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Abstract

For a regular jointly measurable Markov semigroup on the space of finite
Borel measures on a Polish space we give a Yosida-type decomposition of
the state space, which yields a parametrisation of the ergodic probability
measures associated to this semigroup in terms of subsets of the state
space. In this way we extend results by Costa and Dufour (J. Appl. Prob.
43, 767–781). As a consequence we obtain an integral decomposition of
every invariant probability measure in terms of the ergodic probability
measures. Our approach is completely centered around the reduction
to and relationship with the case of a single regular Markov operator
associated to the Markov semigroup, the resolvent operator, which enables
us to fully exploit results in that situation (Worm and Hille, “Ergodic
decompositions associated to regular Markov operators on Polish spaces”,
accepted by Ergodic Theory and Dynamical Systems).

1 Introduction

Regular Markov semigroups appear naturally in the context of continuous-time
Markov processes as transition operators. If Xt is the state of the process at time
t, i.e. a random variable that takes values in a measurable space S, and µ0 is
the law of X0, then the law of Xt is given by P (t)µ0. Here each P (t) is a regular
Markov operator: an additive and positively homogeneous map on the convex
cone of positive finite measures on S, given by a transition kernel, that leaves
the set of probability measures invariant. The family of operators (P (t))t≥0

forms a one-parameter semigroup. Accordingly, the behaviour of the dynamical
system in the set of probability measures defined by a Markov semigroup is of
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special interest, in particular the question of existence and characterisation of
invariant and ergodic probability measures for this semigroup.

More structure on S is needed than solely being a measurable space, in order to
obtain a satisfactory theory on this topic. In the literature one may encounter
a line of research that focuses on a pure topological setting (e.g. [19] and
references found there) and one that takes a metric perspective, in which S has
the generality of a Polish space, i.e. a topological space that is metrisable for a
metric that makes it a complete separable metric space. We pursuit the latter
line, driven by applications in population dynamics in biology, in which the
state space S typically carries a natural metric. There is much interest lately
in continuous-time Markov processes on non-locally compact Polish spaces, for
instance those coming from stochastic differential equations in separable Hilbert
spaces [9, 21, 24] or in separable Banach spaces [13]. Other recent research
on Markov semigroups on Polish spaces is performed by Szarek and coworkers
[18, 20, 26].

In [27] we obtained a Yosida-type ergodic decomposition for regular Markov
operators on Polish spaces, extending results by Hernàndez-Lerma, Lasserre and
Zaharopol [14, 15, 28, 29] on locally compact separable metric spaces. It yields
a parametrisation of ergodic measures for such an operator in terms of classes
of subsets of state space and an integral decomposition of invariant measures
into ergodic measures using this parametrisation. Moreover, it associates with
every ergodic measure a Borel measurable subset of the state space on which
it is contained, and is such that the corresponding subsets of distinct ergodic
measures are disjoint. Such a subset furthermore contains a Borel set that is
invariant under the Markov operator, and such that the corresponding ergodic
measure is actually concentrated on this smaller subset. We call this the full
Yosida-type ergodic decomposition associated to the Markov operator.

In this paper we will show that analogous results hold for regular Markov semi-
groups. In view of the Markov operator setting, the main problem here is, of
course, to deal with the uncountable family of Markov operators (P (t))t≥0. We
show that one can reduce this setting to the operator setting, by considering a
single Markov operator that is associated to the Markov semigroup insted, the
resolvent operator R. When the semigroup (P (t))t≥0 consists of regular Markov
operators and is jointly measurable, i.e. (t, x) 7→ P (t)δx(E),R+ × S → S is
jointly measurable for every Borel set E, then R is a regular Markov operator
(Proposition 3.2). It turns out that (P (t))t≥0 and R have the same invariant
and ergodic measures. Moreover, the Cesàro averages for the semigroup and
the resolvent,

1

t

∫ t

0

P (s)µds, respectively
1

n

n−1∑
k=0

Rkµ,

have the same convergence properties (made precise in Theorem 3.7 and its
corollaries). These results imply that the Yosida-type ergodic decomposition
associated to R, from [27], actually works for the semigroup (P (t))t≥0 as well.
We also obtain a full Yosida-type ergodic decomposition in Section 4.3, that gen-
eralises results by Costa and Dufour [6]. There, the authors consider Markov
semigroups on locally compact separable metric spaces, and require more regu-
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larity. Our results do not require continuity assumptions on the Markov semi-
group: the operators P (t) need not be Markov-Feller, only regular, and the
orbits t 7→ P (t)µ need not be continuous in any sense: jointly measurable is
sufficient. These are natural assumptions when considering Markov semigroups
associated to Markov processes.

One of the results needed to establish the full Yosida-type ergodic decomposition
for Markov semigroups is Theorem 4.5, which also yields the conclusion that the
usual equivalent notions for ergodicity of an invariant measure µ of a Markov
semigroup (P (t))t≥0 (see Theorem 4.4) are equivalent to

µ(E) = 0 or 1 for every Borel set E that is (P (t))t≥0-invariant,

i.e. for every t ≥ 0, P (t)δx(E) = 1 for all x ∈ E. We could not retrieve this
natural analogue of the definition of ergodicity for the operator case (see Section
2.3) from the Markov semigroup literature in the generality of a regular jointly
measurable Markov semigroup on a Polish space.

In our approach we build on definitions and results from [16, 17] and an ergodic
decomposition associated to Markov operators from [27] that we will recall in
Section 2 for convenience. In Section 3 we introduce the resolvent operator
associated to a Markov semigroup. The main theorem of this section (Theo-
rem 3.7) shows that convergence properties of the Cesàro averages of a Markov
semigroup and its resolvent coincide. In Section 4.1 we define ergodicity of in-
variant measures for Markov operators and Markov semigroups and give several
equivalent characterisations. We prove analogues of the ergodic decomposition
results from [27] in the setting of Markov semigroups in Section 4.2, and give a
full Yosida-type ergodic decomposition in Section 4.3.

Some notational conventions. Unless otherwise mentioned, S will denote a
Polish space, viewed as a measurable space with respect to its Borel σ-algebra.
We writeM(S) to denote the real vector space of all signed finite Borel measures
on S, containing M+(S), the cone of positive measures. P(S) consists of the
probability measures in M+(S). We denote the total variation norm on M(S)
by ‖ ·‖TV and writeM(S)TV for the Banach space consisting ofM(S) endowed
with the total variation norm. We write BM(S) to denote the real vector space
of all bounded measurable functions from S to R and 11E for the indicator
function of E ⊂ S. For f : S → R measurable and µ ∈ M(S) we write 〈µ, f〉
for
∫
S
f dµ. We write Cb(S) to denote the Banach space of bounded continuous

functions from S to R, endowed with the supremum norm ‖ · ‖∞.

2 Preliminaries

In this section we will recall some definitions and results from [16, 17, 27] which
we need later on.

2.1 The space SBL

Let (S, d) be a complete separable metric space.
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BL(S) denotes the Banach space of bounded real-valued Lipschitz functions for
the metric d, endowed with the norm ‖f‖BL := |f |Lip+‖f‖∞, where |f |Lip is the
global Lipschitz constant of f . The Dirac functionals δx(f) := f(x) for x ∈ S
are in BL(S)∗. We denote the usual dual norm on BL(S)∗ by ‖ · ‖∗BL. BL(S)
is in fact isometrically isomorphic to the dual of a separable Banach space SBL,
which can be defined as the closure of the finite linear span of the δx, x ∈ S,
in BL(S)∗. Then, as shown in [7, Lemma 6], each µ ∈ M(S) defines a unique
element in BL(S)∗, which we will also denote by µ, by sending f ∈ BL(S) to
〈µ, f〉 =

∫
S
f dµ. A function f ∈ BL(S) defines a bounded linear functional on

SBL by sending φ to φ(f). Using [16, Lemma 3.5] one can show that the map
x 7→ δx is a continuous embedding from S into SBL.

By [16, Theorem 3.9 and Corollary 3.10],M+(S) is a closed convex cone of SBL,
and M(S) is a ‖ · ‖∗BL-dense subspace of SBL. The restriction of the weak-star
topology on Cb(S)∗ toM+(S), also called the topology of weak convergence on
M+(S), equals the restriction of the norm topology on SBL to M+(S) by [7,
Theorem 18]. In particular the following lemma holds:

Lemma 2.1. Let µn, µ ∈ M+(S). Then ‖µn − µ‖∗BL → 0 if and only if
〈µn, f〉 → 〈µ, f〉 for all f ∈ Cb(S).

The following results come from [17, Proposition 2.5, Proposition 2.6 and Corol-
lary 2.7]. Let (Ω,Σ) be a measurable space.

Proposition 2.2. Let p : Ω→ S+
BL. Then the following conditions are equiva-

lent:

(i) p is strongly measurable.

(ii) For each f ∈ BM(S), the map Ω→ R : ω 7→ 〈p(ω), f〉 is measurable.

(iii) For each Borel measurable E ⊂ S, the map Ω → R : ω 7→ p(ω)(E) is
measurable.

Proposition 2.3. Let p : Ω → S+
BL be Bochner integrable with respect to µ in

M+(Ω), and define ν :=
∫

Ω
p(ω)dµ(ω). Then∫

S

f dν =

∫
Ω

〈p(ω), f〉dµ(ω),

for any bounded measurable f : S → R. Thus for any Borel set E ⊂ S,[∫
Ω

p(ω)dµ(ω)

]
(E) =

∫
Ω

p(ω)(E)dµ(ω).

A collection of measures M ⊂ P(S) is tight if for every ε > 0 there exists a
compact K ⊂ S such that µ(K) ≥ 1− ε for every ε > 0.

By Prokhorov’s Theorem and Lemma 2.1 we have the following:

Theorem 2.4. Let M ⊂ P(S). Then M is relatively compact in SBL if and
only if M is tight.
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2.2 Markov operators, Markov semigroups and regularity

Let S be a Polish space. Let d be a complete metric on S metrising the given
topology and SBL the Banach space associated with (S, d).

A Markov operator is a map P :M+(S)→M+(S), such that

(MO1) P is additive and R+-homogeneous,

(MO2) ‖Pµ‖TV = ‖µ‖TV for all µ ∈M+(S).

Since (M(S), ‖·‖TV) is a Banach lattice, condition (MO1) ensures that a Markov
operator P extends to a positive bounded linear operator on (M(S), ‖·‖TV) given
by Pµ := P (µ+)− P (µ−). The operator norm of this extension is

‖P‖ = sup{‖Pµ‖TV : µ ∈M+(S), ‖µ‖TV ≤ 1} = 1 (1)

according to (MO2).

A measure µ ∈ M(S) is P -invariant if Pµ = µ. The following result follows
from [27, Proposition 2.10, Corollary 2.11 and Proposition 2.12]:

Proposition 2.5. Let P be a Markov operator. The following are equivalent:

(i) There exists U : BM(S)→ BM(S) such that

〈Pµ, f〉 = 〈µ,Uf〉 for all µ ∈M+(S), f ∈ BM(S).

(ii) (a) x 7→ Pδx, S → SBL is strongly measurable, and

(b) Pµ =
∫
S
Pδx dµ(x).

In either case,

Pµ(E) =

∫
S

Pδx(E) dµ(x)

and

P

∫
Ω

h(ω)dν(ω) =

∫
Ω

Ph(ω) dν(ω)

for any finite measure space (Ω,Σ, ν) and h : Ω→ S+
BL Bochner integrable with

respect to ν.

Following [12, 22, 17, 27], we will call a Markov operator P regular if it satisfies
the conditions of Proposition 2.5. The map U : BM(S)→ BM(S) associated to
a regular Markov operator P is unique and we call it the dual of P .

For a regular Markov operator P we define the Cesàro averages

P (n) :=
1

n

n−1∑
k=0

P k and U (n) :=
1

n

n−1∑
k=0

Uk.

A Markov semigroup is a semigroup (P (t))t≥0 of Markov operators. (P (t))t≥0

is called regular if P (t) is regular for all t ≥ 0. In this case we obtain the dual
semigroup (U(t))t≥0 on BM(S), where U(t) is the dual of P (t) for every t ∈ R+.
A measure µ is (P (t))t≥0-invariant if P (t)µ = µ for every t ∈ R+.

5



We say a Markov semigroup (P (t))t≥0 is a jointly measurable Markov semigroup
if (t, x) 7→ P (t)δx(E) is jointly measurable from R+×S to R for every Borel set
E in S. This holds, by Proposition 2.2, if and only if (t, x) 7→ P (t)δx is strongly
measurable from R+ × S to SBL.

Proposition 2.6. Let (P (t))t≥0 be a regular jointly measurable Markov semi-
group. Then for every µ ∈ M+(S), t 7→ P (t)µ is strongly measurable from R+

to SBL. For every E ⊂ S Borel the map t 7→ P (t)µ(E) is measurable from R+

to R.

Proof. Let µ ∈M+(S) and E ⊂ S Borel. By Proposition 2.5

P (t)µ(E) =

∫
S

P (t)δx(E) dµ(x),

so it follows from the joint measurability and Tonelli’s Theorem that t 7→
P (t)µ(E) is measurable from R+ to R. Hence by Proposition 2.2 t 7→ P (t)µ is
strongly measurable from R+ to SBL.

We shall write B(S) to denote the σ-algebra of all Borel sets of S. A map
p : R+ × S × B(S)→ R is a Markov transition function if:

(TF1) p(t, x, ·) is a probability measure for every t ∈ R+, x ∈ S and
p(0, x, ·) = δx for every x ∈ S.

(TF2) p(·, ·, E) is B(R+)× B(S)-measurable for every E ∈ B(S).

(TF3) p satisfies the Chapman-Kolmogorov equation

p(t+ s, x,E) =

∫
S

p(s, y, E)p(t, x, dy)

for every s, t ∈ R+, x ∈ S,E ∈ B(S).

Every Markov transition function p generates a regular jointly measurable
Markov semigroup: P (t)µ(E) :=

∫
S
p(t, x, E) dµ(x). The semigroup property

follows from (TF3). Conversely, every regular jointly measurable Markov semi-
group (P (t))t≥0 is generated by a Markov transition function p(t, x, E) :=
P (t)δx(E). A proof for this can be found in e.g. [19, Proposition 2.4], where a
Markov transition function is defined slightly more general. Time-homogeneous
Markov processes can be defined using Markov transition functions ([10, Chap-
ter 4, Section 1]), so regular jointly measurable Markov semigroups are a natural
object of interest when studying time-homogeneous Markov processes.

We call the Markov semigroup (P (t))t≥0 strongly stochastically continuous,
when t 7→ 〈P (t)µ, f〉 is continuous for all µ ∈ M+(S) and f ∈ Cb(S), and
strongly stochastically continuous at zero when t 7→ 〈P (t)µ, f〉 is continuous at
zero for all µ ∈M+(S) and f ∈ Cb(S).

Lemma 2.7. Let (P (t))t≥0 be a Markov semigroup. Then the following are
equivalent:

(i) (P (t))t≥0 is strongly stochastically continuous at zero,

(ii) t 7→ 〈P (t)µ, f〉 is continuous at zero for all µ ∈M(S) and f ∈ Cb(S).
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(iii) t 7→ P (t)µ,R+ → SBL is continuous at zero for every µ ∈M(S).

The proof is not difficult, and follows from Lemma 2.1. See [17, Lemma 3.5],
where an analogous statement is proven (but then continuity at every t ∈ R+).

Proposition 2.8. Let (P (t))t≥0 be a regular Markov semigroup that is strongly
stochastically continuous at zero. Then (P (t))t≥0 is a jointly measurable Markov
semigroup.

Proof. By Lemma 2.7 and the semigroup property, t 7→ P (t)δx is right contin-
uous from R+ to SBL for every x ∈ S. For fixed t, x 7→ P (t)δx is strongly
measurable from S to SBL by Proposition 2.5, thus x 7→ P (t)δx is measur-
able for the Borel σ-algebra of SBL. Since SBL is a separable Banach space,
(t, x) 7→ P (t)δx is jointly measurable by [5, Lemma 6.4.6]. Thus (P (t))t≥0 is
jointly measurable.

A class of examples of regular Markov semigroups is induces by semigroups of
measurable maps. A semigroup of measurable maps on S is a family of maps
(Φt)t≥0, such that Φt : S → S is measurable, Φt◦Φs = Φt+s and Φ0 = IdS for all
s, t ∈ R+. (Φt)t≥0 is called strongly continuous if the map R+ → S : t 7→ Φt(x)
is continuous for all x ∈ S. (Φt)t≥0 is called jointly measurable if (t, x) 7→ Φt(x)
is measurable from R+ × S to S.

Proposition 2.9. Let (Φt)t≥0 be a semigroup of measurable maps on S. Then

(i) P (t)µ := µ ◦ Φ−1
t defines a regular Markov semigroup (P (t))t≥0.

(ii) (P (t))t≥0 is strongly stochastically continuous (at zero) if and only if
(Φt)t≥0 is strongly continuous (at zero).

(iii) If (Φt)t≥0 is jointly measurable, then (P (t))t≥0 is a jointly measurable
Markov semigroup.

Proof. For (i) and (ii) see [17, Proposition 3.6]. Assume that (Φt)t≥0 is jointly
measurable. Let f ∈ BL(S) ∼= S∗BL. Then (t, x) 7→ f(Φt(x)) is measurable,
by measurability of f . Thus (t, x) 7→ 〈f, δΦt(x)〉 is measurable for every f ∈
S∗BL, thus (t, x) 7→ δΦt(x) is weakly measurable from R+ × S to SBL, hence
strongly measurable by separability of SBL. Therefore, by Proposition 2.2, we
can conclude that (P (t))t≥0 is measurable.

For the remainder we assume that P = (P (t))t≥0 is a regular jointly measurable
Markov semigroup with dual U = (U(t))t≥0.

For µ ∈M+(S) and t > 0 we define the Cesàro averages

P(t)µ :=
1

t

∫ t

0

P (s)µds, P (0)µ := µ.

This integral exists as Bochner integral in SBL by Proposition 2.6 and since
‖P (s)µ‖∗BL ≤ ‖µ‖∗BL for every s ∈ R+.

Then P(t)µ ∈M+(S) with

‖P(t)µ‖TV = P(t)µ(S) =
1

t

∫ t

0

P (s)µ(S) ds = ‖µ‖TV
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by (MO2) and Proposition 2.3. Thus P(t) is a Markov operator.

Lemma 2.10. For every t > 0, P(t) is a regular Markov operator with dual

U(t)f(x) =
1

t

∫ t

0

U(s)f(x) ds.

Proof. Let f ∈ BM(S), µ ∈M+(S) and t > 0. Then it follows from Proposition
2.6 and Proposition 2.3 that

〈P(t)µ, f〉 =
1

t

∫ t

0

〈P (s)µ, f〉 ds =
1

t

∫ t

0

〈µ,U(s)f〉 ds

=
1

t

∫ t

0

∫
S

U(s)f(x) dµ(x) ds.

Since (P (t))t≥0 is jointly measurable, Proposition 2.2 implies that (s, x) 7→
U(s)f(x) = 〈P (s)δx, f〉 is measurable from R+ × S to R. This implies by

Fubini’s Theorem that U(t)f : x 7→ 1
t

∫ t
0
U(s)f(x) ds is measurable. This map

is bounded by ‖f‖∞. So we can apply Fubini’s Theorem:

1

t

∫ t

0

∫
S

U(s)f(x) dµ(x) ds =
1

t

∫
S

∫ t

0

U(s)f(x) ds dµ(x)

= 〈µ,U(t)f〉

This proves the statement.

2.3 Ergodic decomposition of regular Markov operators

In this section we summarise results from [27] on an ergodic decomposition
associated to regular Markov operators in a Polish space S. Let d be a complete
metric on S metrising the given topology and SBL the Banach space associated
with (S, d). Let P be a regular Markov operator. Define

ΓPt := {x ∈ S : {P (n)δx : n ∈ N} is tight},

and
ΓPcp := {x ∈ S : (P (n))n converges in SBL},

εx := lim
n→∞

P (n)δx ∈ SBL for x ∈ ΓPcp.

Each εx, x ∈ ΓPcp is a probability measure. In general it need not be invariant.
Hence we define

ΓPcpi := {x ∈ ΓPcp : εx is invariant}.
Following [14, 27, 28, 29], we define an ergodic measure to be a P -invariant
probability measure µ such that µ(E) = 0 or µ(E) = 1 for every P -invariant
set E, i.e. a Borel set E ⊂ S such that Pδx(E) = 1 for every x ∈ E.

ΓPcpie := {x ∈ ΓPcpi : εx is ergodic}.

Clearly ΓPt ⊃ ΓPcp ⊃ ΓPcpi ⊃ ΓPcpie. If P is Markov-Feller, ΓPcp = ΓPcpi. In [27] the
following is shown:
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Theorem 2.11. ΓPt ,Γ
P
cp,Γ

P
cpi and ΓPcpie are Borel subsets of S and

µ(ΓPt ) = µ(ΓPcp) = µ(ΓPcpi) = µ(ΓPcpie) = 1

for every P -invariant probability measure µ.

The map x 7→ εx, from ΓPcpie to the ergodic measures is not injective generally.

So we introduce an equivalence relation ∼ on ΓPcpie as follows: x ∼ y whenever

εx = εy. We write [x] to denote the equivalence class of x ∈ ΓPcpie. The following

result comes from [27, Theorem 4.6]. It implies that we can decompose ΓPcpie
into disjoint Borel measurable subsets, such that each ergodic measure has full
measure on exactly one of these subsets.

Theorem 2.12. (i) For every x ∈ ΓPcpie the set [x] is Borel measurable and
εx([x]) = 1.

(ii) Any ergodic measure µ is of the form µ = εx for some x ∈ ΓPcpie.

Using the characterisation we obtain an integral decomposition of invariant
probability measures in terms of ergodic measures ([27, Theorem 4.10]).

Theorem 2.13. Let µ be an invariant probability measure. Then the map

x 7→
{
εx if x ∈ ΓPcpie
0 if x 6∈ ΓPcpie.

is strongly measurable from S to SBL and

µ =

∫
ΓP
cpie

εx dµ.

3 Resolvent operator of a regular jointly mea-
surable Markov semigroup

Let P = (P (t))t≥0 be a regular jointly measurable Markov semigroup with dual
semigroup U = (U(t))t≥0.

Lemma 3.1. Let µ ∈ M+(S) and f ∈ L1
+(R+). Then

∫
R+
f(s)P (s)µds is

well defined as Bochner integral in SBL and takes value in S+
BL = M+(S). It

satisfies:

(i)

‖
∫
R+

f(s)P (s)µds‖TV = ‖
∫
R+

f(s)P (s)µds‖∗BL = ‖f‖1‖µ‖∗BL = ‖f‖1‖µ‖TV.

(ii) For every t > 0,

P (t)

∫
R+

f(s)P (s)µds =

∫
R+

f(s)P (s+ t)µds.
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Proof. First note that s 7→ f(s)P (s)µ is Bochner integrable from R+ to SBL with
respect to the Lebesgue measure, and f(s)P (s)µ ∈ M+(S) for every s ∈ R+,
thus ν :=

∫
R+
f(s)P (s)µds is a well defined element ofM+(S). By Proposition

2.3 and (MO2),

‖ν‖TV = ‖ν‖∗BL = ν(S) =

∫
R+

f(s)P (s)µ(S) ds

= µ(S)

∫
R+

f(s) ds = ‖µ‖∗BL‖f‖1 = ‖µ‖TV‖f‖1.

Let h ∈ BM(S). Then by applying Proposition 2.3 several times we obtain

〈P (t)

∫
R+

f(s)P (s)µds, h〉 = 〈
∫
R+

f(s)P (s)µds, U(t)h〉

=

∫
R+

f(s)〈P (s)µ,U(t)h〉 ds =

∫
R+

〈f(s)P (t+ s)µ, h〉 ds

= 〈
∫
R+

f(s)P (t+ s)µds, h〉,

which proves (ii).

We define the resolvent family (associated with the Markov semigroup
(P (t))t≥0) to be the collection of operators {Rλ : λ > 0} :

Rλµ :=

∫
R+

e−λtP (t)µdt for every µ ∈M+(S).

We define the resolvent operator (associated with (P (t))t≥0) to be R := R1.

Proposition 3.2. For every λ > 0, λRλ is a regular Markov operator with dual
operator λUλ given by

λUλf(x) := λ

∫
R+

e−λtU(t)f(x) dt.

Proof. First of all, g : t 7→ e−λt is in L1
+(R+) and ‖g‖1 = 1/λ. Thus by Lemma

3.1 Rλ is a positively homogeneous and additive map from M+(S) to M+(S)
and ‖λRλµ‖∗BL = ‖µ‖∗BL for every µ ∈M+(S). Thus λRλ is a Markov operator.
Let f ∈ BM(S), then by applying Proposition 2.3 we get

〈λRλµ, f〉 = λ

∫
R+

e−λt〈P (t)µ, f〉 dt

= λ

∫
R+

e−λt〈µ,U(t)f〉 dt

= λ

∫
R+

e−λt
∫
S

U(t)f(x) dµ(x) dt.

Since (P (t))t≥0 is jointly measurable, Proposition 2.2 implies that (t, x) 7→
U(t)f(x) = 〈P (t)δx, f〉 is measurable from R+×S to R, so we can apply Fubini’s
Theorem and obtain
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〈λRλµ, f〉 =

∫
S

∫
R+

λe−λtU(t)f(x) dt dµ(x).

The resolvent identity holds for (Rλ)λ>0:

Lemma 3.3. Let λ, γ > 0 and µ ∈M+(S). Then

Rλµ−Rγµ = (γ − λ)RγRλµ.

Proof. Note that for every t > 0

e−λt − e−γt = (γ − λ)e−λt
∫ t

0

e−(γ−λ)s ds.

Now by using this equality and Fubini’s Theorem, we obtain

Rλµ−Rγµ =

∫
R+

(e−λt − e−γt)P (t)µdt

=

∫
R+

P (t)µ(γ − λ)e−λt
∫ t

0

e−(γ−λ)s ds dt

= (γ − λ)

∫
R+

∫ t

0

e−λte−(γ−λ)sP (t)µds dt

= (γ − λ)

∫
R+

e−γs
∫ ∞
s

e−λ(t−s)P (t)µdt ds

= (γ − λ)

∫
R+

e−γs
∫ ∞

0

e−λuP (u+ s)µdu ds.

By Lemma 3.1 the last expression equals

(γ − λ)

∫
R+

e−γsP (s)

∫
R+

e−λuP (u)µdu ds = (γ − λ)RγRλµ.

Lemma 3.4. Let X be a set and (Φt)t≥0 a semigroup of maps Φt : X → X.
Let x∗ ∈ X be such that Φt(x

∗) = x∗ for Lebesgue almost all t ∈ R+. Then
Φt(x

∗) = x∗ for all t ∈ R+.

Proof. There exists a Lebesgue null set N ⊂ R+ such that Φt(x
∗) = x∗ every

t ∈ R+\N . Let t ∈ N . Then there must be an s ∈ R+\N such that t + s ∈
R+\N , otherwise t+ R+\N is contained in N and by translation invariance of
Lebesgue measure

m(N) ≥ m(t+ R+\N) = m(R+\N) =∞,

a contradiction.

Proposition 3.5. Let µ ∈M+(S). Then the following are equivalent:

11



(i) µ is (P (t))t≥0-invariant.

(ii) λRλµ = µ for some λ > 0.

(iii) λRλµ = µ for every λ > 0.

Proof. (i)⇒(ii): This is immediate.
(ii)⇒(iii): Suppose that λ > 0 is such that λRλµ = µ. Let γ > 0, then by the
resolvent identity, Lemma 3.3,

1

λ
µ−Rγµ =

γ − λ
λ

Rγµ.

So γRγµ = µ.
(iii)⇒(i): By assumption we have for every λ > 0:

∫
R+

e−λtP (t)µdt = Rλµ =
1

λ
µ =

∫
R+

e−λtµdt.

Hence by [3, Theorem 1.7.3] P (t)µ = µ for Lebesgue almost every t ∈ R+. By
Lemma 3.4 P (t)µ = µ for every t ∈ R+.

Lemma 3.6. For every k ∈ N, λ > 0 and µ ∈M+(S)

Rkλµ =

∫ ∞
0

tk−1

(k − 1)!
e−λtP (t)µdt,

a Bochner integral in SBL.

Proof. Let λ > 0 and µ ∈ M+(S). We prove the statement by induction.
Clearly it holds for k = 1. Suppose it holds for some k ∈ N. By Lemma 3.1
we can bring P (t) in and outside of integrals. Using this result and Fubini’s
Theorem (because we are considering jointly measurable Markov semigroups)
we obtain

Rk+1
λ µ =

∫ ∞
0

e−λtP (t)

∫ ∞
0

sk−1e−λs

(k − 1)!
P (s)µds dt

=

∫ ∞
0

sk−1

(k − 1)!

∫ ∞
0

e−λ(t+s)P (t+ s)µdt ds

=

∫ ∞
0

sk−1

(k − 1)!

∫ ∞
s

e−λσP (σ)µdσ ds

=

∫ ∞
0

(∫ σ

0

sk−1

(k − 1)!
ds

)
e−λσP (σ)µdσ

=

∫ ∞
0

σk

k!
e−λσP (σ)µdσ.

So the statement holds for k + 1.

Our main result in this section is the following:

12



Theorem 3.7. Let P = (P (t))t≥0 be a regular jointly measurable Markov semi-
group. For every µ ∈M(S)

‖R(n) −P(n)‖L(M(S)TV) = O(1/
√
n) as n→∞.

In particular, for every µ ∈M(S)

lim
n→∞

‖R(n)µ−P(n)µ‖∗BL = lim
n→∞

‖R(n)µ−P(n)µ‖TV = 0.

Proof. Note that

‖R(n) − 1

n

n∑
k=1

Rk‖L(M(S)TV) =
1

n
‖Rn − I‖L(M(S)TV) ≤

2

n
.

So the theorem is proven once we have shown that

‖P(n) − 1

n

n∑
k=1

Rk‖L(M(S)TV) = O(1/
√
n) as n→∞.

Note that in the following we want to estimate ‖·‖TV-norms of Bochner integrals
in SBL that take values in M(S). Let µ ∈ P(S). By Lemma 3.6 we obtain

‖P(n)µ− 1

n

n∑
k=1

Rkµ‖TV =
1

n

∥∥∥∥∥
∫ n

0

P (t)µdt−
n−1∑
k=0

∫ ∞
0

e−t
tk

k!
P (t)µdt

∥∥∥∥∥
TV

≤ 1

n

n−1∑
k=0

∥∥∥∥∫ ∞
n

e−t
tk

k!
P (t)µdt

∥∥∥∥
TV

+

∥∥∥∥∥ 1

n

∫ n

0

(
1− e−t

n−1∑
k=0

tk

k!

)
P (t)µdt

∥∥∥∥∥
TV

.

Since e−t
∑n−1
k=0

tk

k! < e−tet = 1 all Bochner integrals in the last expression take

value in M+(S) = S+
BL, so by Lemma 3.1 and (MO2) we get

‖P(n)µ− 1

n

n∑
k=1

Rkµ‖TV ≤

(
1

n

n−1∑
k=0

∫ ∞
n

e−t
tk

k!
dt+

1

n

∫ n

0

1− e−t
n−1∑
k=0

tk

k!
dt

)
.

Now,

1

n

∫ n

0

1− e−t
n−1∑
k=0

tk

k!
dt =

1

n

n−1∑
k=0

[1−
∫ n

0

e−t
tk

k!
dt]

=
1

n

n−1∑
k=0

∫ ∞
n

e−t
tk

k!
dt

since
∫∞

0
e−t t

k

k! dt = 1 for every k ∈ N, thus

‖P(n)µ−
n∑
k=1

Rkµ‖TV ≤
2

n

n−1∑
k=0

∫ ∞
n

e−t
tk

k!
dt

13



for every n ∈ N.

By elementary calculation we obtain for every k, n ∈ N,∫ ∞
n

e−t
tk

k!
dt = e−n

k∑
i=0

ni

i!
,

thus

n−1∑
k=0

∫ ∞
n

e−t
tk

k!
dt = e−n

n−1∑
k=0

k∑
i=0

ni

i!
= e−n

n−1∑
i=0

ni(n− i)
i!

= e−n

(
n−1∑
i=1

(
ni+1

i!
− ni

(i− 1)!

)
+ n

)
= e−n

nn

(n− 1)!
.

So

‖P(n)µ− 1

n

n∑
k=1

Rkµ‖TV ≤
2nn

enn!
=

√
2πnnn

enn!
· 2√

2πn
.

This holds for every µ ∈ P(S). SinceM(S)TV is an AL-space (see e.g. [2, page
194] for a definition), the norm of a bounded linear operator T on M(S)TV

equals sup{‖Tµ‖TV : µ ∈ P(S)}. So

‖P(n) − 1

n

n∑
k=1

Rk‖L(M(S)TV) ≤
√

2πnnn

enn!
· 2√

2πn
.

By Stirling’s Formula, limn→∞
√

2πnnn

enn! = 1. Thus

‖P(n) − 1

n

n∑
k=1

Rk‖L(M(S)TV) = O(1/
√
n) as n→∞.

The last statement follows from the continuity of the embedding M(S)TV ↪→
SBL.

We now state some further convergence properties of (P (t))t≥0 that will be
useful later on:

Lemma 3.8. Let s, t ∈ R>0. Then

‖P(s) −P(t)‖L(M(S)TV) ≤
2|t− s|

max(s, t)
.

Proof. Let µ ∈ P(S). Suppose 0 < s < t. Then by Lemma 3.1

‖P(s)µ−P(t)µ‖TV ≤
∥∥∥∥(1/s− 1/t)

∫ s

0

P (r)µdr

∥∥∥∥
TV

+

∥∥∥∥1

t

∫ t

s

P (r)µdr

∥∥∥∥
TV

≤ 2|t− s|
t

Since M(S)TV is an AL-space,

‖P(s) −P(t)‖L(M(S)TV) ≤
2|t− s|

max(s, t)
.
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This implies the following results:

Corollary 3.9. The map t 7→ P(t) : (0,∞) → L(M(S)TV) is continuous. In

particular, t 7→ P(t)µ is continuous as map from (0,∞) into M(S)TV and into
SBL, for every µ ∈M(S).

Corollary 3.10. Let sn, tn ∈ R+, such that M := supn |tn − sn| < ∞ and
limn→∞ sn = limn→∞ tn =∞. Then

lim
n→∞

‖P(sn) −P(tn)‖L(M(S)TV) = 0.

Thus also

lim
n→∞

‖P(sn)µ−P(tn)µ‖∗BL = ‖P(sn)µ−P(tn)µ‖TV = 0

for every µ ∈M+(S).

Theorem 3.7 and Corollary 3.10 imply the following:

Corollary 3.11. Let 0 < tn ↑ ∞. Then for every µ ∈M(S),

lim
n→∞

‖P(tn)µ−R(btnc)µ‖∗BL = lim
n→∞

‖P(tn)µ−R(btnc)µ‖TV = 0.

Lemma 3.12. Let s ∈ R+ and t > 0. Then

‖P(t)P (s)−P(t)‖L(M(S)TV) ≤
2s

t
.

In particular
lim
t→∞

‖P(t)P (s)−P(t)‖L(M(S)TV) = 0

for every s ∈ R+.

Proof. Let µ ∈ P(S). Then

‖P(t)P (s)µ−P(t)µ‖TV =
1

t

∥∥∥∥∫ s+t

s

P (r)µdr −
∫ t

0

P (r)µdr

∥∥∥∥
TV

=
1

t

∥∥∥∥∫ s+t

t

P (r)µdr −
∫ s

0

P (r)µdr

∥∥∥∥
TV

≤ 1

t

∥∥∥∥∫ s+t

t

P (r)µdr

∥∥∥∥
TV

+
1

t

∥∥∥∥∫ s

0

P (r)µdr

∥∥∥∥
TV

.

So by Lemma 3.1, ‖P(t)P (s)µ−P(t)µ‖TV ≤ 2s
t . SinceM(S)TV is an AL-space,

‖P(t)P (s)−P(t)‖L(M(S)TV) ≤
2s

t
.

4 The ergodic decomposition

Let S be a Polish space. Let d be a complete metric on S metrising the given
topology and SBL the Banach space associated with (S, d).
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4.1 Ergodic measures

Let P be a regular Markov operator with dual U . Recall that a Borel set E
is a P -invariant set if Pδx(E) = 1 for every x ∈ E. This holds if and only
if U11E ≥ 11E . Let µ be an invariant probability measure, then E ⊂ S Borel
is called µ-almost P -invariant if U11E(x) ≥ 11E(x) for µ-a.e. x ∈ S. If E is
µ-almost P -invariant, then

0 ≤
∫
S

|U11E(x)− 11E(x)| dµ(x) =

∫
S

U11E(x) dµ(x)−
∫
S

11E(x) dµ(x)

= 〈Pµ− µ, 11E〉 = 0.

Thus U11E(x) = 11E(x) for µ-a.e. x ∈ S.

The following lemma follows easily from the definitions.

Lemma 4.1. Let P be a regular Markov operator with invariant probability
measure µ, then the following statements are equivalent for a Borel set E ⊂ S:

(i) E is µ-almost P -invariant.

(ii) Pδx(E) = 1 for µ-almost every x ∈ E.

(iii)
∫
E
Pδx(E) dµ(x) = µ(E).

Thus every P -invariant set is µ-almost P -invariant for every invariant probabil-
ity measure µ, but not necessarily the other way around.

Let PPinv ⊂ P(S) denote the convex subset of invariant probability measures.
There are several different, but equivalent, definitions for an invariant measure
to be ergodic. The definition we stated in Section 2.3 can be found in e.g.
[28, 29].

Theorem 4.2. Let P be a regular Markov operator and µ be a P -invariant
probability measure. Then the following are equivalent:

(i) µ is ergodic, i.e. µ(E) = 0 or 1 for every P -invariant set E.

(ii) µ(E) = 0 or 1 for every µ-almost P -invariant set E.

(iii) There exists a Borel subset B of S such that µ(B) = 1 and such that
(U (n)f(x))n converges to 〈µ, f〉 for every x ∈ B and f ∈ Cb(S).

(iv) For every f ∈ BM(S), U (n)f(x) converges to 〈µ, f〉 for µ-a.e. x ∈ S.

(v) µ is an extreme point of PPinv ⊂ P(S).

Proof. (i)⇔(ii): This follows from [27, Lemma 4.1].
(i)⇔(iii): This is shown in [27, Theorem 4.4].
(ii)⇒(iv): This statement is proven in [15, Proposition 2.4.2].
(iv)⇒(iii): This can be shown with similar arguments as in the proof of [27,
Theorem 4.4], by using a countable convergence-determining subset of Cb(S).
(ii)⇔(v): This is shown in [1, Theorem 19.25].

Remark 4.3. Most of the equivalences in the theorem above are known and hold
for more general state spaces. The equivalence of (iii) to ergodicity is one of
the main results in [27] and its proof uses that the state space is Polish.
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Let P = (P (t))t≥0 be a regular jointly measurable Markov semigroup on S
with resolvent R and dual semigroup U = (U(t))t≥0. Ergodicity of an in-
variant measure for a Markov semigroup is generally defined in the literature
through ergodicity of an associated dynamical system. Following [24], we asso-
ciate with (P (t))t≥0 a dynamical system on the space of trajectories Ω = SR,
with σ-algebra F = BR and a group of invertible, measurable transformations
(θt)t∈R from Ω to Ω: (θtω)(s) := ω(t+ s), t, s ∈ R. With a (P (t))t≥0-invariant
probability measure µ we associate, as explained in [24, Section 2.1], a proba-
bility measure Pµ on (Ω,F), such that Pµ(θtE) = Pµ(E) for every t ∈ R and
E ∈ F . Sµ = (Ω,F ,Pµ, θt) is called the canonical dynamical system associated
to (P (t))t≥0 and µ. As in [24, Section 2.3] a (P (t))t≥0-invariant probability
measure µ is (P (t))t≥0-ergodic if the dynamical system Sµ is ergodic (see [24,
Chapter 1] and [23, Chapter 2] for details on ergodic dynamical systems).

It follows from [24, Proposition 3.2.7] that µ is (P (t))t≥0-ergodic if and only
if µ is an extreme point of PP

inv(S). In [24] the Markov semigroup is assumed
to be regular and strongly stochastically continuous at zero. However, jointly
measurability and regularity of the Markov semigroup suffices for the proofs of
the relevant results in [24]. Working with ergodic measures either through the
canonical dynamical system or the equivalent characterisation as extreme points
in PP

inv(S) is somewhat inconvenient. Therefore we now want to discuss some
equivalent characterisations of ergodicity.

A Borel set E ⊂ S is µ-almost (P (t))t≥0-invariant if it is µ-invariant with
respect to P (t) for every t ∈ R+. E is called a Lebesgue-almost (P (t))t≥0-
invariant set if for every x ∈ E, P (t)δx(E) = 1 for almost every t ∈ R+.
Observe that E a Lebesgue-almost (P (t))t≥0-invariant set if and only if E is
R-invariant.

We have the following equivalent characterisations for a (P (t))t≥0-invariant
probability measure to be ergodic:

Theorem 4.4. Let µ be a (P (t))t≥0-invariant probability measure. Then the
following are equivalent:

(i) µ(E) = 0 or 1 for every Lebesgue-almost (P (t))t≥0-invariant set E.

(ii) µ(E) = 0 or 1 for every µ-almost (P (t))t≥0 invariant set E.

(iii) There exists a Borel subset B of S such that µ(B) = 1 and such that

(U(t)f(x))n converges to 〈µ, f〉 for every x ∈ B and f ∈ Cb(S).

(iv) For every f ∈ BM(S), U(t)f(x) converges to 〈µ, f〉 for µ-a.e. x ∈ S.

(v) µ is an extreme point of PP
inv ⊂ P(S).

(vi) µ is R-ergodic.

Proof. Let µ be a (P (t))t≥0-invariant probability measure. By Proposition 3.5
µ is an R-invariant probability measure.

The equivalence between (ii) and (v) follows from [24, Theorem 3.2.4 and Propo-
sition 3.2.7].
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A Borel set E is R-invariant if and only if it is Lebesgue-almost (P (t))t≥0-
invariant, so µ satisfies (i) if and only if µ satisfies Theorem 4.2 (i).

Theorem 3.7 implies that for any f ∈ BM(S) and any x ∈ S, U(t)f(x) =

〈P(t)δx, f〉 converges as t → ∞ if and only if V (n)f(x) = 〈R(n)δx, f〉 converges
as n → ∞, where V is the dual of R. Thus (iii) and (iv) are equivalent to
Theorem 4.2 (iii) and (iv) respectively. And by Proposition 3.5, PP

inv = PRinv so
they have the same extreme points. Thus (v) is equivalent to Theorem 4.2 (v).

Now the statement follows from Theorem 4.2.

Analogous to the definition of P -invariant sets for a regular Markov operator
P , we define a Borel set E ⊂ S to be (P (t))t≥0-invariant if for every x ∈ E,
P (t)δx(E) = 1 for all t ∈ R+. Clearly, every (P (t))t≥0-invariant set E is
Lebesgue-almost (P (t))t≥0-invariant, so µ(E) = 0 or µ(E) = 1 whenever µ
is a (P (t))t≥0-ergodic measure. However, the converse need not hold: one can
easily construct Lebesgue-almost (P (t))t≥0-invariant sets that are not (P (t))t≥0-
invariant.

A natural question arises: is a (P (t))t≥0-invariant measure µ ergodic whenever
µ(E) = 0 or 1 for every (P (t))t≥0-invariant set E? The following results answer
this question affirmatively:

Theorem 4.5. Let E be a Lebesgue-almost (P (t))t≥0-invariant set. Then the
set

Ê := {x ∈ S : lim sup
t→∞

P(t)δx(E) = 1}

contains E, is Borel measurable and satisfies:

(i) Ê is (P (t))t≥0-invariant,

(ii) µ(E) = µ(Ê) for every (P (t))t≥0-invariant probability measure µ.

Consequently, any (P (t))t≥0-invariant probability measure µ is ergodic if and
only if µ(E) = 0 or µ(E) = 1 for every (P (t))t≥0-invariant Borel set E.

Proof. First observe that Corollary 3.10 implies that

Ê := {x ∈ S : lim sup
n→∞

P(n)δx(E) = 1}, (2)

where the n ranges over N. Second, if x ∈ E, then P (t)δx(E) = 1 for Lebesgue

almost every t ∈ R+, so P(t)δx(E) = 1 for every t ∈ R+. Thus x ∈ Ê.

Let B = S\Ê. Then B = {x ∈ S : lim supn→∞P(n)δz(E) < 1}. We can write
B = ∪m∈NBm, where

Bm := {x ∈ S : lim sup
n→∞

P(n)δx(E) ≤ 1− 1

m
}.

Fix m ∈ N, then Bm = ∩d∈N ∪N∈N ∩n≥NCd,m,n, where Cd,m,n = {x ∈ S :

P(n)δx(E) ≤ 1 − 1
m + 1

d}. Since P(n) is a regular Markov operator and E is a

Borel set, x 7→ P(n)(E) is Borel measurable by Proposition 2.5 and Proposition
2.2, thus Cd,m,n is a Borel set for every d,m, n ∈ N.
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So B is Borel measurable, and consequently Ê as well.

The crucial part in the proof is the following:

Claim: If µ ∈ P(S) is such that lim supt→∞P(t)µ(E) = 1, then µ(Ê) = 1.
Proof of claim: By assumption there is a sequence (tn)n ⊂ R+ such that tn ↑ ∞
and P(tn)µ(E) → 1. Since 0 ≤ U(tn)11E(x) = P(tn)δx(E) ≤ 1 for every x ∈ S,

we have U(tn)11E ≤ 11S and thus∫
S

|11S −U(tn)11E | dµ =

∫
S

(11S −U(tn)11E) dµ = 1−P(tn)µ(E)→ 0

as n→∞. Thus (U(tn)11E)n converges to 11S in L1(µ). Then there is a subse-

quence (U(tnk
)11E)k that converges to 11S µ-a.e. [11, Corollary 2.32]. So there

is a Borel set D ⊂ S such that µ(D) = 1 and P(tnk
)δx(E) = U(tnk

)11E(x) → 1
for every x ∈ D. So D ⊂ Ê and thus µ(Ê) = 1.

We now prove the remaining two properties:

(i) Let x ∈ Ê and t ∈ R+. There is a sequence (tn)n ⊂ R+ such that tn ↑ ∞
and P(tn)δx(E)→ 1. By Lemma 3.12, ‖P(tn)P (t)δx −P(tn)δx‖TV → 0 as

n→∞, thus P(tn)P (t)δx(E)→ 1 as well. So P (t)δx(Ê) = 1, according to
the claim, thus Ê is (P (t))t≥0-invariant.

(ii) We first show that the statement holds for every R-ergodic measure. Let
ν be an R-ergodic measure. E is R-invariant by assumption and by (i),
Ê is R-invariant as well. So ν(E) ∈ {0, 1} and ν(Ê) ∈ {0, 1}. Assume
that ν(E) 6= ν(Ê). Since E ⊂ Ê, the only possibility is that ν(E) = 0

and ν(Ê) = 1. Then P(t)ν(E) = ν(E) = 0 for every t ∈ R+. So for every
t ∈ R+

0 = P(t)ν(E) =

∫
S

P(t)δx(E) dν(x) =

∫
Ê

P(t)δx(E) dν(x).

Thus for each t ∈ R+ there is a Borel set Ft ⊂ Ê such that ν(Ft) = 1 and

P(t)δx(E) = 0 for every x ∈ Ft. Define F := ∩n∈NFn. Then F is Borel

measurable, F ⊂ Ê and ν(F ) = 1. For every x ∈ F , P(n)δx(E) = 0 for all
n ∈ N. According to (2) F ∩ Ê = ∅, so F = ∅. This contradicts ν(F ) = 1
and we conclude that ν(E) = ν(Ê).

Now let µ be a (P (t))t≥0-invariant probability measure. Then µ is R-invariant

by Proposition 3.5. For every x ∈ ΓRcpie, εx is ergodic, and thus εx(E) = εx(Ê).
Hence

µ(E) =

∫
ΓR
cpie

εx(E) dµ(x) =

∫
ΓR
cpie

εx(Ê) dµ(x) = µ(Ê)

by Theorem 2.13 and Proposition 2.3. The last statement now is a simple
consequence of Theorem 4.4.

4.2 Preliminary Yosida-type decomposition of state space
and integral decomposition of invariant measures

In this section we prove results for Markov semigroups that are similar to those
obtained in [27] for Markov operators and summarised in Section 2.3.
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Recall that we assume P = (P (t))t≥0 to be a regular jointly measurable Markov
semigroup on S. Let R be its resolvent and U = (U(t))t≥0 the associated dual
semigroup.

We define
ΓP
t := {x ∈ S : {P(t)δx : t ∈ R≥1} is tight},

ΓP
cp := {x ∈ S : P(t)δx converges in SBL as t→∞.}

For x ∈ ΓP
cp we define εx = limt→∞P(t)δx. Then εx ∈ P(S). Notice that we

distinguish in notation this measure from the Markov operator analogue εx that
we associate to R.

Then we set
ΓP
cpi = {x ∈ S : εx is (P (t))t≥0-invariant}.

It need not be true that εx is a (P (t))t≥0-ergodic measure whenever x ∈ ΓP
cpi,

as the following example shows.

Example 4.6. Let S = [−1, 1] with Euclidean metric d and define for x ∈ S
and t > 0,

P (t)δx :=

 δmin(x−t,−1) if x < 0
1
2δmin(−t,−1) + 1

2δmax(t,1) if x = 0
δmax(x+t,1) if x > 0.

It is not difficult to prove that (P (t))t≥0 defines a Markov semigroup via
P (t)µ =

∫
S
P (t)δx dµ(x) and that (P (t))t≥0 is even stochastically continuous

and Markov-Feller. Now, ε0 = 1
2δ−1 + 1

2δ1 is invariant with respect to (P (t))t≥0,
hence 0 ∈ Γcpi, but ε0 is not ergodic, since ε0 is not an extreme point of the
invariant measures.

Therefore we define

ΓP
cpie := {x ∈ S : εx is (P (t))t≥0-ergodic}.

Clearly ΓP
t ⊃ ΓP

cp ⊃ ΓP
cpi ⊃ ΓP

cpie.

We define
PP
t := {µ ∈ P(S) : (P(t)µ)t≥1 is tight }

and
PP
cp := {µ ∈ P(S) : P(t)µ converges in SBL as t→∞.}

For µ ∈ PP
cp, we define εµ := limt→∞P(t)µ. Then we can define

PP
cpi := {µ ∈ PP

cp : εµ is (P (t))t≥0-invariant}

and
PP
cpie := {µ ∈ PP

cpi : εµ is (P (t))t≥0-ergodic}.

Note that x ∈ ΓP
• if and only if δx ∈ PP

• , for • = t, cp, cpi, cpie. If x ∈ ΓP
cp, then

εδx = εx.

Corollary 3.9 implies that for every 0 < α < β and µ ∈ P(S), {(P(t)δx : t ∈
[α, β]} is compact in SBL, thus tight. Consequently, if µ ∈ P(S) is such that

(P(t)µ)t≥α is tight for some α > 0, then it is tight for every α > 0.
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Theorem 4.7.
PP
• = PR• and ΓP

• = ΓR• ,

where • = t, cp, cpi, cpie. Moreover, εµ = εµ for every µ ∈ PP
cp. Consequently,

ΓP
t ,Γ

P
cp,Γ

P
cpi and ΓP

cpie are Borel sets and

µ(ΓP
t ) = µ(ΓP

cp) = µ(ΓP
cpi) = µ(ΓP

cpie) = 1

for every (P (t))t≥0-invariant probability measure µ.

Proof. Let µ ∈ PP
t . Let (nk)k ⊂ N such that nk ↑ ∞. Then there is a subse-

quence (nkl)l such that P(nkl
)µ converges in SBL, so by Theorem 3.7 R(nkl

)µ
converges in SBL. Thus µ ∈ PRt .

Let µ ∈ PRt . Let (tk)k ⊂ [1,∞). If (tk)k is bounded, then it has a converging

subsequence, so P(tk)µ has a converging subsequence by Corollary 3.9. Else
there is a subsequence of (tk)k converging to infinity. Then there is a further

subsequence (tkl)l, such that R(btkl
c)µ converges in SBL, hence P(tkl

)µ converges
in SBL by Corollary 3.11. Thus µ ∈ PP

t . So PP
t = PRt and thus ΓP

t = ΓRt .

Corollary 3.11 implies that PP
cp = PRcp, ΓP

cp = ΓRcp and εµ = εµ for every µ ∈ PP
cp.

By Proposition 3.5, PP
cpi = PRcpi and ΓP

cpi = ΓRcpi. From Theorem 4.4, we obtain

that PP
cpie = PRcpie and ΓP

cpie = ΓRcpie.

The final statement follows from the results obtained in [27] summarised in
Section 2.3.

On ΓP
cpie an equivalence relation ∼ is defined as follows: x ∼ y whenever εx =

εy. We write [x] to denote the equivalence class of x ∈ ΓP
cpie. The following

result comes from [27, Theorem 4.6]. It implies that we can decompose ΓP
cpie

into disjoint Borel measurable subsets, such that each ergodic measure has full
measure on exactly one of these subsets.

Theorem 4.8. (i) For every x ∈ ΓP
cpie the set [x] is Borel measurable and

εx([x]) = 1.

(ii) Any ergodic measure µ is of the form µ = εx for some x ∈ ΓP
cpie.

Using the characterisation we obtain an integral decomposition of invariant
probability measures in terms of ergodic measures ([27, Theorem 4.10]).

Theorem 4.9. Let µ be an invariant probability measure. Then the map

x 7→
{
εx if x ∈ ΓP

cpie

0 if x 6∈ ΓP
cpie.

(3)

is strongly measurable from S to SBL and

µ =

∫
ΓP
cpie

εx dµ(x).

For f ∈ Cb(S) we define the Borel measurable function

f∗(x) =

{
〈εx, f〉 if x ∈ ΓP

cp

0 if x 6∈ ΓP
cp.
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By applying Theorem 3.7 and Theorem 4.7 to the results in [27, Section 5], we
find analogous results in the Markov semigroup setting.

Proposition 4.10. Let µ ∈ P(S).

1. If µ(ΓP
cp) = 1, then µ ∈ PP

cp, εµ =
∫

ΓP
cp
εx dµ(x) and for every f ∈ Cb(S),

〈εµ, f〉 = 〈µ, f∗〉.

2. If µ(ΓP
cpi) = 1, then µ ∈ PP

cpi and εµ =
∫

ΓP
cpi
εx dµ(x).

3. If µ([z]) = 1 for some z ∈ ΓP
cpie, then µ ∈ PP

cpie and εµ = εz.

Proposition 4.11. Let µ be a finite Borel measure on S such that |µ|(S\ΓP
cp) =

0. Then there is a finite Borel measure µ∗ such that the following statements
holds:

(i) ‖P (n)µ− µ∗‖∗BL → 0 as n→∞.

(ii) 〈µ∗, f〉 = 〈µ, f∗〉 for every f ∈ Cb(S)

(iii) If |µ|(S\ΓP
cpi) = 0, then µ∗ is invariant.

Proposition 4.12. Let ν be an invariant probability measure and µ ∈ M(S)
such that µ � ν. Then there is an invariant probability measure µ∗ such that
‖P (n)µ− µ∗‖TV → 0 and 〈µ∗, f〉 = 〈µ, f∗〉 for every f ∈ Cb(S).

4.3 Full Yosida-type ergodic decomposition

Let P be a regular Markov operator and P = (P (t))t≥0 a regular jointly mea-
surable Markov semigroup with resolvent R and dual semigroup U = (U(t))t≥0.

Let E be a Borel set in S. There is a natural bijection between M(E) and
ME(S) := {µ ∈M(S) : |µ|(S\E) = 0}: we can extend any finite Borel measure
µ on E to a finite Borel measure µ on S, by defining µ(F ) := µ(F ∩E) for every
Borel set F in S. Then clearly |µ|(S\E) = 0. On the other hand, if ν is a finite
Borel measure on S such that |ν|(S\E) = 0, then its restriction to E defines a
Borel measure µ such that µ = ν.

Let E be a P -invariant Borel set. Then P leaves ME(S) invariant: if µ ∈
ME(S), then by Proposition 2.5

P |µ|(E) =

∫
S

Pδx(E) d|µ|(x) ≥
∫
E

d|µ| = |µ|(E) = |µ|(S).

Thus |Pµ|(S\E) ≤ P |µ|(S\E) = |µ|(S\E) = 0. So we can restrict P toME(S).
This gives a ‘restriction’ of P to a regular Markov operator on M(E).

Similarly, if E is a (P (t))-invariant Borel set, then (P (t))t≥0 leaves ME(S)
invariant, which gives a ‘restriction’ of (P (t))t≥0 to a regular jointly measurable
Markov semigroup on M(E).

The following theorem is shown in [27, Theorem 4.13], giving a full Yosida-type
ergodic decomposition for regular Markov operators on Polish spaces.
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Theorem 4.13. Let S be a Polish space and P a regular Markov operator. If
there exist invariant measures or equivalently, if ΓPcpie is not empty, then for

every x ∈ ΓPcpie the following statements hold:

(i) There exists a P -invariant Borel set S[x] ⊂ [x] such that εx(S[x]) = 1.

(ii) εx is the unique invariant probability measure of P[x], where P[x] is the
restriction of P to M(S[x]).

(iii) P[x] is ergodic in the sense that S[x] cannot be written as the union of two
disjoint P[x]-invariant sets A and B with εx(A) > 0 and εx(B) > 0.

Our aim is to show an analogous result for the Markov semigroup (P (t))t≥0.

Proposition 4.14. Let x ∈ ΓP
cpie = ΓRcpie and let S[x] be the R-invariant Borel

set in [x] given by Theorem 4.13. Then S[x] is (P (t))t≥0-invariant.

Proof. The set S[x] from Theorem 4.13 is defined by [27, Lemma 4.1] as follows:
S[x] = ∩∞n=1Bn, where B0 = [x] and

Bn = {x ∈ Bn−1 : Rδx(Bn−1) = 1}.

Let E be an R-invariant Borel set in [x], then E ⊂ B0. Assume that E ⊂ Bn
for some n ∈ Z≥0, then Rδx(Bn) ≥ Rδx(E) = 1 for every x ∈ E, so E ⊂ Bn+1.
Thus by induction E ⊂ ∩∞n=1Bn = S[x], i.e. S[x] is the largest R-invariant set in
[x].

Let Ŝ[x] be defined as in Theorem 4.5, i.e.

Ŝ[x] := {z ∈ S : lim sup
t→∞

P(t)δz([x]) = 1}.

Then Ŝ[x] is Borel measurable, S[x] ⊂ Ŝ[x] ⊂ [x] and Ŝ[x] is (P (t))t≥0-invariant,

by Theorem 4.5. We will show that Ŝ[x] ⊂ [x]. Since Ŝ[x] is also R-invariant,

this will imply that actually Ŝ[x] = S[x].

Let z ∈ Ŝ[x]. Then there is a sequence (tn)n ⊂ R+, such that tn ↑ ∞ and

0 < P(tn)δz([x])→ 1. For E ⊂ S Borel, we define

νn(E) :=
P(tn)δz(E ∩ [x])

P(tn)δz([x])
.

Then νn defines a probability measure on S, and clearly νn([x]) = 1. Proposition
4.10 implies that νn ∈ PP

cpie and ενn = εx.

Since P(tn)δz ≥ P(tn)δz([x]) · νn,

‖P(tn)δz −P(tn)δz([x]) · νn‖TV = P(tn)δz(S)−P(tn)δz([x])νn(S)

= 1−P(tn)δz([x])→ 0

as n→∞, and

‖P(tn)δz([x]) · νn − νn‖TV ≤ |P(tn)δz([x])− 1| → 0,

23



thus ‖P(tn)δz − νn‖TV → 0 as n→∞.

It follows from [18, Lemma 2] that limt→∞ ‖P(t)ρ−P(t)P(s)ρ‖TV = 0 for every

ρ ∈ P(S) and s ∈ R+. Thus, because P(t) is a Markov operator,

lim sup
t→∞

‖P(t)δz −P(t)νn‖TV = lim sup
t→∞

‖P(t)P(tn)δz −P(t)νn‖TV

≤ ‖P(tn)δz − νn‖TV.

Now,

lim sup
t→∞

‖P(t)δz − εx‖∗BL ≤ lim sup
t→∞

‖P(t)δz −P(t)νn‖TV

≤ ‖P(tn)δz − νn‖TV,

which converges to zero as n→∞. Thus z ∈ [x].

Now we can conclude a full Yosida-type ergodic decomposition result for
(P (t))t≥0.

Theorem 4.15. Let S be a Polish space and P = (P (t))t≥0 a regular jointly
measurable Markov semigroup. If there exist invariant measures, or equivalently,
if ΓP

cpie is not empty, then for every x ∈ ΓP
cpie the following statements hold:

(i) There is a (P (t))t≥0-invariant Borel set S[x] ⊂ [x] such that εx(S[x]) = 1.

(ii) εx is the unique invariant probability measure of the restriction (P (t)[x])t≥0

of (P (t))t≥0 to M(S[x]).

(iii) (P (t)[x])t≥0 is ergodic in the sense that S[x] cannot be written as the union
of two disjoint (P (t)[x])t≥0-invariant sets A and B with εx(A) > 0 and
εx(B) > 0.

Proof. (i) We define S[x] as in Proposition 4.14. Then the result follows from
that proposition.

(ii) Since S[x] is (P (t))t≥0-invariant, we can restrict (P (t))t≥0 to a regular jointly
measurable Markov semigroup (P (t)[x])t≥0 onM(S[x]). Let µ be a (P (t)[x])t≥0-
invariant probability measure on S[x] and µ the extension of µ to S. Then µ
is a (P (t))t≥0-invariant probability measure on S such that µ(S[x]) = 1, thus
µ(S[x]) = 1. Now, by Theorem 4.9 and since µ(S\S[x]) = 0

µ =

∫
ΓP
cpie

εy dµ(y) =

∫
S[x]

εy dµ(y)

=

∫
S[x]

εx dµ(y) = εx,

thus µ is the restriction of εx to S[x].

(iii) Let A,B be disjoint (P (t)[x])t≥0-invariant Borel subsets of S[x] such that
εx(A) > 0 and εx(B) > 0. Then A,B are disjoint (P (t))t≥0-invariant Borel
subsets of S, thus by ergodicity of εx, εx(A) = εx(B) = 1. But then εx(A∪B) =
2, which gives a contradiction with the fact that εx is a probability measure.
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Remark 4.16. Theorem 4.15 extends [6, Proposition 5.2 and Theorem 5.1].
There, Markov semigroups associated to Borel right processes on locally com-
pact separable metric spaces are considered (see [25, pp. 104-105] for a definition
of Borel-right processes). It follows from [4, Remark 5 in §29] that every locally
compact separable metric space is a Polish space, so our setting is more general.
Also, we do not need any continuity result on the Markov semigroup: joint mea-
surability and regularity are sufficient. Finally the sets defined in [6, Theorem
5.1] depend on a pre-chosen invariant probability measure, while our sets do
not.

Proposition 4.17. Let µ ∈ P(S) be such that

lim sup
t→∞

P(t)µ([x]) = 1

for some x ∈ ΓP
cpie. Then µ([x]) = 1, µ ∈ PP

cpie and P(t)µ → εx in SBL as
t→∞.

Proof. Tthere is a sequence (tn)n ∈ R+ such that tn ↑ ∞ and P(tn)µ([x]) → 1
as n→∞. Proceeding as in the proof of Theorem 4.5,∫

S

|11S −U(tn)11[x]| dµ = 1−P(tn)µ([x])→ 0

as n→∞, so by [11, Corollary 2.32] there is a Borel set D ⊂ S and subsequence

(U(tnk
)11[x])k, such that µ(D) = 1 and U(tnk

)11[x](z)→ 1 for every z ∈ D.

Re-examination of the proof of Proposition 4.14 shows that

P(tn)δz([x]) = U(tn)11[x](z)→ 1 as n→∞

implies that z ∈ [x]. Thus D ⊂ [x] and consequently µ([x]) = 1. The final
statement follows from Proposition 4.10.
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