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Abstract

We study the nonsymmetric Fokker-Plamck equation from the point
of view of the gradient flows on the Wasserstein-2 space of probability
measures on Rd. Even though this equation is not a gradient flow, we
do show that under suitable conditions it does have properties rather
analogous to those that flows induceed by maximal monotone operators
on Hilbert spaces have. Besides that that we also show that the flow
has a regularizing property, i.e. the semigroup is differentiable. One of
the main tools that we use is the Trotter-Kato product formula for our
equation with recpect to the Wasserstein-2 metric, which we prove in
Section 3. This result is by itself new even if we consider the symmetric
Fokker-Planck equation.

1 Introduction

In this monograph we study the Fokker-Planck equation on Rd.

∂tµt = ∆µt + ∇ · (bµt) µ0 ∈ P(Rd) (1.1)

in the sense of distributions on D((0,∞) × Rd where the solution t 7→ µt assumes
values in the space P(Rd) of Borel probability measures on Rd and is weakly
continuous. The drift coefficient b of (1) is assumed to satisfy the following three
conditions: it is locally Lipschits, i.e.

∀R > 0 ∃cR > 0 such that |b(x) − b(y)| 6 cR|x− y| if |x|, |y| 6 R (1.2)

it satisfies the linear growth condition

∃c > 0 such that |b(x)| 6 c(1 + |x|) for x ∈ Rd (1.3)
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and is moreover monotone, i.e.

〈b(x) − b(y), x− y〉 > 0 for x, y ∈ Rd (1.4)

Equation (1.1) is the Kolmogorov forward equation of the associated stochas-
tic differential equation (SDE)

dXt = −b(Xt)dt+
√

2dWt (1.5)

where (Wt)t>0 in a standard Brownian Motion with values in Rd. For equations
of this type the strong existence of uniqueness hold provided (1.2) and (1.3)
hold. Moreover the equation (1.5) induces a family of Markov transition ker-
nels, and the paths of the dual semigroup (i.e. the action of transition kernels
on measures) are the solutions of (1.1) for any initial ρ0 ∈ P(Rd) (interested
reader may consult monographs [11], [20], [21] and also [9] for theory on infinite
dimensional spaces. Moreover [19] considers stochastic equations as (1.5) where
the drift is a multyvalued maximal monotone operator).

Equations (1.1) and (1.5) have been studied extensively in the past, and
even more recently, several papers have appeared on this subject (see [5] for
existance, [4] for uniqueness and [3]) for the regularity under rather general
growth conditions. In these monographs authors consider the second order part
of the differential operator to be eliptic with coefficients depending on x, and
b to be just locally bounded, and in particular in [3] authors show that any
solution µt to (1.1) is L1 a.e. absolutely continuous w.r.t the Lebegue measure
Ld. Although such setting is more general than the setting in curent work, we
will show that our setting is a natural one to study equation (1.1).

Furthermore in [14] authors investigate (1.1) from the point of view of Opti-
mal Transportation and prove contractivness of the flow of solutions with respect
to a class of optimal transportation distances which contain all the Wasserstin-p
for p ∈ [1,∞) distances. Such point of view has been very successfully is inves-
tigating equations like (1.1) when the drift b coefficient is a gradient of a lower
semicontinuous convex function V : Rd → (−∞,∞], or even if when V is not
convex. Seminal papers [12] and [17] have provided a foundation for a novel
branch of variational analysis which has inspired many mathematicians to do
their own investigations and subsequently many papers and books about these
and other related topics have appeared during the past decade (for example [1],
[23], [24]). We adopt this point of view and analyse equation (1.1) as an equa-
tion on the metric space (P2(Rd),W2) of probability measures on Rd equiped
with the Wasserstin-2 distance.

The existing theory about gradient flows on the Wasserstein-2 space does
not suffice to yield any claim about equation (1.1), since if b is not a gradient
(of a convex function on R)) there is no reason why solutions of (1.1) should
be gradient flow curves on (P2,W2) in the sense of Ambrosio–Gigli-Savaré (see
[1] and also[2] for the study of the symmetric Fokker-Planck equation in the
infinite dimensional setting)-as a matter a fact the author of this thesis would
be much less surprissed to read a proof of the reverse claim. However in light
of the continuity equations ([1] ch 8), the Wasserstein ”generator” of (1.1) can
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be seen as a sum of the subdifferential of the Heat Entropy functional and the
mapping b which is monotone along any couppling plan. These observations
point out that the Wasserstein–2 space should be a natural ambient for the
Fokker–Planck equation (1.1). In fact we are going to prove that solutions
of equation(1.1) have the properties that we expect, i.e. just as in the case of
gradient flows,there is a strong analogy between the properties of a flow induceed
by a maximal monotone operator on a Hilbert space and the properties that
solutions of our Non-symmetric Fokker-Planck equation have as curves in the
wasserstein-2 space. Moreover we will show that the Trotter-Kato Product
formula holds for (1.1)-this result is new and seems intersting by itself (but see
...for a related though less general result where authors show that this formula
holds for the symmetric Foker-Planck equation, when approximation steps are
both taken by a resolvent and the drift coefficient is a gradient of a C2 convex
function that has bouneded Laplacian). Next to this we will show that if the
drift coefficient b is Lipschitz, the induceed semigroup exibites the regularizing
effect. The fact that our solutions posses all of the above mentioned properties,
indeed conform strongly that (P2,W2) is a natural ambient space for the Non-
symmetric Fokker-Planck equation in authors opinion.

Plan of Chapter

In section 2. we briefly recall some basic background material concerning
equation (1.1), in particular the theory of Gradient flows in (P2(Rd),W2) and
some absolute continuity properties of curves in (P2(Rd),W2). In section 3 we
show that P2(Rd) is invariant under the action of the Markov semigroup of
the SDE. Moreover we show that the Trotter-Kato product formula holds when
both approximation steps are obtained by the semigroups, provided b satisfies
(1.3) and (1.4). In particular product formula holds when v = ∇V and this is
by itself a novel result! As our composition of two steps is a contraction, the
Trotter-Kato product formula will be a very powerful tool to show that (1.1)
has the regularizing effect, which we adress in section 4. In this section we
characterize the domain of the Wasserstin ”generator” of (1.1) and show that
just as a gradient flow, our semigroup posseses the regularizing effect. That is
for any initial measure µ0 ∈ P2(Rd), the solution µt at time t > 0 of (1.1) is
a member of the domain of this “generator”. and t 7→ µt is Lipshitz on [ε,∞)
for each ε > 0. We conclude the section with a theorem that states all the
properties of our flow; it does not take long to observe the great analogy with
the properties of a flow induced by a Maximal Monotone Operator on Hilbert
space (c.f [6] Theoreme 3.1). Finaly in section 5 we look at the invariant measure
under the uniform elipticity condition on b, and explain that even in the case
where b is a matrix, there are infinitely many positive definite matrices that
have the same invariant measure. Hence contrary to the gradient flow case, the
invariant measure does not contain sufficient information about the flow of (1.1)
in general. For in the case of gradient flow, the resolvents and subsequently the
induceed semigroup are fully determined by the relative entropy functional with
respect to the invariant measure.
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2 Preliminaries

Any maximal monotone subset b of Rd with domain equal to Rd induces a
contraction semigroup (St)t>0 and it’s paths t 7→ Stx are Lipschits on [0,∞) for
each x ∈ Rd and the equation

d

dt
Stx = −b(Stx) L1 a.e on[0,∞) ∀x ∈ Rdtag2.1 (1)

holds (see [1] Theorem 3.1). Since we assume our monotone operator b : Rd 7→
Rd to be single-valued and at least continuous [1] Proposition 2.4 implies that
it is always maximal. We than also have that the function

t 7→ |b(Stx)| (2.2)

is decreasing for each x ∈ Rd.
For any map b : Rd → Rd that satisfies (1.2) and (1.3) we have the strong

existence and uniqueness for the SDE (1.5) and the solutions are Markov pro-
cesses. We denote (Qt)t>0 to be it’s Markov semigroup, i.e.

Qtf(x) = Ef((Xx
t ), f ∈ Bb(Rd) t > 0 (2.3)

and by (Rt)t>0 the dual semigroup, i.e.

Rtµ(B) := Q∗
tµ(B) =

∫
Rd

Qt1Bdµ(x) µ ∈ P(Rd). (2.4)

In this P(Rd) denotes the set of Borel probability measures on Rd and Xx
t

denotes the solution of (1.5) with X0 := x a.s.
We write µt := Law(Xt) the distribution of the solution of time t > 0,

and remark that by an easy application of the Ito formula one sees that the
weakly continuous curve t 7→ µt of Borel probability measures is the solution of
the Fokker-Planck equation (1.1). Next to this we consider the following two
semigroups and their dual semigroups:

P 1
t f(x) := f(Stx) t > 0 x ∈ Rd f ∈ C0(Rd) (2.5)

P 2
t f(x) =

1√
(2π)dtd

∫
f(y)e−|x−y|2/2tdy t > 0 x ∈ Rd f ∈ C0(Rd) (2.6)

R1
tµ := (P 1

t )∗µ µ ∈ P(X) (2.7)

R2
tµ := (P 2

t )∗µ µ ∈ P(X) (2.8)

Observe that we have

R2
tµ(B) =

1√
(2π)dtd

∫
B

e−|x−y|2/2tdµ(x) (2)
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for
B ∈ B(Bd), µ ∈ P(Rd), t > 0. (3)

In the next section we will show that (R1
t )t>0 and (R2

t )t>0 and (Rt)t>0, are
c0-semigroups on C0(Rd)-the space of continuous functions on Rd that vanish
at infinity. Subsequently we are going to use these facts in order to show that
the Trotter-Kato product formula

(R2
t/nR

1
t/n)nµ

W2−→ Rtµ for t > 0 µ ∈ P2(Rd) (2.9)

holds, where W2 denotes the Wasserstein–2 distance, defined in Chapter 1 ???.
Having done that we can conclude immedeately that (Rt)t>0 is W2–contractive.
This result will turn out to be a very habndy tool to analyse the path properties
of (Rt)t>0 (see section 4). 1

Let us recall some basics and some notation about the Wasserstein-2 space of
probability measures on Rd. P2(Rd) will denote the set of probability measures
on Rd such that

∫
|x|2dp(x) < +∞. One can define a metric on P2(Rd) by

.W 2
2 (µ1, µ2) := inf

γ∈Γ(µ1,µ2)

∫
|x− y|2dγ(x, y) (2.18)

where Γ(µ1, µ2) is a subset of probability measures on R2d such that the push
forwards π1

#γ and, π1
#γ of the projection π1(x, y) := x and π2(x, y) := y which

map Rd × Rd onto Rd, are µ1 and µ2 respectively. One can show that W2 is
complete separable metric space (see [1] Remark 7.1.7). Moreover the infimum
in (2.18) is actually a minimum, and the set of minimizers is called the set of
optimal transport plans and it is denoted by Γ0(µ1, µ2). If µ1 � Ld (Ld denotes
the Lebesgue measure on. Rd) then Γ0(µ1, µ2) is a one point set and there is a
mapping r ∈ L2(µ1; Rd) such that r#µ1 = µ2 and

W 2
2 (µ1, µ2) =

∫
|x− r(x)|2dµ1(x) (2.19)

Moreover there is a convex function ψ on Rd such that r = ∇ψ for µ1 a.e.
x ∈ bbRd. Such map r is called the optimal transport map

Next we recall some facts about absolutely continuous curves in (P2(Rd),W2).
A curve (a, b) 3 t 7→ µt ∈ (P2(Rd),W2) is said to be of classAC2((a, b), (P2(Rd),W2))
if there is a m ∈ L2((a, b), dx) so that

W2(µt1 , µt2) 6
∫ t2

t1

m(r)dr for t1, t2 ∈ [a, b] (2.10)

1The author of this thesis wishes to emphasize two things at this point in time. First he
didnt know about the work of Natile-Peletier-Savare [15] where authors prove contractivity of
the semigroup of the Non-symmetric Fokker-Planck equation (even with reaspect to a rather
wide class of transportation distances) before he completed his investigations. Secondly even
though in the above mentioned work a more general result seem to have obtained , the proof
there is a different one than the proof presented here. Therefore the present result should be
consederd as a new different piece of mathematics in any case.
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If (2.10) holds then the right metric derivative

lim
h→0

W2(µt+h, µt)
h

=: |µ̇|(t) (2.11)

is exists L1 a.e. on (a, b) and (2.10) holds with m = |µ̇| and |µ̇| ∈ L2((a, b), dx).
If t 7→ µt is defined on [c, d] −∞ 6 c < d 6 +∞ and (2.10) holds on [a, b] for
all c < a < b < d then we say that mut is of class AC2

loc([c, d], (P2(Rd),W2)). If
µ : (a, b) → (P2(Rd),W2) is of class AC2 then there is a family vt ∈ L2(µt; Rd)
defined L1 a.e. on (a, b) such that

(t, x) 7→ vt(x) (4)

is a Borel map,∫ b

a

∫
Rd

(∂tϕ(t, x) + 〈∇xϕ(t, x), vt(x)〉)dµt(x)dt = 0 (2.12)

for all ϕ ∈ C∞
c ((a, b) × Rd), and∫ b

a

||vt||2L2(µt;Rd)dt < +∞ (2.13)

This claim and it’s converse are proved in [1] Theorem 8.3.1, and (2.12) is
called the continuity equation. More shortly (2.12) reeds

∂tµt + ∇ · (vtµt) = 0 in D′((a, b) × Rd). (2.14)

The (regular) tangent space of a measure µ ∈ P2(Rd) with (P2(Rd),W2) as
the ambient space is defined by

Tanµ(P2(Rd)) := {∇ϕ|ϕ ∈ C∞
c (Rd)}

L2(µ;Rd)
(2.15)

and when µ � Hd−1-the d − 1 dimensional Haussdorf meassure on Rd this
definition coincides with the abstract definition of the Euclidean tangent cone
to a metric space with nonpositive curvature in the sense of Alexandrov. 2

Moreover there is a L1 a.e. unique choice of a vector field (vt)t∈(a,b) in (2.12)
s.t. vt ∈ Tanµt(P2(Rd)) L1 a.e. on [a, b].A path of such curve can also be locally
“linearized”, a claim comparable with the first order Taylor expansion (see [1]
Proposition 8.4.6 and Theorem 8.4.7).

As we alreday explained in our introductory Capter 1, lower semicontinuous
mappings

ϕ : P2(Rd) → (−∞,+∞] (2.16)

that satisfy conditions ϕ 6≡ +∞, ϕ is bounded from bellow on same ball in
P2(Rd) and is convex along generalized geodesics (see [1] Chapter 9) inducees

2The basic theory of geometry on spaces with curvature bounded bellow or above in the
sence of Alexandrov can be found in [7]. The proof of the fact that P2(Rd) is nonpositively
curved in this sense is given in [1] Theorem 7.3.2

6



a gradient flow on (P2(Rd,W2). This is a semigroup which enjoys certainThe
inequalities follow by path regularity properties analogous to the classical gradi-
ent flows on Hilbert spaces. This abstract and somewhat technical theory turns
to be a very usefull way to interpret of several classes of PDE’s, such as the
heat equation, the symmetric Fokker–Planck equation, and the porous medium
equation. In the sequal we will consider the relative Entropy functional (relative
to Ld) which induces solutions of the heat equation:

H(µ) :=

{∫
dµ
dx log dµ

dxdx if µ� Ld

+∞ otherwise
(2.17)

For the full treatment of these and related topics we refer to [1], [?],[17], [23],
[24], and the numerous references therein.

3 Construction of the semigroup on (P2,W2) –
The Trotter-Kato product formula

We want to show that (2.9) holds, and our strategy is as follows. We first show
that convergence of iterations as in(2.9) holds in the weak∗ sense in C0(Rd)∗.
Next we obtain bounds for the fourth order moments of iterations (R2

t/n, R
1
t/n)k

for µ ∈ P4(Rd) = {µ ∈ P(Rd)|
∫
|x|4dµ(x) < +∞}, and finally use that to show

(2.9). Once we prove these statements we will be able to show that P2(Rd) is
(Rt)t>0 invariant and that this semigroup is W2–contracting.

Lemma 3.1 P2(Rd) is invariant under the action of the semigroup (R1
t )t>0,

and this action is W2 contracting. Moreover for any µ0 ∈ P2(Rd) and 0 < t1 <
t2

W 2
2 (µt1 , µt2) 6 (t2 − t1)2

∫
|b(x)|2dµ0(x) (3.1)

where µt := Rtµ0.the content of

Proof Clearly∫
|x|2dµt =

∫
|Stx|2dµ0(x) 6 |St0|2 +

∫
|Stx− St0|2dµ0(x)

6 |St0| +
∫

|x|2dµ0(x) < +∞

so P2(Rd) is (R1
t )t>0 invariant. Next for µ1, µ2 ∈ P2(Rd) pick a γ ∈ Γ0(µ1, µ2).

As (St, St)#γ ∈ Γ(Stµ1, Stµ2) for each t > 0 we estimatethe content of

W 2
2 (R1

tµ1, R
1
tµ2) 6

∫∫
|Stx− Sty|2dγ(x, y) 6

6
∫∫

|x− y|2dγ(x, y) = W 2
2 (µ1, µ2)

(3.2)
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hence (R1
t )t>0 is W2–contactive.

Finaly for 0 < t1 < t2 the map ψ(x) := (St1x, St2x) has property that
ψ#µ0 ∈ Γ(St1µ0, St2µ0) for any µ0 ∈ P2(Rd) hence we estimate

W 2
2 (R1

t1µ0, R
1
t2µ0) 6

∫
|St1x− St2x|2dµ0(x) =

=
∫

Rd

∣∣∣∣∫ t2

t1

−b(S1x)ds
∣∣∣∣2 dµ0(x) 6 |t0 − t1|2

∫
|b(x)|2dµ0(x)

(3.3)

using (2.1) and (2.2).

�

We want to show that (P 1
t )t>0 and (P 2

t )t>0 are c0–semigroups on C0(Rd).
For (P 1

t )t>0 we first observe that since b satisfies (1.2) and (1.3) we can solve
the ODE system

S̃tx− x =
∫ t

0

b(S̃sx)ds (3.5)

on [0,∞) × Rd and extend (St)t>0 to a group on Rd by

Stx := S̃−tx t < 0 x ∈ Rd (3.6)

which in particular means that for each t > 0, St has a continuous inverse. This
in turn implies that for f ∈ C0(Rd) and xn → +∞, P 1

t f(xn) = f(Stxn) → 0,
i.e. P 1

t (C0(Rd)) ⊂ C0(Rd) for t > 0.
For the strong continuity property of (P 1

t )t>0 i.e. limt↓0 P
1
t f = f in C0(Rd)

we appeal to [20] Lemma III 6.7, and observe that indeed for x ∈ Rd and f ∈
C0(Rd) P 1

t f(x) = f(Stx) → f(x) as t ↓ 0. As for (P 2
t )t>0 an easy calculation

yields the same conclusions. We therefore have the following

Proposition 3.2 The restriction of (P 1
t )t>0 and (P 2

t )t>0 to C0(Rd) are con-
tractive c0 semigroups.

Proof In light of the above discussion we only need to show contractivness.
But this is easy, for t > 0 and f ∈ C0(Rd) we have

|P 1
t f(x)| = |f(Stx)| 6 |f |∞

and

|P 2
t f(x)| =

∣∣∣∣∣ 1√
(2π)dtd

∫
f(y)e−|x−y|2/etdy

∣∣∣∣∣ 6
6 |f |∞

1√
(2π)dtd

∫
e−|x−y|2/2tdy = |f |∞

�
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We also have that Qt(C0(Rd)) ⊂ C0(Rd). Indeed this claim holds since (1.2)
insures that the condition (5.3.6) of Example 5.3.3 in [14]. Moreover solutions
of (1.5) have continuous paths a.s. hence Qtf(x) = Ef(Xx

t ) → Ef(Xx
0 ) = f(x)

as t → 0, and again by [20] Lemma III 6.7 we conclude that (Qt)t>0 is a C0

semigroup on C0(Rd). Observe that the generators od P 1
t , P

2
t , Pt are

A1f := −〈∇f, b〉 f ∈ D(A1) (3.7)
A2f := ∆f f ∈ D(A2) (3.8)
Af := ∆f − 〈∇f, b〉 f ∈ D(A) (3.9)

respectively.
Since (Qt)t>0 is clearly a contraction on C0(Rd), [10] Theorem 3.15 yields

that Im(λ−A) = C0(Rd) for λ > 0. But than since (P 1
t )t>0 and (P 2

t )t>0 are
also contraction on C0(Rd), [10] Corollary 5.8 gives the followong result.

Proposition 3.3 For any f ∈ C0(Rd)

lim
n

(P 2
t/nP

1
t/n)nf = Qtf in C0(Rd) (3.10)

and
lim
n

(P 1
t/nP

2
t/n)nf = Qtf in C0(Rd) (3.11)

uniformly on compact time intervals.

Corollary 3.4 For µ ∈ M(Rd) = C0(Rd)∗

(R2
t/nR

1
t/n)nµ→ Rtµ for t > 0 (3.12)

(R1
t/nR

2
t/n)nµ→ Rtµ for t > 0 (3.13)

the convergence being in the weak* sense of C0(bbRd)∗.

In next two lemmas we obtain estimates for the fourth order moments of the
successive iterations of a measure µ0 ∈ P4(Rd).

Lemma 3.5 There is a constant c > 0 depending only on the linear growth
constant of b in (1.3), such that for any µ0 ∈ P4(Rd) and for any t > 0∫

|x|4dR1
tµ0dx 6 ect

∫
|x|4dµ0(x) + ctect (3.14)
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Proof We simply estimate (using (1.3), (2.2))∫
|x|4dR1

tµ0(x) =
∫

|Stx|4dµ0(x) =
∫ ∣∣∣∣x−

∫ t

0

b(Ssx)ds
∣∣∣∣4 dµ0 =

=
∫ (

|x|2 − 2
〈
x,

∫ t

0

b(Ssx)ds
〉

+
∣∣∣∣∫ t

0

b(Ssx)ds
∣∣∣∣2
)2

dµ0(x)

6
∫

[|x|4 + 4|x|3tc(1 + |x|) + 4|x|(tc)3(1 + |x|)3+

+ 2|x|2(tc)2(1 + |x|)2 + 2|x|2(tc)2(1 + |x|)2 + (tc)4(1 + |x|)4]dµ0(x)

6 [|x|4 + 4tc|x|3 + (4tc)2|x|2 + (4tc)3|x| + (4tc)4+

+ (4tc+ (4tc)2 + (4tc)3 + (4tc)4)|x|4]dµ0(x)

As for k = 1, 2, 3∫
|x|kdµ0(x) =

∫
|x|>1

+
∫
|x|<1

|x|kdµ0(x) 6 1 +
∫

|x|4dµ0(x)

we obtain ∫
|x|4dR1

tµ0(x) 6
∫ 4∑

k=0

(4tc)k|x|4dµ0(x) +
4∑

k=0

(4tc)k

6 ect

∫
|x|4dµ0(x) + ctect

(for a different but finite constant c).

�
In a similar fashion we have

Lemma 3.6 There is a constant c > 0 such that for

µ0 ∈ P4(Rd) and t > 0∫
|x|4dR2

tµ0(x) 6 ect

∫
|x|4dµ0(x) + ct

(3.15)

Proof This is a well known fact. However it follows for instace by [22]. In that
monograph a similar estimate is proven for the Wasserstein resolvent associated
to the relative entropy functional of any initial measure with finite fourth order
moment, and than the exponential formula (4.0.11) in [1] implies our claim.

�
Lemma 3.7 For any T > 0 there is a constant d > 0 depending only on b such
that for each µ0 ∈ P4(Rd) 0 6 t 6 T n ∈ N and 0 6 k 6 n∫

|x|4d(R2
t/nR

1
t/n)kµ0(x) 6 e2cT

∫
|x|4dµ0(x) + d (3.16)∫

|x|4d(R1
t/nR

2
t/n)kµ0(x) 6 e2cT

∫
|x|4dµ0(x) + d (3.17)
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Proof By induction we have that for k = 1, 2, ..., n∫
|x|4d(R2

t/nR
1
t/n)kµ0(x) 6 ek·2ct/n

∫
|x|4dµ0(x) + ct

2k∑
j=1

ejct/n

6 e2cT

∫
|x|4dµ0(x) + cT

2n∑
k=1

ekcT/n

= e2cT

∫
|x|4dµ0(x) +

cT

n
ecT/n 1 − e2cT

1 − ecT/n

and on the function x 7→ xex

ex−1 in continuous on [0, T ] and 0 < T
n 6 T for n ∈ N

we easily obtain constant d > 0 such that (3.16) holds. (3.17) is obtained in
likewise fashion.

�

With Corollary 3.4 and Lemma 3.7 at hand we are now able to show that the
Product formula holds in our case. Notice that in particular it holds when b is
a gradient of a convex l.s.c. function V on Rd (provided it satisfies (1.2) and
(1.3)).

Theorem 3.8 For t > 0 and µ0 ∈ P2(Rd) we have Rtµ0 ∈ P(Rd) and

(R2
t/nR

1
t/n)nµ0

W2−→ Rtµ0 (R1
t/nR

2
t/n)nµ0

W2−→ Rtµ0 (3.18)

Moreover (Rt)t>0 in W2 - contractive.

Proof We will show the first claim in (3.18) only; the second one follows by
symmetry of the situation. Fix T > 0, and pick any µ0 ∈ P4(Rd). By Corol-
lary 3.4 we have that (R2

t/nR
1
t/n)nµ0 converges to Rtµ0 in the weak* sense in

C0(Rd)∗. Moreover by Lemma 3.7 the fourth order moments of this iterations
are uniformly bounded for n ∈ N and t ∈ [0, T ], hence the second moments
are uniformly integrable. This means that for t ∈ [0, T ] any subsequence of
{(R2

t/nR
1
t/n)n}n has further subsequence which converges w.r.t. W2 distance

to some measure in P2(Rd). But since W2 convergence implies weak∗ in du-
ality with Cb(Rd), it also implies weak∗ convergence in C∗

0 (Rd) as the last
space contains less functions for which the convergence of the integrals must
be tested. By the previous argument there can be only one limit and that
limit is Rtµ0. This implies that for Rtµ0 ∈ P4(Rd), (R2

t/nR
1
t/n)nµ0

W2−→ Rtµ0.
Moreover as for each n (R2

t/nR
1
t/n)n : P2(Rd) → P2(Rd) is W2-contracting, so

is Rt : P4(Rd) → P2(Rd).
Next pick a general µ0 ∈ P2(Rd) pick ε > 0 and µ1 ∈ P4(Rd) such that

W2(µ0, µ1) < ε-we can always find such µ1.
Since (R2

t/nR
1
t/n)nµ1

W2−→ Rtµ1, it is a Caushy sequence, hence there is an
N ∈ N so that for n,m > N , W2((R2

t/nR
1
t/n)nµ1, (R2

t/mR
1
t/m)mµ1) < ε.
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But then since (R2
t/n, R

1
t/n)n is W2- contractive, the triangle inequality yields

W2((R2
t/nR

1
t/n)nµ0, (R2

t/mR
1
t/m)mµ0) < 3ε n,m > N

i.e. this sequence is Caushy. The limit must be the same as the weak∗ limit
Rtµ0 of these itterations, and we have proven that the product formula holds.
The contracting property is now obvious, as (R2

t/nR
1
t/n)n is contracting for all

t > 0 and n ∈ N0.

�

Remark Arguing as in Lemma 3.5, Lemma 3.6 and Lemma 3.7 we can obtain
that for each T > 0 and p ∈ P2(Rd

sup{S|x|2d(R2
t/nR

1
t/n)kdµ(x)|n ∈ N k = 1, 2, ..., n t ∈ [0, T ]} < +∞

i.e. such set of iterations is contained in a ball. We omit the proof as it is
entirely analogous to what we already have done, but remark that we will use
this fact in Section 4.

4 Absolute continuity of paths and the regular-
izing effect

As it is shown in [1] gradient flow paths of a semigroup associated to a functional
ϕ on P2(Rd) that enjoys appropriate convexity and non-degeneracy conditions
together with the lower seminontinuity property, exibits a very strong regularity
properties. Precisely for any initial point µ0 ∈ D(ϕ) ⊂ P2(Rd) the curve t 7→
Stµ0 = µt is Lipshitz on [ε,+∞) for all ε > 0, and µt ∈ D(|∂ϕ|) for all t >
0. In such situation the analogy with semigroups induced by a l.s.c. convex
functional on a Hilbert space, or even with linear c0–semigroups on a Banach
space is the following: the domain of the slope corresponds to the domain of
the subdifferential respectively the domain of the generator. Also a path that is
localy Lipschitz on [0,+∞) corresponds to a path that is strongly differentiable
for t > 0 in a Hilbert space. Moreover since b is not assumed to be a gradient
there is no reason why our semigroup (Rt)t>0 should be a gradient flow. But
if b satisfies (1.3) the paths of the semigroup (R1)t are lipschitz as we compute
for µ0 ∈ P2(Rd) and for t > s > 0

1
(t− s)2

W 2
2 (R1

sµ0, R
1
tµ0) 6 1

(t− s)2

∫ ∣∣∣∣∫ t

s

b(Srx)dr
∣∣∣∣2 dµ0(x) 6

∫
|b(x)|2dµ0(x)

(4.1)
since r 7→ |b(Srx)| is a decreasing function c.ff (2.2) and (Ss, St)#µ0 ∈ Γ(R1

sµ0), R1
tµ0.

We interpret as this observation as its ”generator” being smooth. Now it should
be reasonable to expect that perturbing (in the sence of ”addition”) of ”a gener-
ator” with ”a smooth one’ should not alter any regularity properties. Precisely
we expect that Rt has the same locally Lipschitz properties as (R2

t )t>0 does, and

12



that for any initial measure µ0, µt = Rtµ0 ∈ D(∂H) for eacht t > 0 where H is
the relative entropy functional defined in (2.17). We are now going to prove this
under the assumption that b is globally Lipschitz. Through we have to put some
effort to this, the result seems to justify our efforts. Just as in the case where
b = ∇V as considered in [12] and [1] these regularity properties, the contractiv-
ity and the form of the derivative along a gradient flow path in the Wanesstein
sence, indicates that the Wanesstein-2 space in the natural environment for our
equation (1.1).

Before proceeding we state two results from [24]

Theorem 4.1 Assume that b is Lipschitz, and denote l := Lip(b). Than for
any t > 0, t2 > t1 > 0 and µ0 ∈ D(H), σ ∈ D(H) we have

H(R1
tµ0) 6 H(µ0) + tl (4.2)

H(Rtµ0) 6 H(µ0) + tl (4.3)

1
α
W 2

2 (µt2 , σ)− 1
α
W 2

2 (µt1 , σ) 6 −
∫ t2

t1

∫
〈b0, r2µ − i〉dµ1ds+

∫ t2

t1

H(σ)−H(µ1)ds

(4.4)

Proof See for i) see [16] Proposition 2 For ii) and iii) see [16] Theorem 2.

Proposition 4.2 Assume that b monotone and globally Lipschitz. Than for
any µ0 ∈ D(H), the curve t 7→ µt := Rtµ0 is Lipschitz on [ε,+∞) for all ε > 0
and of class AC2

loc((0,+∞);CalP2(bbRd)). Moreover µt ∈ D(|∂H|) for each
t > 0.

Proof Pick a t > 0, and set tn := t · 2−n for n ∈ N and denote l := Lip(b).
In the sequal we also abrevate R2,1

s = R2
sR

1
s for s > 0 in order to simplify the

notation. Define piecewise constant curves on [0, t]

µn
0 := µ0 µn

(k+1)tn
:= R2,1

tn
µn

ktn
, k = 0, ..., 2n − 1 (4.5)

µn
ktn+h := µn

(k+1)tn
for 0 < h < 2−n (4.6)

The Evolution variational inequality (EVI) (4.0.13) in [1] gives (by integrat-
ing and (2.4.26) in [1] which gives that t 7→ H(R2

t ν) in decreasing for ν ∈ P2(Rd))

W 2
2 (R2,1

tn
µ0, R

1
tn
µ0)

2tn
6 ϕ(R1

tn
µ0) − ϕ(R2,1

tn
µ0) (4.7)

so that by (4.2)

W 2
2 (R2,1

tn
µ0, R

1
tn
µ0)

2tn
6 ϕ(µ0) − ϕ(R2,1

tn
µ0) + tnl (4.8)

13



Moreover the properties of s 7→ Ssx give that

W 2
2 (R1

tn
µ0, µ0) 6

∫
R
|x− Stnx|2dµ0(x)

6 t2n

∫
Rd

|b(x)|2dµ0(x) 6 c2t2n(1 +W 2
2 (µ0, δ0))

(4.9)

where c is a linear growth constant of b. As

W 2
2 (R2,1

tn
µ0, µ0) 6 2W 2

2 (R2,1
tn
µ0, R

1
tn
µ0) + 2W 2

2 (R1
tn
µn, µ0)

combining (4.8) and (4.9) we arrive

W 2
2 (R2,1

tn
µ0, µ0)

tn
6 4(ϕ(µ0)−ϕ(R2,1

tn
µ0))+4tnl+4c2tn(1+W 2

2 (µ0, δ0)). (4.10)

Recalling the definition (4.5) we then have for k = 0, 2n − 1

W 2
2 (µn

ktn
, µn

(k+1)tn
)

tn
6 4(ϕ(µn

ktn
)−ϕ(µn

(k+1)tn
))+4tn(l+c2)+2tnc2W 2

2 (µn
ktn
, δ0)

(4.11)
Summing for over k we obtain

2n−1∑
k=0

W 2
2 (µn

ktn
, µn

(k+1)tn
)

tn
6 4(ϕ(µn

0 )−ϕ(µn
t ))+4(l+c2)+

2n−1∑
k=0

2c2tnW 2
2 (µn

ktn
, δ0)

(4.12)
As we observed in Remark 3.8 all measures µn

s n ∈ N s ∈ [0, t] are contained
in a ball. And the proof of [1] Theorem 11.2.5 and [8] Lemma 4.1 imply that
inf{H(µn

t )|n ∈ N} > −∞. Hence there is a constant K < +∞ such that the
right side in (4.12) is bounded by K for all n ∈ N. Next, we introduce the
piecewise constant (hence measurable) and decreasing (as R2,1

s is a contraction
for s > 0) functions un on [0, t) for n ∈ N

un(s) :=
W2(µn

ktn
, µn

(k+1)tn
)

tn
, un(0) := 0 (4.13)

if s = ktn + h, 0 < h 6 2−n, k = 0, ..., 2n − 1.
By definition, for 0 6 s1 < s2 6 t.

W 2
2 (µn

s1
, µn

s2
) 6

∫ s2

s1

un(s)ds, n ∈ N (4.14)

Morevover (4.22) says that

sup
n

∫ t

0

(un(r))2dr <∞ (4.15)
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Now by Helly’s theorem (see [1] Thm. 3.3.3) these is a subsequence {un}
which we again denote {uk} and a nonincreasing function u : [0, t] → [−∞,∞]
s.d.

un(t) → u(r) for each r ∈ [0, t] (4.15)

By taking a further subsequence if neccessary we may assume that un → r
weakly in L2(0, t). Fix s1, s2 ∈ (0, t) of the form s1 = k12−n0t, s2 = k22−n0t for
some k1, k2, n0 ∈ N. We than have

µn
sj

= (R2,1
t/2n)kj2

n−n0 tµ0 =

(
R tkj2n0

kj2n−n0

)kj2
n−n0

µ0 =

= (R2,1
sj/kj2n−n0 )kj2

−n0
µ0 → Rsjµ0, quadj = 1, 2

(4.17)

hence as un → r weakly in L2(0, t), we also have

W2(µs1 , µs2) 6
∫ s2

s1

u(r)dr. (4.18)

Recall that our aim is to show that for any µ0 ∈ P2(Rd) the curve t 7→ µt is
locally Lipschitz with ∂|H|(µt) < +∞. Now by Proposition 4.2 it is enough to
show that H(µt) < +∞ for t > 0; indeed having proved that, we will know that
the differentiability properties hold for s 7→ µt+s and since t > 0 is arbitrary
here, the claim regularizing effect property follows.

Proposition 4.3 Assume that b is globally Lipschitz and monotone. Then for
any µ0 ∈ P2(Rd) the curve t 7→ µt = Rtµ is Lipschitz on [ε,+∞) for any ε > 0,
and |∂H|(µt) < +∞ for each t > 0.

Proof As we explained above it is enough to show that H(µt) < +∞ for t > 0.
Pick a sequence {µ0,k}k converging to µ0 (w.r.t. W2) such that for all k ∈ N
|∂H|(µ0,k) < +∞; this is always possible as D|∂H| = D(H) = P2(Rd). Denote
further µt,k =: Rtµ0,k

. By (4.3)

H(µα,k 6 H(µ0.k) + tl . (4.23)

But than for t > s > 0 and k ∈ N

H(µt,k) − tl 6 H(µsk) − sl (4.24)

which implies

tH(µt,k) − tl 6
∫ t

0

(H(µs,k) − sl)ds , (4.25)

and this in turn implies

tH(µt,k) 6
∫ t

0

H(µs,k) + tl . (4.26)
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On the other hand (4.4) for σ ∈ D(H) gives

∫ t

0

H(µs,k)ds 6 tH(µ0,k) +
∫ t

0

∫
Rd

〈σsr
σ
µs,k

− i〉dµs,k

+
1
2
W 2

2 (µ0,k, σ) − 1
α
W 2

2 (µt,k, σ)

6 t(H(µ0, k) +
1
2
W 2

2 (µs,k, σ))

+
1
2

∫ t

0

(
∫

|b(x)|2dµs,k(k) +W 2
2 (µs,k, σ))ds

(4.27)

Choose σk = Jtµ0,k := argminν∈P2(Rd)(
1
2tW

2
2 (µ0,k, ν) + H(ν)) in (4.27) and

combine this with (4.25) to obtain

H(µt,k) 6 Ht(µ0,k) + tl +
1
2

∫ t

0

∫
|b(x)|2dJtµ0,kxds+

1
2

∫ t

0

W 2
2 (µs,k,Jtµ0,k)ds

(4.28)
Well now for a fixed t > 0 the resolvent mapping Jt : P2(Rd) → P2(Rd) is

continuous (c.f. [1] Theorem 4.1.2 (i)) and as |b|2 is continuous with quadratic
growth

1
2

∫ t

0

∫
|b(x)|2dJtµ0,k(x) =

1
2
t

∫
|b(x)|2dJtµ0,k(x) → 1

2
t

∫
|b(x)|2dJtµ0(x)

(4.29)
as k → +∞. In particular the integrals appearing at the left side in (5.29) form
a bounded sequence of positive members. Moreover by contractivity of (Rt)t>0

W2(µs,k,Jtµ0,k) 6 W2(µs,k, µs)+W2(µs,Jtµ0,k) 6 W2(µ0,k, µ0)+W2(µs,Jtµ0,k)

and since µ0,k → µ0, Jtµ0,k → Jtµ0 and by Remark below Theorem 3.8 {µs|s ∈
[0, t]} is a bounded set, we see that

sup
k∈N

1
2

∫ t

0

∫
Rd

|b(x)|2dJtp0,k(x)ds+
1
2

∫ t

0

W 2
2 (µs,k,Jtµ0,k)ds < +∞

We can now finish the proof since H is l.s.c. and ν 7→ Ht(s) = minσ∈P2
1
∂tW

2
2 (ν, σ)+

H(σ) is a continuous mapping (c.f. [1] Lemma 3.12), by estimating

H(µt) 6 lim inf
k→+∞

H(µ0,k) 6

6 lim inf
k→∞

[Ht(µ0,k) + tl +
1
2

∫ t

0

∫
|b(x)|2dJtµ0,k(x)ds+

1
2

∫ t

0

W 2
2 (µs,k,Jtµ0,k)ds] 6

6 lim sup
k→+∞

[Ht(µ0,k) + tl +
1
2

∫ t

0

∫
|b(x)|2dJtµ0,k(x)ds+

1
2

∫ t

0

W 2
2 (µs,k,Jtµ0,k)ds] 6

6 Ht(µ0) + tl + lim sup
k→∞

1
2
[
∫ t

0

∫
|b(x)|2dJtµ0,k(x)ds+

∫ t

0

W 2
2 (µs,kJtµ0,k)ds] < +∞

(4.30)
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To conclude this section, let us summarize the results we obtained so far in
the following theorem. We need a proposition first.

Proposition 4.4 Let X be a metric space and let (Ft)t>0 be a contraction
semigroup on X with paths of class AC([0, T ];X) for each 0 < T < ∞. Then
for each x ∈ X and for each t > 0 the L1 a.e. defined metric derivative |u̇|(t)
of the curve u(t) = Ftx has (unique nonincreasing) right continuous version
t 7→ g(t). Moreover, t 7→ u(t) is right metric differentiable for each t > 0 and

lim
h↓0

d(u(t+ h, u(t))
h

= g(t). (4.31)

Proof Fix x ∈ X. Since by assumption the curve u(t) := Ftx is absolutely
continuous on each compact interval its metric derivative |u̇|(t) is L1 a.e. defined
on [0,+∞), hence due to contractivity assumption if 0 6 t1 6 t2 < ∞ are two
time points where it is defined we have for each h > 0

d(u(t1 + h), u(t1))
h

> d(u(t2 + h), u(t2))
h

, (4.32)

hence t 7→ |u̇|(t) is L1 a.e. equal to a nonincreasing function. This implies that
there is a unique right continuous nonincreasing function t 7→ g(t) on [0,+∞)
such that g is a representative of the metric derivative of t 7→ u(t). Moreover,
for each t > 0 and for each h > 0, on one hand we have

d(u(t+ h), u(t))
h

6
∫ t+h

t

g(s)ds,

hence

lim sup
h↓0

d(u(t+ h), u(t))
h

6 g(t). (4.33)

And on the other hand if t2 > t is such that (4.31) holds with t replaced by t2,
(4.32) yields

lim inf
h↓0

d(u(t2 + h), u(t2))
h

> lim inf
h↓0

d(u(t+ h), u(t))
h

= g(t2) ↑ g(t) (4.34)

for t2 ↓ t. The claim now follows by (4.33) and (4.34).

Theorem 4.5 Let b be satisfy (1.2), (1.3), and (1.4). Then for each µ0 ∈
D(|∂H|) the curve t 7→ µ(t) := Rtµ0 is the unique curve that is defined on
0,+∞) with values in P2(Rd) such that

1 t 7→ µ(t) is of class AC2([0, T ];P2(mathbbRd) for each T > 0. Moreover it
is Lipschitz on [0,+∞) with Lipschitz constant 6 |∂H|(µ0)+(

∫
|b|2dµ0)1/2

2 t 7→ µ(t) is a solution of equation (1.1) with initial condition µ(0) = µ0.

3 t 7→ µ(t) is right metrically differentiable and its metric derivative is non-
increasing.
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If moreover b is golbally Lipschitz than the semigroup (Rt)t>0 has the regu-
larizig effect, i.e. for any µ0 ∈ P2(Rd) we have

µ(t) := Rtµ0 ∈ D(|∂H|) (5)

and t 7→ µ(t) is of class AC2
loc((0,+∞);P2(Rd).

Proof Uniqueness of solutions of (1.1) subject to the condition (1.3) within
the class AC2

loc((0,+∞);P2(Rd) is a simple cosequece of [15] Theorem 1.1 (the
suability condition (15) there clearly holds in this case), and as we alreday
remarked a simple application of the Ito formula yields that t 7→ µ(t) is a
solution of (1.1). Now if we show that this curve is Lipschitz on [0,+∞), we will
know that it is metric derivative if defined L1a.e. and since by Proposition 3.8
(Rt)t is contractive, Proposition 4.4 insures that our curve is right metrically
differentiable for each t > 0. Claims concerning the case when b is globally
Lipschitz are already proven in Theorem 4.3.

Lets us show that our curve is Lipschitz. To this aim fix t1, t2 > 0 such that
for some k,m ∈ N we have t1 = k2−mt2. Denoting kn := k2n−m → +∞ for
n ∈ N we have

W2((R
1,2
t22−n)k2n−m

µ0, (R
1,2
t22−n)2

n

µ0)

t2 − t1
6 1
t2 − t1

Σ2n−1
j=kn

W2((R
1,2
t22−n)jµ0, (R

1,2
t22−n)j+1µ0)

6 2n − kn

t2 − t1
W2(µ0, R

1,2
t22−nµ0) 6 1

t22−n
(W2(µ0, R

1
t22−nµ0) +W2(µ0, R

2
t22−nµ0))

(6)
and due to assumption on µ0 we have lim supn→∞

1
t22−nW2(µ0, R

1
t22−nµ0) =

|∂H|(µ0) as well as

lim sup
n→∞

1
t22−n

W2(µ0, R
2
t22−nµ0) 6

∫
|b|2dµ0

Now by Theorem 3.8 limn(R1,2
t1/kn

)knµ0 = µ(t1) and limn(R1,2)2
n

µ0 = Rt2µ0,
our semigroup (Rt)t>0 is easily seen to be weakly* continuous, and by [1] Propo-
sition 7.1.3 W2 is sequantially lowersemicontinuos with respect to the weak*
convergence we conclude that t 7→ µ(t) is Lipschitz with Lipschitz constant
6 |∂H|(µ0) + (

∫
|b|2dµ0)1/2.

�

5 Invariant measure and asymptotic behavior -
symmetric versus non-symmetric case

In the first part of this section investigate the existence of invariant measure and
the rate of convergence to it of the flow. In the second part of this section we
compare the amount of information that the invariant measure contains about
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the flow in cases when the drift is a gradient versus when it is just a monotone
operator on Rd.

It is well known that SDE (1.5) has a unique invariant measure provided
that b is α monotone for α > 0, i.e.

〈b(x) − b(y), x− y〉 > α|x− y|2 x, y ∈ Rd (5.1)

(see for instance [13] Theorem 6.32). However we can obtain existence and
uniqueness of invariant measure, for the semigroup Rt by a simple fixed point
argument, provided we show that Rt is a strict contraction for t > 0. Moreover
we than have exponential convergence do the invariant measure with respect to
W2–metric. Uniqueness and exponential rate of convergence has already been
established in [19] corollary 1.3 where authors consider class of transportation
distances on probability measures. Yet me bring our observations forward too
since among other things the authors [14] did not construct the semigroup and
in particular do not have existence of invariant measure.

Proposition 5.1 Assume that b is such that (1.2), (1.3), and (5.1) hold. Then
for each µ1, µ2 ∈ P2(Rd) we have

W2(Rtµ1, Rtµ2) 6 e−αtW2(µ1, µ2) (5.2)

for all t > 0.

Proof First of all notic that (5.1) implies that for x, y ∈ Rd

|Stx− Sty|2 6 e−αt|x− y|2, (5.3)

i.e., (St)t>0 is an α-contraction on Rd. Next fix µ1, µ2 ∈ P2(Rd) and estimate
for t > 0, n ∈ N, and γ ∈ Γ0(µ1, µ2),

W 2
2 (R1

tµ1, R
1
2µ2) 6

∫ ∫
|St/nx− St/ny|2 dγ

e−2αt/n

∫ ∫
|x− y|2 dγ = e−2αt/nW 2

2 (µ1, µ2) (5.4)

and then we have that

W2(R
2,1
t/nµ1, R

2,1
t/4µ2) 6 e−αt/nW2(µ0, µ1). (5.5)

Now the claim follows easily by induction and passing to the limit:

W2((R
2,1
t/n)nµ1, (R

2,1
t/n)nµ2) 6 (e−αt/n)nW2(µ1, µ2)

= e−αtW2(µ1, µ2) (5.6)

by Theorem 3.8.

�
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Now since for t > 0 Rt is a strict contraction due to the banach fixed
poit theorem it has a unique fixed point µ∞,t. Let us show that for s, t > 0,
µs,∞ = µt,∞. Well if s = kt for k ∈ N than Rsµt,∞ = (Rt)kµt,∞ = µt,∞, hence
as Rs can have only one invariant measure, we must have µs,∞ = µt,∞. Same
kind of argument yealds that µs,∞ = µt,∞ if t = ks for k ∈ N, so that if t/s ∈ Q
we must have

µs,∞ = µt,∞ (111)

as well. Finally since all paths of (Rt)t>0 are continuous by Theorem 4.5,
(111) follows for all s, t > 0, i.e. the semigroup (Rt)t>0 has a unique invari-
ant measure which we denote by µ∞. Since t 7→ Rtµ∞ satisfies (12), and by
Proposition 4.5 µ∞ = Rtµ∞ ∈ D(|∂H|), i.e. µ∞ = ρ∞ · Ld ρ∞ ∈ W 1,1(Rd),
∇ρ∞
ρ∞

∈ L2(µ∞; R) and the continuity equation holds, i.e.

∂tµ∞ + ∇ ◦
(
−
(
∇ρ∞
ρ∞

+ PTanµ∞
b

)
µ∞

)
= −∇ ◦

(
∇ρ∞
ρ∞

+ PTanµ∞
b

)
µ∞

(5.9)
Since invariant measure exists and is unique we have weak existence and

uniqueness of the eliptic problem∫
〈∇ϕ,

(
∇S∞

S∞
+ b

)
〉Sdx = 0 ∀ϕ ∈ C∞

c (Rd) (5.10)

(within the class of manegdive L1 functions in L1(dx) and the solution to (5.10)
denoted ρ∞ as is the density of the invariant measure for SDE (1) (and our
semigroup (Rt)t>0) If b is a gradient then paths of Rt are gradient flow paths,
for the entropy functional

H(µ|µ∞) =

{∫
dµ

dµ∞
log dµ

dµ∞
if µ� µ∞

+∞ otherwise
(5.11)

(see for instance [15] or [?], and µ∞ contains all information about the flow, as
Rt in the limit of the variational minimization scheme. However, if b is not a
gradient this is not the case as we are about to explain. Let us assume that
b = A ia a matrix in Md ∼= Rd2

, and let it be strict positive definite but not
symmetric (recall that a positive matrices is a gradient iff it is symmetric and
if it is symmetric that A = ∇ψ for the convex C∞ function ψ(x) := 1

2 〈Ax, x〉).
Such matrix always satisfies (5.1). Moreover [13] section (6.2.1) and [16] provide
an explicit form of µ∞. It is described as follows: define for t > 0

Qt :=
∫ t

0

SsS
∗
sds (5.12)

a positive definite symmetric matrix. Then for any µ0 ∈ P2(Rd) Rtµ0 = µ0 ?
N (0, Qt) where N (0.Qt) is the d-dimensional Gaussian measure with mean 0
and covariance matrix Qt. Moreover the invariant measure is µ∞ = W (0, Q∞)
where

Q∞ =
∫ ∞

0

StS
∗
t dt (5.13)
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By (5.10) we have for ϕ ∈ C∞
c (Rd)

0 =
∫
〈∇ϕ(x)(−Q−1

∞ +A)(x)〉 e−〈Q−1
∞ x,x〉/2√

(2π)ddet Q∞
dx (5.14)

which amounts to
PTanN(0,Q∞)A = Q−1

∞ (5.15)

Partial integration in (5.14) gives (and we write ρ∞(x) = 1√
(2π)ddet Q∞

e−〈Q−1
∞ x,x〉/2

0 =
∫
ϕ(x)(trA− trQ−1

∞ )ρ∞(x)dx−
∫
ϕ(x)〈Q−1

∞ x, (A−Q−1
∞ )x〉ρ∞(x)dx

(5.16)
for all ϕ ∈ C∞

c (Rd) so that

〈Q−1
∞ x, (A−Q−1

∞ )x〉 = trA− trQ−1
∞ ∀x ∈ Rd (5.17)

must hold. Evaluating the left side in (5.13) for x = cy, c ∈ R implies

trA = trQ−1
∞ 〈Q−1

∞ x, (A−Q−1
∞ )x〉 ≡ 0 on Rd (5.18)

and if (5.18) holds then (5.15) and (5.10) hold for b = A and ρ∞ · Ld is the
invariant measure. Recall the 〈·, ·〉C inner product on Md ∼= Rd2

for a matrix
C ∈ Vt = {symmetric positive definite matrices} defined by

〈U, V 〉C := trC−1UV for U, V ∈Md (5.19)

and the C inner product on Rd defined by

〈x, y〉C := 〈C−1x, y〉 for x, y ∼=∈ Rd (5.20)

We have the following

Proposition 5.2 Let A ∈ Md
t = {strictly positive definite matrices on Rd}

and denote the corresponding invariant measure be N (0, Q∞) = µ∞ of (1.5)
M with Q∞ defined by (5.13). Then Ã := PTanµ∞

A equals the orthogonal pro-
jection P

V+

〈·,·〉Q∞
A of A onto the positive cone V+ ∪ {0} w.r.t. the inner product

〈·, ·〉Q∞ .

Proof Denote Ã1 := P
V+

〈·,·〉Q∞
A. We will show that Ã1 = Ã. By definition 0 =

trQ−1
∞ (A−Ã1)D∗ = trQ−1

∞ (A−Ã1)D for eachD ∈ V = {symmetric matrices on Rd}
which holds if and only if Q−1

∞ (A− Ã1) is antysymmetric i.e.

Q−1
∞ (A− Ã1) = −(A∗ − Ã∗

1) = (A∗ − Ã1)(Q−1
∞ )∗ (5.21)

Define ψ(x) := 〈Q−1
∞ x, (A− Ã1)x〉, and observe that

∇ψ(x) = Q−1
∞ (A− Ã1)x+ (A∗ − Ã1)Q−1

∞ x = 0 ∀x ∈ Rd, (5.22)
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and as ψ(0) = 0 we must have

〈Q−1
∞ x, (A− Ã1)x〉 = 0 ∀x ∈ Rd (5.23)

Furthermore as Q∞ is an element of V +∪{0} too 0 = trQ−1
∞ (A− Ã1)Q∞ =

tr(A − Ã1), which together with (5.23) amounts to (5.18). Hence (5.15) holds
and we have proved the claim.

�

Remark Arguing in exactly the same way we can show that for any two ...
measure N (0, Q) = µ0 and N (a,Q) = µ1 PTanµ0

A = P
V+

〈·,·〉Q
A and PTanµ1

A =
PTanµ0

(A− PTanµ0
A)a

Now we are able to explain why the invariant measure µ∞ = N (0, Q∞) does
not contain all the information about the flow (Rt)t>0 if A is not a gradient.
Indeed suppose that A′ = Q−1

∞ + B is a positive matrix such that B ∈ V ⊥

where the orthogonal complement is taken with respect to 〈·, ·〉Q∞ . Then by
the previous analysis Qtµt = ∆µt + ∇ · (Aµt) and Qtµt = ∆µt + ∇ · (A′µt)
both have some invariant measure N (0, Q∞) (A′ satisfies (5.1) if it is satisfies
positive definite). In order to see that there are many such A′ ∈ M+ notice
firstly that M+ is a positive cone; and secondly that setting for U ∈ M+

αU := inf |x|=1〈Ux, x〉 so that 〈Ux, x〉 > αU |x|2 for x ∈ Rd . Now given any
A ∈ M+ if B ∈ Md is any matrix s.t. |A − B| < αA then 〈Bx, x〉 = 〈Ax, x〉 +
〈(B − A)x, x〉 > αA|x|2 − |B − A||x|2 hence B ∈ M+; i.e. M+ is an open
set for the standard inner product on Rd2

, and then by the equivalence of
measures on finite dimensional spaces for any inner product. Now pick any
D ∈ V ⊥

+ , the orthogonal complement being take with respect to 〈·, ·〉Q∞ , such
that |D|Q∞ < αQ−1

∞
. Then we have that A′ := Q−1

∞ −D ∈M+ ∩ V ⊥
+ .
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