box 5031, 2600 GA Delft, The Netherlands e-mail: o.w.vangaans@its.tudelft.nl