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Abstract. Given n ≥ 2, zij ∈ T such that zij = z ji for 1 ≤ i, j ≤ n and zii = 1 for 1 ≤ i ≤ n,
and integers p1 , ..., pn ≥ 1, we show that the universal C∗ -algebra generated by unitaries u1 , ..., un
p
p
such that upi i uj j = zij uj j upi i for 1 ≤ i, j ≤ n is not simple if at least one exponent pi is at least
two. We indicate how the method of proof by ‘working with various quotients’ can be used to
establish nonsimplicity of universal C∗ -algebras in other cases.

Let n ≥ 1, let θ = (θij ) be a skew symmetric real n × n matrix, and let z be the matrix defined
by zij = e2πiθij for 1 ≤ i, j ≤ n. The n-dimensional noncommutative torus Tz is the universal
C∗ -algebra that is generated by unitaries u1 , . . . , un such that ui uj = zij uj ui for 1 ≤ i, j ≤ n.
It is known that Tz is simple if and only if the matrix θ is nondegenerate, i.e. if and only if it
has the property that, whenever x ∈ Zn satisfies e2πihx,θyi = 1 for all y ∈ Zn , then x = 0; see [1,
Theorem 1.9] and [2, Theorem 3.7].
The C∗ -algebra Tz is a deformation of the group C∗ -algebra of Zn . It seems natural to consider
other families of such deformed group C∗ -algebras, and, in particular, universal C∗ -algebras
that are obtained by allowing higher powers in the relations for Tz . Therefore, given n ≥ 2 (the
case n = 1 is clear), zij ∈ T such that zij = z ji for 1 ≤ i, j ≤ n and zii = 1 for 1 ≤ i ≤ n, and
integers p1 , ..., pn ≥ 1, we let Az,p1 ,...,pn be the universal C∗ -algebra that is generated by unitaries
u1 , ..., un such that
p
p
upi i uj j = zij uj j upi i for 1 ≤ i, j ≤ n.
Assuming that at least one of the pi is at least two, when is Az,p1 ,...,pn simple?
The most natural first approach to this question seems to be one along the lines in [1, 2]. When
attempting this, it soon becomes clear that the higher exponents cause serious complications. It
may therefore come as a pleasant surprise—at least it did so to the present authors—that, given
the fact that the noncommutative tori are nonzero, a purely algebraic argumentation can be
employed to show that Az,p1 ,...,pn is never simple. The argument is so elementary that it could
even easily be overlooked. After all, it does not appear to be immediate how the fact that −1 has
two different complex square roots can be put to good use to show that the universal C∗ -algebra
that is generated by unitaries u1 , u2 such that u21 u2 = −u2 u21 is not simple; yet this is still the
case. Since a similar argument will work in various other suitable contexts, it seems worthwhile
to make it explicit in this short note.
Proposition. Let n ≥ 2 and suppose that pi ≥ 2 for some i such that 1 ≤ i ≤ n. Then Az,p1 ,...,pn
is not simple.
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Proof. We prove the proposition by contradiction, so assume that Az,p1 ,...,pn is simple. For
1 ≤ i, j ≤ n, choose ρij ∈ T such that
 pp
i j

ρij = zij for 1 ≤ i, j ≤ n;
(1)
ρij = ρji
for 1 ≤ i, j ≤ n;


ρii = 1
for 1 ≤ i ≤ n.
Let Tρ be the n-dimensional noncommutative torus that is generated by unitaries v1 , ..., vn
p
pp p
p
such that vi vj = ρij vj vi for 1 ≤ i, j ≤ n. Since vipi vj j = ρiji j vj j vipi = zij vj j vipi for 1 ≤ i, j ≤ n,
there exists a surjective ∗ -homomorphism π : Az,p1 ,...,pn → Tρ such that π(ui ) = vi for 1 ≤ i ≤ n.
Since Tρ 6= { 0 }, we see that Az,p1 ,...,pn 6= { 0 }, and also that ker(π) 6= Az,p1 ,...,pn . Since we have
assumed that Az,p1 ,...,pn is simple, we conclude from the latter inequality that ker(π) = { 0 }, so
that π is an isomorphism between Az,p1 ,...,pn and Tρ . As a consequence, we see that ui uj = ρij uj ui
for 1 ≤ i, j ≤ n.
Under our assumptions, there are i and j such that 1 ≤ i 6= j ≤ n and such that the
corresponding exponent pi pj in the first line of (1) is at least 2. Therefore, there exists a solution
matrix (ρ0ij ) of (1) that is different from our chosen solution matrix (ρij ). By the same argument
as above, we also have ui uj = ρ0ij uj ui , so that ρij vj vi = ρ0ij vj vi for 1 ≤ i, j ≤ n. This implies
that (ρij − ρ0ij )1Az,p1 ,...,pn = 0Az,p1 ,...,pn for 1 ≤ i, j ≤ n. On choosing i and j such that ρij 6= ρ0ij ,
we find that 1Az,p1 ,...,pn = 0Az,p1 ,...,pn . We conclude that Az,p1 ,....,pn = { 0 }. This contradiction
shows that Az,p1 ,...,pn is not simple.

Remark.
(1) In spite of the elementary nature of the above proof, the result in itself is still not trivial,
as it is based on the fact, used in an essential way in the proof, that the noncommutative
tori are nonzero.
(2) One can vary the definition of the algebra Az,p1 ,...,pn in the proposition by:
(a) requiring that some of the generators are isometries, or a partial isometries, and/or
p
p
(b) removing some (or even all) of the relations upi i uj j = zij uj j upi i .
Since the resulting universal C∗ -algebra has Az,p1 ,...,pn as a quotient that is not simple, it
is not simple itself.
For example, for z ∈ T, let Bz be the universal C∗ -algebra that is generated by a
partial isometry v1 , an isometry v2 , and a unitary v3 such that v3 v2 = zv2 v3 . Then Bz
is not simple. Indeed, the universal C∗ -algebra that is generated by unitaries u1 , u2 , u3
such that
u3 u21 = u21 u3
u3 u2 = zu2 u3
u2 u21 = u21 u2
is a nonsimple quotient of Bz . The higher exponents, responsible for the nonsimplicity of
Bz , are not present in the initial relations, but they do occur in those for the quotient.
In general, let us assume that we have a collection { Ri : i ∈ I } of sets Ri of relations for a
common set of symbols G for elements of a C∗ -algebra, such that each set of relations Ri implies
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one fixed set of relations R. Let us also assume that the universal C∗ -algebra C∗ (Ri ) for each
set of relations Ri exists, and is nonzero. Then the universal C∗ -algebra C∗ (R) also exists, has
each C∗ (Ri ) as a quotient, and is nonzero. If C∗ (R) is simple, then these quotient maps are
isomorphisms. Since they send generators to generators, the relations from all sets Ri will then
hold for the generators of C∗ (R). If one can show that the simultaneous validity of these sets of
relations (each of which results from a different quotient) leads to a contradiction, this will prove
that C∗ (R) is not simple.
The above proof of the proposition employs this technique of working with various quotients.
As a further example, still using unitaries, consider the universal C∗ -algebra A that is generated
by unitaries u and v satisfying u4 v = −v 3 u7 v 2 u7 . We shall show that A is not simple. To this
end, consider the universal C∗ -algebras A± that are generated by unitaries u and v such that
u2 v = ±iv 3 u7 . Then A± =
6 { 0 }. Indeed, let W be any nonzero unitary operator on a Hilbert
∓πi/10
space, and put U± = e
W 2 and V± = W −5 . Then U± and V± are nonzero unitary operators
satisfying the relations for A± . Consequently, A± =
6 { 0 }. Now note that the relations for
A+ and A− both imply the relation for A, so that A has A+ and A− as canonical quotients.
In particular, A 6= { 0 }. Assuming that A is simple, one finds that u2 v = iv 3 u7 as well as
u2 v = −iv 3 u7 for u, v ∈ A. This leads to 2i1A = 0A , so that 1A = 0A and A = { 0 }. The latter
contradiction shows that A cannot be simple.
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