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ABSTRACT. We discuss some nonlinear problems associated with an infinite di-
mensional operator L defined on a real separable Hilbert space H. As the operator
L we choose the Ornstein-Uhlenbeck operator induced by a centered Gaussian
measure p with covariance operator Q.
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”On the occasion of an international conference in honor of Jacqueline Fleckinger’

1. INTRODUCTION

The goal of this note is to present some results for nonlinear problems associated
with an infinite dimensional operator L defined on a real separable Hilbert space H.
As the operator L we choose the Ornstein-Uhlenbeck operator induced by a centered
Gaussian measure p with covariance operator @) (see [daP]).

In the first part we consider existence and uniqueness of solutions for a problem
of the form

(1.1) —Lu+ B(u) = f,
where 3 satisfies
(Hp) 3 is a strictly increasing homeomorphism of R onto R, 3(0) =0

and f € L?(H,pu) is given. As a consequence of the existence part we can show
that the operator L(8~'), with an appropriate domain, has an m-dissipative clo-
sure. Thus, in view of the Crandall-Liggett Theorem, see [Cr-L] (and also [Cr2]), it
generates a nonlinear contraction semigroup on the closure of its domain in L'(H, p).

In the second part we make the additional assumption that  is odd and we
consider the nonlinear eigenvalue problem

(1.2) —Lu+ f(u) =Au, >0,

where u € L*(H, ), ||ul|r2(m,, = R, with R > 0 given.

By using results in [Cl] and [K-N-W], we obtain the existence of an infinite sequence
{(An, tun) }nen of solutions to (1.2) with A, — oo asn — oo. This implies the existence
of infinitely many solution pairs (A, u) with non constant u. Moreover, we discuss
the existence of solutions with nonnegative and non constant .
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2. PRELIMINARIES

In this section we establish the notation that we will use throughout this work.
Most of it is taken from [daP] and we refer the reader to this book. H will denote
a finite or infinite dimensional real separable Hilbert space with inner product (-, -)
and norm | - |. Throughout the paper u = Ng will denote the centered Gaussian
measure on H with covariance @, (see [daP, page 12]), where ) denotes a positive
symmetric operator of trace class in H with Ker(Q) = {0}. Also, {ex }ren will denote
a complete orthonormal system of eigenvectors of () with corresponding eigenvalues

{7k fren satistying
(2.1) 0 <Yrt1 < -

We recall here that the Ornstein-Uhlenbeck semigroup “associated with p” is given
by

Ruplz) = / (e + y)Noy(dy), z € H, t>0,
H

and ¢ € By(H) (Borel bounded functions on H). Here A = —3Q~" and
¢
Qix = / ¥ ads = Q(I — Nz, z e H, t>0.
0

As a consequence of [daP, Proposition 10.22], R, can be uniquely extended to a
strongly continuous contraction semigroup in L?(H, ), which we still denote by Ry,
and g is the unique invariant measure of R; and for x € H,

lim Reple) = [ olo)du(s) =%

Moreover, from [daP, Th5.8], R, can be uniquely extended to a strongly continuous
positive contraction semigroup in LP(H, ) for all 1 < p < oo.

We shall denote by L, the infinitesimal generator of R, in LP(H, p). In particular,
L, is m-dissipative in L'(H, ;1) hence it satisfies

(2.2) /H(Llu)(x)sgn(u(x))d,u <0, forevery u € D(Ly),

see e.g. [B-S, Lemma 2], where we have used the notation

1 t>0,
sgn(t) =<0 t=0,
-1 t<0.

Moreover, — L is a nonnegative self adjoint operator in L?(H, ) with domain

(2.3) D(Ls) = {u € W**(H, ) : /H |(—=A)2Du)?du < oo},
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see [daP, Propositions 10.22 and 10.34] and
1
(2.4 Lag(r) = LTD%(x) + (r. ADg(x))

where ¢ € E4(H), which is defined to be the linear span in Cy,(H) (continuous

bounded functions in H) of real and imaginary parts of o, where ¢ (z) = €'}

h € D(A), and D, D? are the differential operators introduced in [daP, Proposition
10.3 and 10.32]. We also introduce £(H) as the linear span in C,(H) of real and
imaginary parts of o, where @y(z) = ¢*"® and now h € H. Finally we note also
that the null space N(L,) = {const.}, 1 <p < co.

We also consider the Dirichlet form a : WY2(H, ) x W42(H, i) — R defined by

alp.) = 5 [ (De. Db
The linear space W12(H, i) endowed with the inner product
(o, Iz = (0, V) 2 + 2a(p, )
is a real separable Hilbert space with
(2.5) WY (H, u) — L*(H,p) compact,

see [daP, Theorem 10.16].
Finally, we recall that

(2.6) alp ) = — /H (Latp, d)dn

for all p € D(Ly), and all v € WY2(H, ), see [daP, Section 10.4].

Remark 2.1. We want to note that in this work the operator Lo is defined as the
generator of the semigroup Ry in L*(H, ), while in [daP] the operator Ly is defined
on page 151 via the Laz-Milgram Theorem. In view of [daP, Proposition 10.22 (iv)],
they are the same.

3. AN INFINITE DIMENSIONAL POROUS MEDIA TYPE OPERATOR

The aim of this section is to construct an infinite dimensional nonlinear second
order elliptic operator which is of porous media type A(871), following the approach
of [Crl]

Let [ satisfy (Hg) and consider problem (1.1).

Proposition 3.1. (a) For every f € L*(H, ) there exists a unique u € D(Ly)
such that 3(u) € L*(H, p) and u satisfies (1.1) with L = L.
(b) If
B(u) =eu+y(u) for somee >0 and some continuous
monotone increasing function v : R — R, ~(0) =0,

then for any f € LY(H,u) there exists a unique u € D(Ly) with B(u) €
LY(H, ) satisfying (1.1) with L = L.
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Proof. We start by proving (a). Set A := —Lo, Bu(x) := f(u(x)), where
D(B) ={u€ L*(H, ) : Blu) € L*(H, )}

and write (1.1) as
Au+ Bu=f, feL*H,p).

We claim that A is maximal monotone and that it is the subdifferential of the convex
Ls.c functional J, : L*(H, i) — [0, 00| defined by

alp, ), @€ WY (H,p),
(3.1) J(o) = { (0:0), o € WHAH, )
+o00  otherwise.

Indeed, for u € D(Ly) and h € W'2(H, p1), by (2.6), we have that

Jo(u+h) = Ju(u)+ / (Du, Dh)dp + J,(h)

> () - /H (Lou, By,

which implies that v € D(9J,) and —Lou € 0J,(u). Note that since J, is convex, it
follows that d.J, is monotone, moreover, since — Ly is nonnegative and selfadjoint in
L?(H, 1), it follows that it is maximal monotone. Hence — L, = 0.J, by the maximal
monotonicity of —Ls. Also, B is the subdifferential of

Jo(u) = {fH b(u)dp, if [, b(u)dp < oo

o0 otherwise,

where
t
(3.2) b(t) = / B(s)ds.
0
Therefore A and B satisfy all the assumptions in [B-H, Example 1] implying that

Int(R(A + B)) = Int(R(A) + R(B)).

Since R(B) = L*(H, i), we conclude that R(A+ B) = L?(H, u). Finally, the unique-
ness assertion follows from the strict monotonicity of 3.
Next we prove (b). In order to achieve this we write (1.1) as

(3.3) (e = Lu+ry(u)=f, feL'(Hp).
Hence in view of Theorem 1 in [B-S] it is sufficient to see that the operator A :=e— 1
satisfies (), (II), and (/II) in [B-S]. Since by definition L; generates a linear
contraction Cy semigroup in L'(H, p1), so does L; — & = — A, which yields (I). Also,
from the dissipativity of L; we have that

ellullprr < llew = Lallpw = Al
implying that (I11]) is also satisfied. Finally we prove (II). Let A > 0 and f €
L'(H, ). Since the semigroup generated by L; is positive, we have that

(I+ XA < (T+XA)HfT
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and hence
(3.4) ess sup(l + AA) 1 f < ess sup(1 + NA) 1 fT

Since L, generates a linear contraction Cy semigroup in LP(H, u) for all 1 < p < o0,
so does L, — ¢, hence

(3.5) 17+ AA) " fH o < I zri,
provided that f* € LP(H, ). Assuming f* € L>®(H, u), by letting p — oo in (3.5)
we obtain
ess sup(I +AA) T = |[(T+AA) T [ poo (g < I poe (g = ess supf™
= max{0,ess supf}.
Therefore, using (3.4) we conclude that
ess sup(l + AA) ™' f < max{0, ess supf},

which is exactly assumption (I7) in [B-S].
U

We are now in a position to define a “porous media type” operator, which we
denote by

Ly, where ¢ = gt
in L'(H, p):
D(Ly) = {u€ L'(H.p) : o{u) € D(L)},
and for u € D(Lg) we set
Lyu := Li(p(u)).
We have:

Theorem 3.1. (i) The closure of Ly is a nonlinear (possibly multivalued) m-
dissipative operator in L'(H, ).
(i) If B satisfies assumption (H.), then Ly is itself a nonlinear m-dissipative
operator in L*(H, u).
(iii) If ¢ € C*(R), then D(Ly) = L' (H, ).
Remark 3.1. We do not claim that the last two assertions in Theorem 3.1 are
optimal.

Proof of Theorem 3.1. (i) We will first prove the dissipativity of Ly in L'(H, u). Let
u, v € D(Ly) and let © = ¢(u), v = ¢(v). By assumption, u and v belong to D(Ly).
In view of the dissipativity of Ly in L'(H, u) we have

(3.6) /H Ly(u— v)sgn(u — v)du <0,

and in view of (Hp),
(3.7) sgn(u — v) = sgn(u — ).
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Hence, replacing (3.7) into (3.6), and using the definition of u, v we get

[}u@mo—wwn@w—UMMSQ

which implies the dissipativity of L,. We prove now that R(I — Ly) is dense in
LY (H,p). Let f € L*(H, ). Then by Proposition 3.1 (a), there exists v € D(Ls),
with 8(v) € L*(H, ), such that

—Lov + B(v) = f,
hence setting u = (3(v) we obtain v = ¢(u) and
u— L2¢(U) - f7

hence f € R(I — Lg) (since Ly C Ly). We conclude that L*(H, u) C R(I — A\Lg) and
the claim follows from the density of L*(H, u) in L'(H, p).

It is a well known fact that if L, denotes the closure of L, then L_¢ is dissipative
(possibly multivalued) and R(I — L) is closed, hence equal to L*(H, it). Therefore
L, is m-dissipative in L*(H, p).

(ii) It follows from Proposition 3.1 that if 5 is of the form (H,) then the range

R(I - Ly) = L'(H, p).

hence in this case L, is m-dissipative.
(iii) It is enough to show that E4(H) C D(Ly), since E4(H) is dense in L*(H, p).

If v € E4(H), then there exists N > 1, hy,ho,...,hn, ki, ko, ..., ky € D(A)
a1, Qs,...,anN, 31, P2, ..., 0y € R such that

N

(3.8) v(x) = Z(ozi cos(h;, x) + B sin(k;, x>>, x € H.

i=1
We will prove that ¢(v) € D(Lg). In view of (2.3), with first verify that ¢(v) €
W22(H, p1). Since v € Cy(H), we have that ¢(v), ¢'(v) and ¢"(v) are in Cy(H). In
particular, ¢(v) € L*(H, p).

From the definition of W22(H,u) in [daP, Section 10.6, page 161], we need to
compute D;Dyp(v), j,¢ € N. Since D;v and Dyv are bounded and continuous, from

Dyg(v) = ¢'(v) Dev,

and

(3.9) D;Ded(v)(z) = ¢'(v)D;Dev(x) + ¢ (v) Djv(x) Dev(z),

we obtain that D;Dep(v) € Cy(H) C L*(H, p).
Next we will show that

(3.10) > /H |D; Dep(v)|?dp < 0.

jvezl
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From (3.9) it is sufficient to show that
(3.11) Z/ |D;Dyv*dp < oo and Z/ |Djv(z)Dyv(x)Pdp < oo.
Jit=1 jl=1

Indeed, the first assertion in (3.11) follows from the fact that v € E4(H) C E(H) C
W?22(H, u). For the second one we note that

N
(3.12) [Dju(@)] < CY (s e5)] + [(kir e)])
i=1
where C' is a positive constant depending only on ay,...,ay, G1,..., By, hence
[e's) N 9
(3.13) > |Dju(@) Dev(a) < 4N2C4(Z [ ]kiP) ,
=1 i=1

implying that the second assertion in (3.11) holds and therefore ¢(v) € W22(H, p).
Finally we will prove that

(3.14) /| A)2D() 2y < oo,

First we prove that D¢(v)(z) € D((—A)Y?). Since A = —1Q™', w € H belongs to
D((—A)"?) if and only if

(3.15) Z'y;l<w,ej>2 < 00
j=1

Now, D¢(v)(x) = ¢'(v)D;v(z) and |¢'(v)| < Cp for some positive constant Cp, hence
from (3.12) we find that

N
Do (v) (@) < G| Dju(a)* < 2NCFC? Y (I{hiy )P + [(kiy e5) )
i=1
where h;, k; € D(A),i=1,..., N, that is,
(3.16) nyj (hi,e)]* < oo and Z’yj (ki,e)|* < oo.

7j=1

Hence from (3.16),

27;1|DJ¢ |2<2N0202227j [(hiy ) + | (kiy €)]%) < o0,

=1 j=1
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since by (2.1) ;' < ~;? for large j. This implies that D¢(v)(z) € D((—A)"/?) for
any x € H and

(Do(v)(w), (= A)"%e;)?

NE

(=A)2Dg(v)|*(x) =

1

<.
Il

(Do (v)(w),7; %e;)”

I
DO | =
.Mg

1

J

7 {(Do(v)(@), €;)*,

I
DO | =
.Mg

1

<
Il

implying that the integrand in (3.14) is Borel measurable and bounded and thus
(3.14) holds. This completes the proof of (3). O

We end this section by giving some properties of the nonlinear semigroup generated
by L¢.

Proposition 3.2. Let 3 satisfy (Hs) and S; : D(Lg) — D(Lg) be the nonlinear
semigroup generated by L_¢ Then the following hold.

(i) For any c € R, c € D(Ly), and S(c) = c.
(ii) Let f, g € D(Lg) such that f < g. Then Si(f) < Si(g) for allt > 0.
(iii) For any f € D(Ly),

/Stfdu:/fdu for all t > 0.
H H

Proof. From Proposition 3.1, for any h > 0 there is a unique v € L*(H, i) such that

(3.17) —Lou + %6(%&) = %f,
hence
(3.18) (I —=hLg)™'f = B(u).

Proof of (7). If f = ¢, we have f(u) = ¢ and thus by induction it follows that
(3.19) (I —hLg) ™c=c foralmeN,

therefore, for any ¢ > 0 we have

t —
Sy(c) = lim (I — —Ty)™c =
i(c) = lim (I ——Ly)™Mc=c
Proof of (i7). Let now fi, fo € L*(H, i), with f; < fo, and for h > 0 and € > 0, and
1= 1,2, let u satisfy

.

1 1
€ _ Lol + —B(uf) = =
EU; ou; + hﬁ(uz) ;
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From [B, Proposition 4.7 (iv) implies (i)] with

@w:{ouzo

400 otherwise,
we obtain uj < uj. By letting ¢ — 0 we obtain u; < uy where u; satisty
Lok 70w = fir =12
Hence, B(uq) < ((uz) and thus
(I —=hLg)" fr (I =hLg) " fo.
Therefore by induction,
(3.20) (I =hLg))™™fr < (I —hLgy))™" fo.

Since L*(H,u) is dense in L'(H,u), (3.20) holds also for fi, fo € L'(H,u). By

taking fi, fo € D(Ly), we obtain as before that S;(f1) < Si(f2).
Proof of (iii). Arguing as before, it is sufficient to prove that

/(I—hL_qﬁ)‘lfduz/ fdp

for all h > 0 and f € L*(H, u). This follows by integrating (3.17) over H to obtain

/6 )dp = /Hfdu,

hence our claim follws by integrating now (3.18) over H. O

4. A NONLINEAR EIGENVALUE PROBLEM ASSOCIATED WITH THE
ORNSTEIN-UHLENBECK OPERATOR

In this section we consider the nonlinear eigenvalue problem
(4.1) —Lou + ((u) = Au,

where [ satisfies (Hg) and is odd. By a solution to this equation we mean a pair
(A, u) € R x L*(H, i) satisfying u € W»2(H, uu), f(u) € L*(H,p). Clearly, for any
A€ R, (A 0) is a solution to (4.1). Set

AN i=sup{A €R : s— ((s) — As s strictly increasing in R}

We have that 0 < A\* < oco. If A < A*, then s — ((s) — As is strictly increasing and
hence, from Proposition 3.1 (a) we have that (A,0) is the only solution to (4.1). For
A € R let us consider the functional Jy : L*(H, u) — [—00, cc] defined by

Julw) + () = 31l By w € WI(H, ), [, blu)dp < o
+00 otherwise.

We observe that for A < \*, J, is strictly convex, l.s.c. and nonnegative, and 0 is its
global minimizer.
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Next we investigate the positive constant solutions to (4.1) u(z) = ¢. Then §(c) =
Ac. We have the following result.

Proposition 4.1. Assume that
(4.3) t— B(t)/t s strictly increasing on (0, 00).
Then for all ¢ > 0 the pair (B(c)/c,c) is a solution to (4.1) and u = ¢ minimizes the
functional Jy on the set
Ser={ue WY (H,p) : ||ullz2m = c}-

Furthermore, uw = c is the unique nonnegative minimizer of Jy on Se.

Proof. From (4.3) we obtain that the mapping ¢ +— b(v/t), t > 0, is strictly convex,
hence for any v € D(Jy) we have by Jensen’s inequality ([L-L, Theorem 2.2(a)]) that

(44) ) > /H (VTP )dp > b, /H uldu) = b(e) = ).

implying that © = ¢ is a minimizer for Jy. On the other hand, if u is a minimizer,
then from (4.4) and the fact that Jy(c) > Jo(u), we obtain that

Py =v(y] [ 1ula).

hence by [L-L, Theorem 2.2(b)] we deduce that u? must be a constant, hence u = ¢
since u is nonnegative. 0

We will now state and prove our existence results.

Theorem 4.1. (i) For any R > 0 there exists a solution (A, u) to (4.1) satisfying
u > 0 and v minimizes Jy on Sg.
(ii) For any R > 0 there exists a sequence of solutions {( A, uy) fnen to (4.1) such
that u,, € Sgp and
(4.5) A >0 forneN, and sup), =oc.
neN
Proof. (i) We will apply Theorem 1 in [Cl], see also [K-N-W]. As the real infinite
dimensional separable Hilbert space we choose E = L*(H,u). Let ¢ : E — [0, 0]
be defined by ¢(u) := J_1, u € E. Then clearly ¢ is convex, even, and ¢(0) = 0.
Moreover, in view of the compactness of the imbedding (2.5), the convex set

{ue £ : pu) <p}
is compact in E for all p > 0. Moreover, since E(H) C C,(H) N WY2(H, u) we have
that £(H) C D(p). The density of £(H) in E implies the density of D(p) in E.
Hence, all the assumptions of [Cl, Theorem 1] are satisfied and therefore there exists
a sequence (vg,ux) € R x E, k € N such that ||ux||g = R, 0J_1(ux) > vpux and
supg>; ¢(ug) = oco. We claim that
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and
0J 1(u) = —Lou+ Bu+u, u€ D(0J_1).
Indeed,
Jo1=Jo+ J5,
where b(t) = b(t) + 1¢? and we have
0J,=—Ly, and 0J;=DB+1.
In view of Proposition 3.1 (a), we have
R(—Ly+B+2I)=E,
which implies that —Ls + (B + I) is maximal monotone. From [B, page 41] we have
0J_1=0J, + 0J;,
which proves the claim. Therefore
—Louy + B(ug) = (vg — Dug,, k €N.

Set \y = 1, — 1, k € N. By taking inner product with u; and taking into account
that ||ug||p = R > 0 we have that A\, > 0. Finally, since

plur) < (Op(wr), w) = ViR,
we have sup,cy Ap = 00. and thus (4.5) holds.

(i) In this part we shall use that v € W'*(H,u) implies that |u| € WY2(H, u),
Ju(|u]) = Ja(u), and moreover, since 3 is odd, we also have Jy(|u|) = Jp(u). We will
apply Theorem 3 in [Cl]. To this end we set

P—{wel2(Hp: v>0},  Ip(u) = {0 wel
400 otherwise,

and define ¢, : E — [0,00] by ¢4 (u) = ¢(u) + Ip(u), u € E. We have that ¢
is convex, l.s.c., the set {u € E : ¢, (u) < p} is compact for every p > 0, and
v+ (0) = 0. We claim that D(ypy) = P. Indeed, let u € P. By the density of D(y)
in E, there exists {u,} C D(p) such that u, — v in E. Hence, |u,| € D(p) and
|un| — |u| =win E.

Let R > 0. From Theorem 3 in [C]] there exists (v,u) € Rt x P, with ||u||g = R,
vu € D(0py), vu € dp, (u) and

¢+ (u) = inf ¢ (v).

vESR

It follows that
or(v) > py(u) + (vu,v —u) for all v € D(p).
Since u € P, we have ¢ (u) = ¢(u), hence
o (v) > o(u) + (vu,v —u) for all v € D(p).
Moreover, for all v € PN D(p) we have
p(v) = p(u) + (vu,v —u),
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hence for all v € D(¢) we have

p(lvl) = o(u) + (vu, [v] —u).
Since ¢(|v|) = ¢(v), we obtain
p(v) =

hence vu € D(0p(u) and vu = —Ly + Bu + u. Setting now A = v — 1 we get

);
p(u) + (vu, v —u) + (v, [v] —v) = p(u) + (vu, v —u),

—Lou + Bu = \u.

Finally, we have
1 1
Jo(u) = p(u) — §R2 = ¢4 (u) — §R2

. 1 , 1
= inf @i (v) — 532 = vlelngSD(WD - 532

vESR

1
= inf p(v) — §R2

vESR

= inf Jy(v).

vESR

O

We finish this note by exhibiting a class of functions 8 for which the minimum of
Jo on Sy is not attained at the constants for R small.

Proposition 4.2. Assume that 3 satisfies the extra conditions

(4.6) lim —==o00, and lim —= =0,
(4.7)  there exists C' > 0 such that b(st) < Cb(s)b(t) for all s,t > 0.

Then, there exists Ry > 0 such that for any R € (0,Ry) Jy does not achieve its
minimum on Sg at the constants.

Proof. We set for n € N|
o [Fraad =Y <
i (t) = n "
) {0 [t > 3

where a,, will be chosen later. We define u,, : H — R by u,(x) := 4,({z,e;)) and
we choose a, so that ||u,||r2(m,) = R. We observe also that u, € W'?(H, 1). One
verifies that

(4.8) CiRvn < a, < CyR/n,

for some positive constants C, Cs. We will show now that if n is chosen large enough
and R > 0 is small enough, then
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Indeed, it follows from the definition of x that

1 1/n 1/n
(49) + / | Dun Py < K, / i [2dt. / b(un)dp < Ko / bty ) dt
2 Ju 0 H 0
for some positive constant Ky. Now, from (4.8) we have
1/n
(4.10) / @, |*dt = na? < Cin*R?,
0

and from (4.8) and (4.7) we get
/ v bty )dt = — / " p(s)ds < 2o MRV _ oy MV

no., I () n n

Using now the second condition in (4.6) to find ny € N so that
b(C:
CK, (Cay/no)

- 1
Un) 4 ’
from the second inequality in (4.9) we obtain

(4.11) /H b(uy ) < / b(uun, )t < ib(R).

H

Finally, in view of the first assumption in (4.6) we can find Ry > 0 such that for any
R € (0, Ry)

2
KoCinisoes < 1
therefore from the first inequality in (4.9) and (4.10), we have
(4.12) 1 / Duy P < KoC2n2- () < Lo(R).
2y " B (R) 4

Hence, from (4.11) and (4.12) we conclude that for any R € (0, Ry)

inf Jo(v) < Jo(un,) <

1 1
vESR éb(R) — §J0(R)

This completes the proof of the proposition. O

Remark 4.1. We note that 3(s) = |s|P™'s, 0 < p < 1, satisfies all the assumptions
of Proposition 4.2.

As a last comment, we mention that as a consequence of Theorem 4.1 and Proposi-
tion 4.2 we have shown the existence of a nonnegative nonconstant solution to (4.1).
It is worth observing that a function u of the form

u(z) = u((z,e1), (x,es), ..., {(x en)),

where % : RY — R is a solution to (4.1) with H = RY with the usual inner product
and

L, = %A + (b(x), V),
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Ty

where b;(z) = =31, 1 <@ < N, is also a solution to the infinite dimensional prob-
lem. It is an open problem to know whether (4.1) possesses solutions depending on
infinitely many variables.
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