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Abstract

In this thesis we will discuss several models to explain pattern formation in
mussel beds. The focus will lie on explaining the observed wavelength selection.
We will explain why the Cahn-Hilliard model as derived in [19] does not show
wavelength selection. Then we will explain different models based on biological experiments using two scale dependent feedback, i.e. the assumption that
mussels cooperate and aggregate at short length scales but compete at longer
length scales and derive nonlinear diffusion equations from these models. We
will show numerically that the solution of the derived nonlinear diffusion equations are in good agreement with the experimentally observed patterns and that
the equations evolve towards stationary solutions with a fixed wavelength.

i

Contents

Introduction
1 The
1.1
1.2
1.3
1.4

1

Cahn-Hilliard equation
Derivation of the Cahn-Hilliard equation . .
Some theory on the Cahn-Hilliard equation
Comparison with the biological data . . . .
Validity of the CH-equation . . . . . . . . .

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

5
5
7
9
11

. .
al.
. .
. .
. .

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

14
15
17
21
24
31

3 Numerical analysis of the different equations
3.1 Simulations of the continuous approximations of Liu’s IBM
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Introduction
Most people tend to think of mussels as an exquisite type of food, not necessarily
as a subject of mathematical research. One could agree with this, if you would
assume that a mussel spends its live at the bottom of the sea waiting to be
eaten by you. On the contrary, mussels take a lot of effort nót to be eaten.
The mussels’ survival strategies, which allow them to live a happy life on the
sea floor, cause the mussels to organize themselves in spatial inhomogeneous
patterns which are shown in figure 2. The question “How do these patterns
form” does serve as a good subject for mathematical research.

(a) The blue mussel, Mytilus edulis, the (b) Mussels the way we are used to see
subject of our research.
them, as food.

Figure 1: Different ways of looking at a mussel.
Pattern formation is very common in nature, ranging from ripples in sand
dunes and fairy circles in the Namibian desert, to the stripes of a zebra. Some
examples are shown in figure 3. Scientists have worked hard, and still work
hard, to explain all patterns we see around us. The modelling of these patterns by physicists, chemists, biologists and others has led to the development
of a lot of new mathematics. The equations by Duffing and Lorenz led to the
development of chaos theory and Van der Pol’s equation to the study of relaxation oscillators [14]. Another class of equations that has been widely studied
are reaction-diffusion equation, since Alan Turing discovered a mechanism for
pattern formation in these equations [33]. These systems have been proven very
useful in explaining a wide variety of patterns, see for an overview [17] or take
a look at the beautiful book by Meinhardt [23] which gives a broad overlook of
different patterns in seashells.
However, not all patterns found in nature can be explained by this mechanism. Another prominent mechanism for pattern formation is self organisation.
Animals form flocks and herds to protect themselves from predation and trees
1

Figure 2: Patterns as observed in the field (left, from [20]) and in the laboratory
(right, from [19]). Both figures are approximately a meter wide.
in arid climates group together to keep their water supply safe [28, 29]. Writing
down models for self organisation is often not straightforward. First, we should
figure out why it is a (dis)advantage to cooperate and then we should describe
how the communication between the organisms works, even when we do not
have a clear idea how. Despite these difficulties, Liu, Doelman, Rottschäfer et
al., wrote down an equation to model the pattern formation in mussel beds [19].

The Cahn-Hilliard equation
Interestingly enough, the equation they found is the Cahn-Hilliard equation,
even though this equation originates from solid state physics [3]. The derivation
of this equation is based on one important observation: It has experimentally
been shown that the movement speed of a mussel depends on the number of
mussels in it’s neighbourhood. In numerous papers by ecologists De Jager, Van
de Koppel and Liu, models have been introduced which describe the movement
of individual mussels, so called Individual Based Models. These models include
density depended movement and can accurately describe pattern formation in
mussel beds, see for example [8, 34] and the references therein or figure 4. Based
on this observation, they derived the following version of the Cahn-Hilliard
equation:
∂m
= ∇ [g(m)∇m − κ∇(∆m)] .
∂t
∂v
) with
Here, m is the rescaled mussel density and g(m) = v(m)(v(m) + m ∂m
v(m) the experimental found density dependent speed of the mussels. As the
authors showed, there is a good agreement between the numerical simulations
of the Cahn-Hilliard equation and the patterns observed in the field, but there
is one problem. The Cahn-Hilliard equation describes the early stages of pattern formation very well, but the solutions of the Cahn-Hilliard equation evolve
into increasingly larger structures, a process called coarsening. The patterns
in mussel beds however, stop at some point with coarsening and freeze into a
pattern with a fixed wavelength as shown in figure 2. In mathematical terms,
the patterns in the Cahn-Hilliard equation are unstable while the patterns in
the mussels are stable.
The original aim of this thesis was to find a way to explain why the coarsening
stops in the mussel beds within the framework of the Cahn-Hilliard equation.
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(a) Ripples in sand dunes. (b) Fairy circles in the (c) Pattern on a sea shell.
Namibian desert.

Figure 3: Different examples of patterns in nature.
That this is not a futile quest is shown in [6], where in a different context an extra
potential is added to the equation in which case the patterns become stable. Different options were put forward to explain why the present Cahn-Hilliard model
does not accurately describe the coarsening, e.g. missing interactions with food
supplies (algae) and the nonzero size of the mussels which would make it hard
to make a valid continuous model. In [1] a more detailed discussion of these
options is given. Chapter 1 gives an introduction to the Cahn-Hilliard equation
and the modelling behind it.
However, studying the Cahn-Hilliard equation made us realize that we should
not focus on the equation, but rather on the modelling behind it. We realised
that the density dependent movement speed of the mussels should be incorporated in another way into the equations. This realisation led to the rest of this
thesis, in which we start over again with the modelling and study the newly
derived equations.

Two scale dependent feedback
As mentioned before, the Individual Based Models (IBM’s) as developed in
[8, 20], do show pattern formation with a fixed wavelength. Therefore, our aim
in chapter 2 will be to find a continuous approximation of these models. The key
ingredient of the IBM’s is the following observation by De Jager [8], to which
we will refer as scale depended feedback:
By moving into cooperative aggregations, mussels increase their
local density, which decreases wave stress and predation risk. Conversely, competition for algae, which occurs on a larger spatial scale
than facilitation, prevents the formation of larger clumps by limiting
the number of mussels within a long range.
Next, we need a way to translate this into a mathematical framework. Therefore we introduce the attractiveness A:
A(ρ) = Ds ρs − Dl ρl .

3

Figure 4: Example of a simulation of the IBM by De Jager after completion,
[8]. Each magenta dot represents a single mussel and structures similar to the
structures in figure 2 have been formed.
Here, ρs (x) and ρl (x) stand for the average density of mussels at a short and
long length scale around a point x and are computed by
Z
1
ρµ (x) = 2
ρ(x′ )dx′ ,
πrµ Brµ (x)
with rs ,rl the short respectively long length scale.
We see that the attractiveness A(ρ) increases as ρs increases, but decreases
as ρl increases, which is in line with the observation by De Jager as stated above.
The main aim of this thesis is to derive a model that incorporates this scale
dependent feedback and hence produces similar patterns as those observed in
the field. Chapter 2 is mainly devoted to the study of the different IBM’s and
the derivation of equations corresponding to these models. In chapter 3 we will
simulate the equations derived in chapter 2 and compare these solutions with
the experimentally observed patterns. Chapter 4 will be devoted to a more in
depth study of one of the derived equations.
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Chapter 1

The Cahn-Hilliard equation
In this chapter we will discuss the Cahn-Hilliard equation (CH-equation) as a
model for pattern formation in mussel beds. First, we derive the equation following [19] for which we must study the ecological background. Next, simulations
of the CH-equation are compared with the observed patterns. Afterwards, we
will discuss the validity of this model. Note that detailed description of the
CH-equation is not included here. For a more extensive treatment of the CHequation as a model for pattern formation in mussel beds see [1].

1.1

Derivation of the Cahn-Hilliard equation

In this section, we will use the notation as is used in [19]. The first observation
we make is that the patterns form in less than 24 hours. Therefore, we assume
that we can ignore the growth of the individual mussels and the mortality rate,
hence we assume that the number of mussels is conserved. Now we want to
derive an equation for the local mussel density M = M (x, t) of mussels in a 2-d
bounded space, more specifically, we take as domain Ω = [0, L] × [0, H], x ∈ Ω,
and assume Neumann boundary conditions for M . For the modelling, we start
with a generic conservation equation:
∂M
= −∇ · J.
∂t

(1.1.1)

In this equation J describes the total flux of mussels at a given point. In the
derivation of the standard diffusion equation we now would use Fick’s law which
states
J = −D∇M.

(1.1.2)

In words, this equation just states that particles (or mussels) tend to move away
from high densities. Mussels in general do not follow this rule. The following
scale dependent feedback was observed by De Jager [8]:
By moving into cooperative aggregations, mussels increase their
local density, which decreases wave stress and predation risk. Conversely, competition for algae, which occurs on a larger spatial scale
than facilitation, prevents the formation of larger clumps by limiting
the number of mussels within a long range.
Therefore, we expect that the speed at which mussels move depends on the
density of mussels. At low densities, mussels move fast to find other mussels and
5

at high densities they also move fast to get away from other mussels. Mussels
move slowly when their density is at a preferred intermediate density. In [19]
it has been shown that the speed V = V (M ) of the mussels can be described
by a quadratic function of the density, V = aM 2 + bM + c, for suitable a, b, c.
Now we need to find a new Fickian law to describe the flux in terms of M
where we take the density dependent movement speed V into account. Under
the assumption that the mussels do a random walk and at each time step take
a step of length V (M ) after which they reorientate, Schnitzer [30] derived the
following expression for the flux:
 

∂V
1
V V +M
∇M,
(1.1.3)
J =−
2τ
∂M
where τ = τ (M ) is the turning rate which can be interpreted as the characteristic time between two turns. The equation above is only valid when
v(M )|∇τ (M )| << τ 2 . This means that the change of τ over a typical distance
V between two turns should be small. From now on we assume that τ is constant
so this condition is met.
Substituting equation (1.1.3) into equation (1.1.1) results in the following
equation:




1
∂V
∂M
∇M .
(1.1.4)
=∇
V V +M
∂t
2τ
∂M


∂V
However, the term V V + M ∂M
can become negative, in which case the
equation becomes notoriously unstable. We can solve this by adding a higher
order correction to Fick’s original law, namely ∇(κ∆M ) for κ > 0 small. Note
that the sign is opposite from the original −D∇M term. Equation (1.1.4) now
becomes




∂V
1
∂M
∇M − ∇(κ∆M ) ,
(1.1.5)
=∇
V V +M
∂t
2τ
∂M
p
When
√ we introduce the rescaling m = a/cM , D0 =
β = b/ ac we end up with the following CH-equation:

c2
2τ ,

κ1 =

2τ κ
c2

and

∂m
= D0 ∇[g(m)∇m − κ1 ∇(∆m)].
(1.1.6)
∂t

dv
with v(m) = m2 − βm + 1. This equation is
Here, g(m) = v(m) v(m) + m dm
also often written in an integrated form:
∂m
= D0 ∆[G(m) − κ1 ∆m],
∂t

(1.1.7)

with G(m) the anti-derivative of g.
Notice that at this point, we do have experimental values for a, b and c, but
not for τ and κ. However, κ describes the intensity of the higher order correction
to the diffusion equation and therefore we expect κ1 to be significantly smaller
than D0 .
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1.2

Some theory on the Cahn-Hilliard equation

Before we compare simulations of the CH-equation, we first give some background on the CH-equation. From a modelling point of view, we need the
equation to be conserved, i.e. we want
Z
d
mdx = 0.
(1.2.1)
dt Ω
Now when we substitute equation (1.1.6) in the equation above and integrate
by parts we find
Z
Z
d
∂m
mdx =
dx
(1.2.2)
dt Ω
∂t
ZΩ
D0 ∇[g(m)∇m − κ1 ∇(∆m)]dx
(1.2.3)
=
ZΩ
=
D0 [g(m)∇m − κ1 ∇(∆m)] · ~ndx.
(1.2.4)
∂Ω

We assumed Neumann boundary conditions, so by assumption ∇m·~n = 0 on the
boundary. As we can see, just assuming Neumann boundary conditions is not
enough for conservation of mass, we also need ∇(∆m) · ~n = 0 on the boundary.
Therefore, we need to add the assumption ∇(∆m) · ~n = 0 on the boundary for
conservation of mass.
Now we have determined the conservation of mass, we need to determine
when patterns can develop in the CH-equation. A minimal requirement for this
is that the spatial homogeneous background needs to become unstable, because
in the biological experiments patterns form from a homogeneous background.
To determine the stability of the homogeneous background we need to do a
linear stability analysis for the CH-equation.

1.2.1

Linear stability analysis for the CH-equation

~
~
For the stability analysis we assume that m = m0 + εeσ(k)t+ik·~x . ~k is here a
~
2-dimensional wave vector k = (kx , ky ). When we are precise, we should take
~k = kmn = ( πm , πn ), but for simplicity, we shall use the continuous spectrum.
L
H
When we substitute the given expansion into equation (1.1.6) we see that the
~
~
O(1) equation drops out and at O(ε) we find, after dividing by eσ(k)+ik·~x , the
following dispersion relation:

σ(~k) = −|~k|2 (g(m0 ) + κ1 |~k|2 ).

(1.2.5)

Note that g(m0 ) is explicitly a function of β. From the dispersion relation
(1.2.5) we immediately see that all wavenumbers are stable when g(m0 ) > 0.
The moment g(m0 ) becomes negative, wavenumbers with |k|2 in the interval
[0, −g(m0 )/κ1 ] will be unstable. The function g(m) is given by g(m) = (m2 −
βm + 1)(3m2 − 2βm + 1). From
this function we can see that g(m) can only
√
become negative when β > 3. However, v(m) = m2 − βm + 1 must remain
positive
√ because mussels can not have negative speed so β < 2. In the case
that 3 < β < 2, we find that g(m0 ) becomes negative for m0 in the following
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(a) Simulation for m0 = 0.3.

(b) Simulation for m0 = 0.45.

(c) Simulation for m0 = 0.60.

(d) Simulation for m0 = 0.90.

Figure 1.1: Simulations of equation (1.1.6) after 6000 iterations with dt = 0.1
for different m0 . The other parameters were D0 = 1, κ1 = 0.0025, β = 1.89,
L = H = 40 and dx = L/128.
interval:
β−

p
p
β + β2 − 3
β2 − 3
< m0 <
.
3
3

(1.2.6)

This means that when the mussel density is very low or high, no patterns are
formed. This is in line with our ecological intuition. First, if the number of
mussels is very low, it will be difficult for the mussels to find each other and
form clusters. On the other hand, when the sea floor is completely filled with
mussels, there is no point in forming clusters because it will not improve your
chances of survival.
At this point there is no clear biological meaning we can give to κ and
hence to κ1 . However, we do see that when we make κ smaller, more and more
small wavenumbers become unstable. Hence, κ determines the spatial scale at
which patterns can emerge on a short time scale and we must keep the ratio
−g(m0 )/κ1 in mind when we start simulating. If the domain size is too small,
it is possible that the long unstable waves do not fit in the grid because the
smallest discrete wavenumbers k01 or k10 might have an absolute value that is
not in the interval [0, −g(m0 )/κ1 ]. Therefore, to get a good agreement between
the stability analysis on R2 and the simulations on a finite grid, L must be
chosen large or κ1 small.

8

Figure 1.2: Pattern formation in mussels under laboratory conditions. Notice
the similarities in shape between this figure and figure 1.1c. Figure comes from
[19].

1.2.2

Coarsening and stationary solutions

Although the CH-equation is frequently used for explaining patterns as a result of phase separation, the CH-equation often only describes this behaviour
at a short time scale. Numerical simulations show that the patterns evolve
into patterns with an increasingly larger wavelength. This processes is called
coarsening, see e.g. figures 1.3 and 1.5. The speed of the coarsening is given by
the Lifshitz-Slyozov law, which states that the growth in time of the dominant
wavelength ℓ(t) of the solutions is bounded by t1/3 [18]. Now the interesting
question is where the coarsening stops, or in other words, what do the stable
stationary solutions of the CH-equation look like? Unfortunately, the coarsening of the CH-equation just goes on and on. Hence, the stationary states of
the CH-equation show no patterns, but the stationary states are just solutions
with one single interface between the high and low phase [4].

1.3

Comparison with the biological data

Now that we have derived an equation, we need to compare the solutions of
the CH-equation with actual patterns observed in nature. Before we can start
simulating, we need an efficient way to simulate the CH-equation.

1.3.1

Numerical simulations of the CH-equation

For the numerical integration we used Eyre’s unconditionally stable scheme [35].
The code for the original Cahn-Hilliard equation, i.e. with G(m) = m3 − m can
be found at Eyre’s homepage.1 . The fact that this scheme is unconditionally
stable gives us the opportunity to use increasingly larger time steps to see the
behaviour of the CH-equation at long time scales. As is noted in [35], the
domain walls (the steep interfaces between the two different phases) tend to
move with a speed v ∼ t−2/3 . This means that when we use a fixed time
step dt we eventually simulate an almost stationary solution with a very high
accuracy. This however blocks us from converging to the stationary solution.
With Eyre’s scheme we can increase the time step during the simulations and
1 http://www.math.utah.edu/

~eyre/computing/matlab-intro/ch.txt
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therefore speed up the simulation. But even then, there are no guarantees that
the solution will converge to the stationary solutions within a reasonable amount
of computation time. If one is really interested in the stationary solutions,
there are several options such as adding noise [15] or using spectral weighting
[6]. However, we are interested in the comparison of the CH-equation with the
experimental results and the comparison breaks down long before the stationary
state is reached and therefore there is no need to simulate up to the moment
a single interface has formed. For a more detailed explanation of the code, see
appendix A.

1.3.2

Results of the simulations

First, we need to estimate values for D0 , β, m0 and κ1 . We notice that the value
of D0 is not important for the qualitative behaviour of the equation so we can
set D0 equal to 1. To keep the rescaling consistent, we now find κ1 =√κ. This
means that we can choose κ freely. Furthermore, we know that β = b/ ac and
with the experimental values for a, b and c from [19] we find β = 1.89. For this
value of β, equation (1.2.6) becomes
0.38 < m0 < 0.88.

(1.3.1)

Now we can compare the numerical simulations of the CH-equation with the
observations from the field. In figure 1.1 simulations of the CH-equation for
different values of m0 are shown. Indeed, when m0 < 0.38 or m0 > 0.88 we
see no patterns. For 0.38 < m0 < 0.88 we see phase separation and patterns.
However, what is important to keep in mind is that the simulations shown
in figure 1.1 are just intermediate stages, at least for m0 = 0.45 and m0 =
0.6. These solutions will evolve into similar looking structures with a larger
wavelength which is called coarsening, see section 1.2.2. For m0 = 0.6, this is
shown in figure 1.3. As we can see, from t = 1000 to t = 2000 the labyrinth
structures in the solution have become noticeably “thicker”, but from t = 2000
to t = 3000 the difference is less obviously. This illustrates the fact that the
coarsening and converging to a stationary state slows down considerably.
To make extra clear that the CH-equation governs phase separation, we plot
an intersection of a solution, see figure 1.4. This figure shows clearly that the
solution exists of two phases, a low phase around ρ = 0.25 and a high phase
around ρ = 1.1, connected by steep interfaces.

1.3.3

Comparison with the biological data

Figure 1.2 shows the patterns in mussel beds under laboratory conditions. The
mussels were spread out evenly and the picture shows the resulting pattern
after 24 hours [19]. For videos of the experiment and more on the experimental
set up, do visit Van de Koppel’s homepage2 . As is pointed out in [19], the
comparison between the solutions of the CH-equation and the experimental
results is remarkably good. For low values of m0 , we see separate patches of
mussels in the field and we see dots in the solution of the CH-equation as in
figure 1.1a. For higher values of m0 , we see labyrinth like structures in the
field as well as in the simulations. However, the most convincing comparison
2 www.johanvandekoppel.nl
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(a) Solution at t = 1000.

(b) Solution at t = 2000.

(c) Solution at t = 3000.

Figure 1.3: Time evolution of the Cahn-Hilliard equation (1.1.6) with m0 = 0.6.
Figure (a) shows the solution at time t = 1000 when patterns have formed,
figures (b) and (c) show the evolution of the solution into thicker structures, i.e.
coarsening. D0 = 1, κ1 = 0.0025, β = 1.89, L = H = 40 and dx = L/128.

(a) Solution at t = 103 .

(b) Intersection over the red line in left figure.

Figure 1.4: Simulation of equation (1.1.6) with m0 = 0.6. The other parameters
are kept the same as in figure 1.1.
between the CH-equation and the laboratory experiments is the fact that both
show coarsening in the same way. In figure 1.5 we see that the coarsening in the
CH-equation follow the Lifshitz-Slyozov law ℓ(t) ∼ t1/3 , but also the pattern
formation in the experimental set-up shows coarsening following the LifshitzSlyozov in the early phases of the evolution.

1.4

Validity of the CH-equation

The first discrepancy between the simulations and the experimental results can
be found when we compare figure 1.2 with figure 1.4. In the experimental
setup, the density of mussels between the patches of mussels is zero, while
this clearly is not the case in the simulations. We do not consider this as an
actual problem, but apparently the authors of [19] did, because the simulations
shown are not the actual solutions of equation (1.1.6). Without mentioning
it, they shifted down the solutions in such a way that the low phase is zero
in order to get a better agreement with the experimental results. The second
more troubling difference between the evolution of the mussel patterns in the
experiments and the simulated patterns in the CH-equation, is the fact that
the CH-equation goes on and on with coarsening whereas the mussels do not.
11

Figure 1.5: Coarsening in the experimental set-up (top 3 curves) and in the
CH-equation (1.1.6), figure from [19]. The top 3 curves show the coarsening of
the dominant wavelength ℓ versus time for 3 different experimental set-ups. The
dashed lines are fits to the data of the form ℓ(t) ∼ tγ with the gamma given in
the figure. The bottom curve shows the coarsening in the CH-equation. Note
that the coarsening in the mussels stops after approxmately 2 hours, while the
coarsening in the CH-equation continues.
How can we explain this difference? This question lies at the very beginning
of this thesis. Bastiaansen proposed a few solutions in his thesis [1]. One idea
is to extend the CH-equation to a predator-prey model, where mussels are the
predator and algae the prey, but no parameter regime could be found in which
the patterns become stable. Another explanation could be that the nonzero size
of the mussels is the limiting factor. At long time scales, the coarsening is very
slow and the interaction between two clumps is very small. However, in the real
mussel beds, the interaction between two clumps of mussels can not be smaller
than one mussel which limits the coarsening behaviour. On the other hand,
videos from the experiments show that mussels keep jumping from one clump
to another, even after the patterns have formed so different clumps certainly do
“communicate”. All in all no satisfactory solution was found to our taste.
Working on this thesis, we realised that something else might be the problem.
That is, what is the meaning of M , the local mussel density? To examine the
problem, compare figure 1.6a with figure 1.6b. Figure 1.6b shows the data to
which the function V (M ) is fitted and figure 1.6a shows where the data comes
from. What we see is that in figure 1.6a, the speed depends on the number of
mussels in a cluster and larger clusters take up a larger physical space, whereas
in the second figure the speed depends on the density. This raises the following
question: how is the local mussel density M defined? The clump with 128
mussels has been rescaled to density 1. This means that in the process of going
from cluster size to rescaled density, one just divides by 128. However, a clump
of 128 mussels takes up a larger space than a small clump. Dividing by 128
disregards this fact, but more important, it is also in contradiction with the
scale dependent feedback we introduced at the beginning of this chapter.
Therefore, we argue that one cannot relate the speed of the mussel to the
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(a) Average speed of a mussel versus cluster (b) Rescaled mussel speed versus rescaled
size, figure from [34].
mussel density as is used in the derivation
of the CH-equation. A cluster of 128 mussels corresponds to a density of 1, figure
from [19].

Figure 1.6: Two different interpretations of the density dependent speed.
density at a single point, but one should relate the speed to the density at larger
length scales.
The derivation of the CH-equation crucially depends on the fact that the
speed of the mussels depends on the density at a single point. Hence, if we want
to incorporate the scale dependent feedback into our model in the hope that this
will result in solutions with a fixed wavelength, we should start the modelling
all over again, and that is exactly what we will do in the next section.
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Chapter 2

Modelling two Scale
Dependent Feedback
Modelling should always start with the following question: With what kind of
description do I want to end? Are we interested in the mussel movement per
individual, or do we want an equation that describes the (probability) density
of the mussels? And if we want an equation, what kind of equation, a PDE or
an integral equation?
Different levels of descriptions have different advantages and disadvantages. It
is quite straightforward to write down equations for, say, N individual mussels.
One should just identify how a mussel moves with respect to it’s neighbours and
the nonzero size of the mussels can easily be accounted for. Although writing
down these equations and translating them into computer codes is not extremely
difficult, the mathematical study of a system of N coupled nonlinear equations
can be very hard, especially because the systems will probably be stochastic.
The best way to deal with the inherent stochastic nature of the individual animal
movement is to write down mesoscopic equations. In that approach we write
down equations for the probability density of the whole population. This means
that we do not follow individual trajectories, but are interested in the average of
all individual trajectories for large populations. These equations mostly tend to
come in the form of integral equations. At the macroscopic level we end up with
the more familiar partial differential equations (PDE’s). Although PDE’s are
better understood than integral equations and therefore easier to study, a lot of
information is lost in going from the mesoscopic level to the macroscopic level.
This is best explained by the standard diffusion equation. The diffusion equation is a well understood PDE and is a macroscopic approximation of individual
particle movement at the microscopic level. However, in the diffusion equation
information travels at infinite speed, which would mean that particles are allowed to take arbitrarily large jumps in arbitrarily small time steps. Another
problem with the macroscopic formulation is that the step from a mesoscopic
equation to a PDE often fails in the case of long range dispersal. We will come
to this problem when we discuss Lévy walks.
In this chapter, we will first discuss some Individual Based Models (IBM)
as developed in several papers by the group of Johan van de Koppel at the
NIOZ Royal Netherlands Institute for Sea Research, e.g. [20, 34, 8]. Then we
will write down mesoscopic equations using the knowledge from the IBMs and
try to derive PDEs. The success of this approach depends on the underlying
random walk in the IBM. In section 2.2 we derive a nonlinear diffusion equation
based on the IBM from [20], but we will also show why this derivation process
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does not work for the IBM from [8]. In sections 2.3 and 2.4 we develop the tools
necessary to model the IBM from [8] and derive a nonlinear fractional diffusion
equation.

2.1

Individual Based Models

In chapter 1 we stated the principle of scale dependent feedback :
By moving into cooperative aggregations, mussels increase their
local density, which decreases wave stress and predation risk. Conversely, competition for algae, which occurs on a larger spatial scale
than facilitation, prevents the formation of larger clumps by limiting
the number of mussels within a long range.
Consequently, we assume that a mussel can determine the attractiveness
of its position at every moment and adjust its movement to this. Therefore,
we have come up with a way to describe the attractiveness of a point and for
simplicity we start with a discrete model in one dimension. Hence, we take Z to
be the grid and Nk the number of mussels at point k. We furthermore assume
that two points are separated by a distance ℓ. For every point k, we define
the attractiveness Ak (t) which is given by the scale dependent feedback. We
assume that there is positive feedback on the short length scale Rs and negative
feedback on the large length scale Rl :
Ak (t) =

Ds
2Rs + 1

X

i∈Z
|i−k|≤Rs

Ni (t) −

Dl
2Rl + 1

X

Ni (t).

(2.1.1)

i∈Z
|i−k|≤Rl

P
D
Note that N µ = 2Rµµ+1 |i−k|≤Rµ Ni (t) is the average of N (t) over the interval
[k − Rµ , k + Rµ ] for µ = s, l. Dl and Ds are positive constants. In words this
equation states that the attractiveness of a point increases as the short scale
density N s increases and decreases as the long scale density N l increases. Of
course, we can also formulate the attractiveness in two dimensions. In that case,
we take as grid Z2 and average over a circle instead of an interval:
Amn (t) =

Ds
πRs2

X

2

(i,j)∈Z
|(i,j)−(m,n)|≤Rs

Nij (t) −

Dl
πRl2

X

Nij (t).

(2.1.2)

2

(i,j)∈Z
|(i,j)−(m,n)|≤Rl

Note here that πRµ2 is an approximation for the number of grid points in a circle
with radius Rµ .
With this definition at hand we can formulate movement rules for the individual mussels.
When we study the code from the IBM by De Jager et al. [8] (we will refer
to this model as De Jager’s IBM or just De Jager), we find the following rules
for the Random Walk the mussels execute. At every timestep, a mussel takes a
step with the following chance:
1

pmove = ( 0 . 6 - 1 . 3 . ✯ s s d + 1 . 1 . ✯ l s d ) > rand ( 1 , np ) ;
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(a)

(b)

Figure 2.1: Simulations of the IBM from [8]. (a) The initial condition. (b)
The simulation after convergence. Ds = 1.3, Dl = 1.1, Rs = 1.1, Rl = 7.5. A
simulation has converged when the average of N s /N l is larger then 1.5.
where ssd and lsd stand for the short respectively long scale density. With
our definition of A, this means that a mussel at position (m, n) takes a step if
0.6 − A > X for X a random variable uniformly distributed on [0, 1]. Then, if
a mussel takes a step, it takes a step where the angle is uniformly distributed
on [0, 2π] and the step length is distributed with a Pareto distribution with
parameters independent of the density. This is coded as:
1

L = xmin . / ( 1 - rand ( 1 , np ) ) . ˆ ( 1 / ( mu- 1 ) ) ;

where xmin is the minimum jump distance and µ the exponent of the Pareto
distribution.
These two core rules prove to be able to generate patterns that are very alike
to the observed patterns, see figure 2.1. However, we should notice here that
the distribution of the steps, i.e. angle and step length, is properly normalized
in [0, 2π] × R+ , but not in R2 . It is also good to note that in this model only
the chance of taking a step depends on A, but the step length is independent of
A.
In the IBM as described by Liu et al. in [20] (we will refer to this model
as Liu’s IBM or just Liu) the dependence on A is different. They state the
following:
Statistical analysis of experimental movement trails revealed that
the distances covered by the mussels during 1 min could be approximated by an exponential distribution [34, 7], where the frequency h
of occurrence decreased with movement distance r; h(r, β) = β1 e−r/β .
Here, the scaling parameter β is a function of the densities of mussels in the neighbourhood. Statistical analysis of the relationship
between movement speed and mussel density revealed that this scale
parameter β is negatively affected by density at a scale of 1.5 cm,
but positively affected by density at a scale of 6.0 cm. The scaledependent feedback can be expressed as β = p0 +p1 L11 −p2 L2 , where L1
and L2 represent the mussel densities at the two different scales, and
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the coefficients p0 , p1 and p2 represent an intercept (movement speed
at zero mussel density), and the coefficients of density dependence,
respectively, which were all obtained from the regression analysis.
Although both models do generate the labyrinth structures we are looking
for, there is from a mathematical point of view a problem. De Jager compares
0.6 - 1.3.*ssd + 1.1.*lsd with a uniform distribution on [0, 1] while the
range of 0.6 - 1.3.*ssd + 1.1.*lsd far exceeds [0, 1]. This problem becomes
even bigger in the IBM by Liu, where the denominator of β becomes negative
and hence passes through zero while this parameter should be positive in an
exponential distribution. Liu solved this problem by replacing p0 + p1 L1 − p2 L2
with max{0.001, p0 +p1 L1 −p2 L2 }. These problems set aside, both models show
that it is possible to form patterns solely based on the fact that the random walk
the mussels execute depends on A. As we will show in the next section, deriving
a continuous equation for the IBM by Liu is straightforward, but unfortunately
the same is not true for the IBM by De Jager.

2.2

Fokker-Planck equation for the IBM by Liu
et al.

Following Grindrod [13], we propose the following mesoscopic or master equation
for the density of mussels ρ(x, t):
Z
ρ(x, t) =
Φ(x, t, y, s)ρ(y, s)dy.
(2.2.1)
R2

Here, Φ(x, t, y, s) is the probability that a mussel (or particle in general) is at
position x on time t, given that it started in y at time s. In ecology, Φ is also
called the dispersal kernel as it contains all the information on how the particles
(or animals) disperse. By this definition of Φ we have that Φ(x, s, y, s) = δ(x−y).
Notice here that we made the approximation that the mussels move continuously
in time instead of making separate jumps. Now given the information from the
IBM by Liu in the previous section, we write down an exponentially decaying
kernel that is radially symmetric. Hence, we propose the following expression
for Φ(x, t, y, s) which is normalized to 1 for every time (t − s):
Φ(x, t, y, s) =

λ|x−y|
λ2
− √t−s
e
.
2π(t − s)

(2.2.2)

Here, we should take λ = 1/β(y, s) following Liu. As pointed out before, this is
not well defined because β is not strictly positive and therefore we propose to
take
λ(y, s) =

1 1
+ tanh(A(y, s)) =: g(A),
2 2

(2.2.3)

with A(x, s) the continuum approximation of equation (2.1.2):
Z
Z
Ds
Dl
′
′
A(x, t) = 2
u(x′ , t)dx′ .
u(x , t)dx − 2
πrs Brs (x)
πrl Br (x)
l
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(2.2.4)

Here, and in the rest of this thesis, we use rs and rl to denote the real short and
long length scale, whereas Rs and Rl stand for the short and long length scale
in terms of grid points. The reason we took g(x) = 12 + 12 tanh(x) is because it
maps −∞ to zero and is monotonic in order to be sure that λ remains positive.
Every other function with this property might do as well. From this point we
can write down the Fokker-Planck equation corresponding to equation (2.2.1),
but Φ is explicitly dependent on ρ(y, s), not just on y and s, so we should dig
through the derivation of the Fokker-Planck equation to see if it still holds.
Furthermore, the derivation will show that the existence of the second moment
of Φ is crucial to the derivation process. Hence, it is instructive to give the full
derivation.
Therefore, we again start with equation (2.2.1) for a general Φ, but we
introduce the variable z = x − y and use bold letters to explicitly stress the fact
that the variables are in R2 :
Z
ρ(x − z, s)Φ(ρ(x − z, s), z, t, s)dz.
(2.2.5)
ρ(x, t) =
R2

We explicitly wrote down that Φ = Φ(ρ(y, s), z, t, s). Now we approximate
ρ(x − z, s) and Φ(ρ(x − z, s), z) for |z| << 1:
1
ρ(x − z, s) = ρ(x, s) − Dρ(x) · z + zT D2 ρ(x)z + O(z3 ),
2

(2.2.6)

where Dρ is the gradient of ρ with respect to x and D2 ρ the Hessian of ρ with
respect to x.
Φ(ρ(x − z, t), z) = Φ(ρ(x, t), z) − D(Φ(ρ(x, t), z)) · z
1
+ zT D2 (Φ(ρ(x, t), z))z + O(z3 ).
2

(2.2.7)

Before we substitute both expansions back into (2.2.5), we need some assumptions on Φ(ρ, z). We assume that Φ(ρ, z) is a radially symmetric probability density with mean 0 and that the second moments exists, i.e.:
Z
Φ(ρ(x, t), z)dz = 1,
(2.2.8)
R2
Z
z1 z2 Φ(ρ(x, t), z)dz1 dz2 = 0,
(2.2.9)
R2
Z
Z
z12 Φ(ρ(x, t), z)dz1 dz2 =
z22 Φ(ρ(x, t), z)dz1 dz2 = m2 (ρ),
(2.2.10)
R2

R2

where z = (z1 , z2 ) and m2 is the second moment of Φ which explicitly depends
on ρ. Now we can substitute expansions (2.2.6) and (2.2.7) into equation (2.2.5)
and collect terms of the same order in z. On the right hand side, we find at
O(1):
Z
ρ(x, s)Φ(ρ(x, s), z)dz,
(2.2.11)
R2

which, by assumption (2.2.8), just equals ρ(x, s). At O(z) the right hand side
of 2.2.5 becomes
Z
ρD(Φ(ρ(x), z)) · z + Dρ(x) · zΦ(ρ, z)dz.
(2.2.12)
−
R2
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∂
We apply the chain rule to find D(Φ(ρ(x), z)) = ∂ρ
Φ(ρ, z)Dρ, then we pull
ρ, Dρ and the derivative with respect to ρ outside the integral so equation 2.2.12
becomes
Z
Z
∂
zΦ(ρ, z)dz.
(2.2.13)
Φ(ρ, z)zdz − Dρ ·
·
−ρDρ
∂ρ R2
R2

Both integrals are 0 by (2.2.9). Hence, the whole O(z) term disappears. Next
comes the O(z2 ) term:
Z
1
1
ρ zT D2 (Φ(ρ(x), z))z + Φ(ρ, z) zT D2 ρ(x)z + Dρ(x) · zD(Φ(ρ(x), z)) · zdz.
2
R2 2
(2.2.14)
We can use assumption (2.2.9) to get rid of all the terms containing z1 z2 . Then
we are left with
Z

1
ρ
z12 ∂x21 Φ(ρ, z) + z22 ∂x22 Φ(ρ, z) dz + (∆ρ)m2 (ρ)+
2 R2
2
Z
(2.2.15)

z12 ∂x1 ρ∂x1 Φ(ρ, z) + z22 ∂x2 ρ∂x2 Φ(ρ, z) dz.
R2

We apply the chain rule twice to D2 (Φ(ρ, z)) and pull again the derivatives
with respect to ρ outside the integral. Putting everything together, we find that
equation (2.2.5) up to O(z 2 ) becomes

ρ
(∂x1 ρ)2 + (∂x2 ρ)2 )∂ρ2 m2 (ρ) + (∆ρ)∂ρ m2 (ρ)
2

1
+ (∆ρ)m2 (ρ) + (∂x1 ρ)2 + (∂x2 ρ)2 ∂ρ m2 (ρ)
2
1
= ρ(x, s) + ∆(m2 (ρ)ρ).
2

ρ(x, t) = ρ(x, s) +

(2.2.16)

When we take ρ(x, s) to the other side, divide by t − s and take the limit of
t − s to zero, we end up with the familiar Fokker-Planck equation:
1
∂ρ
= ∆(K2 (ρ)ρ),
∂t
2

(2.2.17)

where K2 = limt−s→0 m2 (ρ(y,t−s))
. We can recognize this coefficient as a Kramer
t−s
coefficient from the Fokker-Planck equation. Next, we must check whether or
not the dispersal kernel from equation (2.2.2) fulfils our assumptions. Φ(z) is
constructed to be rotationally symmetric and normalized so assumptions (2.2.8)
and (2.2.9) hold. For assumption (2.2.10) to hold, the second moment of Φ must
exist, which can be shown by computing m2 (ρ):
Z
λ(y, s)2 − λ(y,s)|x−y|
√
t−s
dx
e
x21
m2 (ρ) =
2π(t
−
s)
2
R
Z 2π Z ∞
λ(y, s)2 − λ(y,s)r
√
t−s rdrdθ
(2.2.18)
e
(r cos(θ))2
=
2π(t
−
s)
0
0
3(t − s)
=
.
λ(y, s)2
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Hence, we find
K2 = lim

t−s→0

3(t − s)
3
= 2,
(t − s)λ2
λ

(2.2.19)

where λ is defined as in equation (2.2.3).
Finally, the derivation resulted in a nonlinear diffusion equation as an approximation for the IBM by Liu:


3
ρ
∂ρ
.
(2.2.20)
= ∆
∂t
2
g(A)2
For simulations of this equation, see section 3.1.

2.2.1

Fokker-Planck equation for the IBM by De Jager

De Jager puts forward the hypothesis that a Lévy walk with parameter α = 1
(we will explain this later) is the optimal search strategy. If this is true, we
would like to see this in our continuous model as well. For that reason, we need
to replace the exponential in the previous section by a heavy tailed probability
density. At this point there are two problems. First, a pure Lévy walk Pα is
only defined via it’s Fourier transform:
α

P̂µ = e−a|k| .

(2.2.21)

Unfortunately, there is no direct expression for the inverse Fourier transform of
P̂ , but we do find for x → ∞ that Pµ ∼ x−(µ+1) which is the heavy tail we
need. The second problem is that, even if we had an exact expression for the
probability density, the method described above can not be used because the
second moment of Pα does not exist. Before we continue with the next section
and give a formal derivation of the continuous equation corresponding to a Lévy
walk, lets first write down a master equation for the IBM as described by De
Jager. She explicitly states that only the waiting times depend on A, not the
jump length. We can model this following [25]. This time, the dispersal kernel
Φ(z) is independent of t. Next, we need to introduce the jump rate λ(ρ).This
means that the probability that a mussel takes a step in the small time interval
[t, t + dt] is λ(ρ(x, t))dt.
Now we can write down the following balance equation:
Z
ρ(x, t + dt) = dt
λ(ρ(x − z))ρ(x − z, t)Φ(z)dz + (1 − dtλ(ρ(x, t))ρ(x, t) + O(dt2 ).
R2

(2.2.22)

Subtracting ρ(x, t) from both sides, dividing by dt and taking the limit of t → 0
results in the following mesoscopic equation:
Z
∂ρ
=
λ(ρ(x − z))ρ(x − z, t)Φ(z)dz − λ(ρ(x, t))ρ(x, t).
(2.2.23)
∂t
R2
Now we would like to use the same strategy as before: expand ρ(x − z)
and λ(ρ(x − z)) around |x − z| << 1 and compute all the integrals using the
assumptions on Φ. However, since the second moment is infinite, we can not
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use this strategy. Now, before we go to the next section and try to solve this
problem, we assume for the moment that Φ does have a second moment m2 . In
that case we end up with the following equation [25]:
m2
∂ρ
=
∆ (λ(ρ)ρ) ,
(2.2.24)
∂t
2
which is in shape similar to equation (2.2.20). Now, we have not said anything
on λ(ρ) at this moment. For example we could take λ = 1/g(A)2 in which
case the equation above would become identically to equation (2.2.20) or we
could take the most simple jump rate λ = 1 − g(A), but probably a large class
of monotonic decreasing functions would work. Some more details on which
choices for λ work or do not work can be found in section 3.3.

2.3

The fractional diffusion equation

In the previous section, we ran into trouble when we wanted to model the mussel
movement by using a dispersal kernel without a second moment. What we need
to learn from the derivation process in the previous section, is that as long as the
second moment of a distribution exists, the corresponding macroscopic equation
will be the diffusion equation, which only depends on the dispersion kernel via
its second moment. We could have known this beforehand by invoking the
Central Limit Theorem, which tells us that all random walks of which second
moment exists, converge to a Gaussian process. The Central Limit Theorem
heavily depends on the existence of the second moment. Therefore, we need a
generalisation of the Central Limit Theorem [11]:
Generalized Central Limit Theorem. The sum of n random variables on
R with power law distributions, i.e. distributions with a tail that decays as
∼ |x|−α−1 with 0 < α < 2, converges to an α-stable distribution which is a
α
distribution whose characteristic function φ is given by φ(t) = e−|ct| .
Now the definition of a Lévy distribution is exactly the distribution of which
α
the characteristic function is given by φ(t) = e−|ct| for 0 < α < 2. Hence,
we can expect that when we want to find a continuum approximation to De
Jager’s IBM, the PDE will have the same operator as the one that appears in
the continuum approximation of a pure Lévy walk.
To derive the diffusion equation that corresponds to the Lévy distribution,
we start, following [24], with a balance equation. We will write down a balance
equation for a continuous time random walk (CTRW). Let φ(t) denote the
probability that no step has occurred until time t and let Φ(z) denote the
dispersal kernel, i.e. the distribution of the step sizes which we assume to be
symmetric (a nonsymmetric kernel would induce an advection term in which
we are not interested at the moment). Note that at this point we explicitly
assume that φ(t) and Φ(z) do not depend on the density ρ(x, t). When we
denote with ϕ(t) the probability density of taking a step, then by definition we
Rt
have φ(t) = 1 − 0 ϕ(t′ )dt′ . For the density ρ(x, t) we now find the following
balance equation:
Z t
ρ(x, t) = ρ(x, 0)φ(t) +
(2.3.1)
j(x, t − u)φ(u)du .
| {z }
0
{z
}
|
Stay
Arrival
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This equation states that the number of mussels (or density) at point x and
time t equals the number of mussels that didn’t leave plus the integral over u of
all mussels that arrive at time t − u but do not leave in the remaining time u.
Therefore, j(x, t) is not the density of mussels that are at x on time t, but the
density of mussels that arrive exactly at x on time t. To get a closed equation,
we also need an expression for j(x, t) in terms of ρ:
j(x, t) =

Z

R

ρ(x − z, 0)Φ(z)ϕ(t)dz +

Z tZ
0

R

j(x − z, t − u)Φ(z)ϕ(u)dzdu.
(2.3.2)

The first integral describes the mussels that wait a time t at point x − z before
they make their first jump. The second integral describes the mussels that
arrived at x − z at time t − u, wait a time u and then arrive at x at exactly time
t. Finding a closed equation for ρ by substituting equation (2.3.2) into (2.3.1)
is difficult, but when we take the Fourier transform with respect to x and the
Laplace transform with respect to t of both balance equations, solving for ρ has
become much easier. When we recognize the integrals as convolutions, we can
apply the convolution theorem for transforms and find
ρ(k, s) = ρ(k, 0)φ(s) + j(k, s)φ(s),
j(k, s) = ρ(k, 0)Φ(k)ϕ(s) + j(k, s)Φ(k)ϕ(s).

(2.3.3)

Notice that we just write ρ(k, s) when we mean L(F(ρ)), the variables should
make clear what is meant. Now we can solve for ρ(k, s):
1
1 − Φ(z)ϕ(s)
1 − ϕ(s)
1
= ρ(k, 0)
.
s
1 − Φ(z)ϕ(s)

ρ(k, s) = ρ(k, 0)φ(s)

(2.3.4)

This equation is also known as the Montrol-Weiss equation. This equation
is extremely useful for deriving diffusion equations. The first thing we should
realize is that ϕ(s) is the moment generating function of ϕ(t), provided it exists,
and that Φ(k) is the characteristic function of Φ(x). Now we want to take the
step from the mesoscopic level to the macroscopic level. This means that we are
interested in longer length scales and time scales, which correspond to small s
and k. We assume ϕ(t) has a first moment hti and Φ(x) has a second moment
hx2 i (remember that hxi = 0 because we assumed Φ(x) to be symmetric). Then,
by definition of the moment generating function and the characteristic function
we have
1
Φ(k) = 1 − hx2 ik 2 + O(k 4 ),
2
ϕ(s) = 1 − htis + O(s2 ).

(2.3.5)
(2.3.6)

Before we substitute this back into equation (2.3.4) we first split the equation
in a spatial and temporal part:
1 − ϕ(s)
(sρ(k, s) − ρ(k, 0) = (Φ(k) − 1)ρ(k, s).
sϕ(s)
22

(2.3.7)

Now we can substitute both expansions into the equation above and then find
up to order O(s, k 2 )
hti(sρ(k, s) − ρ(k, 0)) =

1 2 2
hx ik ρ(k, s).
2

(2.3.8)

Finally, we invert with Fourier-Laplace and recover the familiar diffusion equation:
ρt =

hx2 i
∆ρ.
2hti

(2.3.9)

Notice here that the only way ϕ and Φ influence the equation is via the diffusion
2
i
constant D = hx
2hti and the fact that their first respectively second moment
exists. Fortunately, we can derive a lot more from the Montrol-Weiss equation.
As we have learned from the generalized central limit theorem, the characteristic
function of all heavy tailed distributions will converge towards the characteristic
α
function of the Lévy walk, e−a|k| . The second derivative of this function in
k = 0, i.e. hx2 i does not exist just as we expected, but we can still expand the
characteristic function as 1 − a|k|α + ... In this case, equation (2.3.7) becomes
up to order O(s, k α )
hti(sρ(k, s) − ρ(k, 0)) = −ak α ρ(k, s).

(2.3.10)

We can define the fractional Laplacian −(−∆)s as the operator that has the
symbol −|k|2s , which means
s f (x) = −|k|2s fˆ(k).
\
−(−∆)

(2.3.11)

For clarity, we will write −(−∆)s = ∆s . By this definition, it is now clear
that when we invert equation (2.3.10) with Fourier-Laplace, we find the spacefractional diffusion equation:
ρt =

a s
∆ ρ,
hti

(2.3.12)

with s = α/2. Now this equation might look like a “normal” PDE, but by the
definition of ∆s it really is an integrodifferential equation.
We will not exploit the other possibilities of the Montrol-Weiss equation
here, but note that we can easily derive all kinds of other fractional diffusion
equations. When we assume for example that ϕ has such a heavy tail that hti
β
does not exist, we still might be able to expand ϕ(s) as ϕ(s) = 1 − hti for
β < 1, which would result in a time-fractional diffusion equation.

2.3.1

Application of the Montrol-Weiss equation for modelling the IBM’s

Now suppose that we want to use the formalism described above to the IBM
by De Jager, then we would run into immediate trouble. The function ϕ(t)
would become a function of not just t, but also of ρ(x, t0 ). Therefore, when we
apply the Fourier transform to ρ(x, 0)φ(t, ρ(x, 0)) we unfortunately do not get
ρ(k, 0)φ(t, ρ(k, 0)). To our knowledge, there is no direct expression for the Fourier transform of ρ(x, 0)φ(t, ρ(x, 0)) in terms of ρ(k, 0) and φ(t, ρ(k, 0)). Hence
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we cannot derive a Montrol-Weiss equation and we are stuck. However, there is
one lesson we must learn from the derivation of the fractional diffusion equation
above. If we want to find a continuum approximation for a random walk without
second moment, we should at least expect to find a fractional Laplacian.

2.4

Discretization of the fractional Laplacian

In this section we will derive a nonlinear fractional diffusion equation following
Chaturapruek et al. [5], but first we invest some time in the study of the
fractional Laplacian. The aim is to give a connection between the fractional
Laplacian and a heavy tailed random walk, i.e. a Lévy walk.
We want to find a continuum approximation to a random walk (RW) that is
both discrete in space and time. Therefore, let us define a spatial-temporal grid
{xj , tn )|j ∈ Z, n ∈ N} with xj = jh and tn = nτ for τ, h > 0. We define pk as
the probability that a particle takes a jump of length k in a time step τ . Hence,
all pk are non-negative and sum up to 1. Then, the probability yj (tn ) that a
particle is at position j at time tn , must obey the following balance equation or
transition law:
∞
X
yj (tn+1 ) =
pk yj−k (tn ),
yj (0) = δj0 .
(2.4.1)
k=−∞

Now, how can we connect the discrete equation with the continuous equation
below?
ρt = Dα ρ,

0 < α ≤ 2.

(2.4.2)
α

There are many different definitions of the fractional derivative D , but at this
point it is useful to take the Grünwald-Letnikov derivative:
 
∞
1 X
k α
α
(−1)
y
.
(2.4.3)
D± yj = lim α
k j±1∓k
h→0 h
k=0

Notice that when we take α to be 1 or 2, we recover the standard definition of
α
the first and second derivative. D±
are called the direct and reverse GrünwaldLetnikov derivatives. Together they form the Riesz fractional derivative [26]:
Dα = −

D+ + D−
.
2 cos(απ/2)

(2.4.4)

With this definition at hand, finding a finite difference scheme for equation
(2.4.2) has become obvious:
!
 
 
∞
∞
X
X
1
−1
yj (tn+1 ) − yj (tn )
k α
k α
= α
(−1)
y
+
.
(−1)
y
k j+1−k
k j−1+k
τ
h 2 cos(απ/2)
k=0

k=0

(2.4.5)

α

When we introduce the scaling µ = τ /h , we can compare equation (2.4.1)
with the equation above and find the following values for the pk :

µα
,
= 1 − | cos(απ/2)|

 p0
 α

µ
p±1 = 2| cos(απ/2) k + 1 ,
(2.4.6)



µ
α
k+1
p±k = (−1)
2| cos(απ/2)| k+1 ,
24

corresponding to the following difference scheme:


X
yj (tn+1 ) − yj (tn )
1 
=
(p0 − 1)yj (tn ) +
pk yj−k (tn ) .
τ
µhα

(2.4.7)

k6=j

In [12] it is shown that the RW defined above indeed does converge to the
space-fractional diffusion equation. What can we learn from this result? We
cannot claim that the RW executed by the mussels must satisfy equation (2.4.6).
First, we have learned that the discretization of the fractional Laplacian at a
point is dependent on the whole grid, not on a few neighbour grid points. Just
as in a Lévy walk the mussels can jump to all other grid points in stead of a few
neighbouring as in the
random walk. Second, we do know that for large
 classic
α
∼ |k|−(α+1) , which is the heavy tail we are looking for.
k the binomial k+1
Therefore, we propose to take the most intuitive step probabilities to model a
Lévy walk:
p0 = 1 − 2λζ(α + 1),

pk = λ|k|−(α+1)

for k 6= 0,

(2.4.8)

with ζ(α + 1) the Riemann zeta function. In [12] it is shown that a RW with
probabilities as defined above also converges to the space-fractional diffusion
equation. However, this time we do not have the scaling τ = µhα , but
(
λπ
α
if 0 < α < 2,
sin(απ/2) h
(2.4.9)
τ = Γ(α+1)
2
λh | log(h)|
if α = 2.
With this scaling and these step probabilities,the RHS of equation (2.4.5) becomes


X
−Γ(α + 1) sin(απ/2) 
yj (tn+1 ) − yj (tn )
λ|j − k|−(α+1) yk (tn ) .
−2λζ(α + 1)yj (tn ) +
=
τ
λπhα
k6=j

(2.4.10)

By definition of the zeta function we can write −2λζ(α + 1) as a summation
and find


X
yj (tn+1 ) − yj (tn )
λyj (tn ) − λyk (tn ) 
−Γ(α + 1) sin(απ/2) 
=
τ
λπhα
|j − k|α+1
k6=j


X
λyj (tn ) − λyk (tn ) 
−Γ(α + 1) sin(απ/2) α 
h
h .
=
λπhα
|xj − xk |α+1
k6=j

(2.4.11)

Now we can take the limit of τ, h → 0 on both sides and find
Z
∂y(x, t)
−Γ(α + 1) sin(απ/2)
y(x, t) − y(x′ , t) ′
dx
=
∂t
π
|x − x′ |α+1
R
=∆

α/2

(2.4.12)

y(x, t).

with ∆α/2 the fractional Laplacian as defined in [5]. Note that for the definition
of the fractional Laplacian above, it does not matter when we replace in the
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integral y(x, t)−y(x′ , t) with h(y(x, t))−h(y(x′ , t)) for any (integrable) function
h, we will just find ∆α/2 h(y(x, t)). Therefore, our objective for the rest of this
section is to write down a RW for the mussels and rewrite it as a sum as
in equation (2.4.11). Following this procedure we should be able to derive a
nonlinear fractional diffusion equation.
Before we continue, we must notice the following problem: definition (2.3.11)
and (2.4.12) are equivalent when s < 1, [32]. When we take the limit of s → 1
in the definition via the Fourier transform, we recover the standard Laplacian.
However, in the integral definition we find that the constant C1,2s tends to zero
because Γ(−s) blows up for σ → 1. This shouldn’t come as a surprise, because in
the derivation of the fractional diffusion equation we explicitly used that s < 1.
When we go back to the scaling in equation (2.4.9) we see that we should have
used τ ∼ ℓ2 | log(ℓ)| instead of τ ∼ ℓ2 . Hence, our derivation in this case is not
valid. To correct this, we should either proof that the discrete step probabilities
with the correct scaling indeed converge to the standard Laplacian or we must
rely on the generalized central limit theorem to know that the discrete random
walk for s = 1 converges to a Gaussian process.

2.4.1

Discrete approach in 1-d

We start our modelling on the same spatial-temporal grid as defined above:
{xj , tn )|j ∈ Z, n ∈ N} with time step τ and grid spacing ℓ. Next, we write
down the same equation for the attractiveness of a point x at time t as equation
(2.1.1) where we denote with Ni (tn ) the number of mussels at position xj :
Ak (tn ) =

Ds
2Rs + 1

X

|i−k|≤Rs

Ni (tn ) −

Dl
2Rl + 1

X

Ni (tn ).

(2.4.13)

|i−k|≤Rl

For modelling purpose, we want A(t) to be positive and therefore we introduce the same function g as in section 2.2,
g(A) =

1 1
+ tanh(A),
2 2

(2.4.14)

to bound A between 0 and 1.
Rules for movement
Following Chaturapruek [5], the easiest model we can take is a model where
the step probabilities are independent of Ak (tn ), hence we assume pkk to be
λ
constant, pkk = 1 − λ for 0 < λ < 1 and pik = z|i−k|
µ with z = 2ζ(µ). µ is
defined as µ = α + 1, where α is the Lévy parameter and 1 the dimension of the
space. In this case we find as difference scheme (see equation (2.4.7)):
λ
Nk (t + τ ) − Nk (t)
= µ−1
τ
ℓ
=

λ
ℓµ−1

X

Ni (t)

i∈Z,i6=k

X

i∈Z,i6=k

λ
1
− µ−1 Nk (t)
µ
z|i − k|
ℓ

Ni (t) − Nk (t)
,
z|i − k|µ
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(2.4.15)
(2.4.16)

so when we take the limit of ℓ, τ → 0 over ℓµ−1 /τ = D constant, we find
Z
∂N
N (x) − N (y)
= λD
dy,
(2.4.17)
∂t
|x − y|µ
R
which is up to some constants equal to equation (2.4.12), the fractional diffusion
equation. This should not come as a surprise because we used the same step
probabilities. The computation above served as an example for the following,
more involved, case. Now we assume that when a mussel jumps away from a
certain point xk , it can jump to all other places, where the probability that it
jumps to a certain point xi decays as 1/|i − k|µ but grows as xi becomes more
attractive, hence we propose the following weights wki :
wki (tn ) =

g(Ai (tn ))
,
|i − k|α+1

for 0 < α ≤ 2

(2.4.18)

and therefore the probabilities pki become
pki (tn ) = (1 − pkk ) P

wki
.
j6=k wkj

(2.4.19)

With these probabilities defined, we can write down rules for the evolution
of N , i.e. we write down balance equation (2.4.1)
X
Nk (tn+1 ) =
Ni (tn )pik + pkk Nk (tn ).
(2.4.20)
i∈Z,i6=k

Numerical results for this equation can be found in section 3.2. A short
look ahead to this section shows us that the discrete equation above does generate patterns. Therefore, we will continue in the next section with finding a
continuum approximation for this random walk.

2.4.2

Continuum Limit

Now we would like to make the step from discrete space and time to continuous
space and time, so we assume that ℓ, dt << 1. We will start with the continuum
limit of equation (2.1.1). When we introduce the length scale rµ = ℓRµ , µ = s, l,
and identify ℓ with ∆x, then
lim

ℓ→0

1
2Rµ + 1

X

1

Ni (t) = lim

ℓ→0 2rµ
ℓ

|i−k|≤Rµ

1
=
2rµ

Z

X

+ 1 |i−k|≤Rµ

x+rµ

′

Ni (t)

∆x
ℓ
(2.4.21)

′

N (x , t)dx ,
x−rµ

which we will write as a convolution:
A = D s Ks ∗ N − D l Kl ∗ N

(2.4.22)

where
Kµ (x) =

I[−rµ ,rµ ]
.
2rµ
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(2.4.23)

The equation for N is more difficult to derive. First we define
∞
X
1
= 2ζ(µ),
kµ

z := 2

(2.4.24)

k=1

and
L(fk ) :=

fi − fk
.
|i − k|µ ℓµ

X

i∈Z,i6=k

(2.4.25)

We recognize this sum as the sum that will lead us to the fractional Laplacian,
see equations (2.4.11)-(2.4.12). With this summation at hand we can write
X

wik = ℓµ

i∈Z,i6=k

X

k∈Z,i6=k
µ

X
g(Ak ) − g(Ai )
+
|i − k|µ ℓµ

i∈Z,i6=k

g(Ai )
|i − k|µ

(2.4.26)

= ℓ L(g(Ai )) + zg(Ai ),

so up to O(ℓµ ) we find
g(Ak )
1
|i − k|µ ℓµ L(g(Ai )) + zg(Ai )


L(g(Ai ))ℓµ
1
g(Ak )
− 2
.
≈
|i − k|µ zg(Ai )
z g(Ai )2

pik =

(2.4.27)
(2.4.28)

Following equation (2.4.10) we can write down the difference equation corresponding to equation (2.4.20)
1
Nk (t + τ ) − Nk (t)
= µ−1
dt
ℓ
≈
≈

X

i∈Z,i6=k

1
ℓµ−1

X

i∈Z,i6=k

λ
ℓµ−1

X

i∈Z,i6=k

Ni (t)pik (1 − pii ) + (pkk − 1)Nk (t)
g(Ak )
Ni (t)
|i − k|µ
g(Ak )
Ni (t)
|i − k|µ




L(g(Ai ))ℓµ
1
− 2
zg(Ai )
z g(Ai )2
1
L(g(Ai ))ℓµ
− 2
zg(Ai )
z g(Ai )2




λ − λNk (tn )
− λNk (tn ).

(2.4.29)

By definition of z we have
Nk =

X

i∈Z,i6=k

Nk
,
z|i − k|µ

(2.4.30)

so we get
Ni
g(Ai )

−

Nk
g(Ak )
k|µ

Ni L(g(Ai ))ℓµ
z|i −
|i − k|µ z 2 g(Ai )2
i∈Z,i6=k


λg(Ak ) ℓµ
L(g(Ak ))ℓµ
.
L(Nk /g(Ak )) − Nk
≈ µ−1
ℓ
z
zg(Ak )2
(2.4.31)

λg(Ak )
Nk (t + τ ) − Nk (t)
≈ µ−1
τ
ℓ

X
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As we saw before, we can approximate the term L(fk ) by
Z
X fj − fk
1 ∞ f (y) − f (x)
L(fk ) =
≈
dy.
|j − k|µ ℓµ
ℓ −∞ |y − x|µ

(2.4.32)

j6=k

Now we use the same definition of the fractional Laplacian as in equation
(2.4.12):
Z
Γ(s + d/2)
f (x) − f (y)
s
∆ f (x) = Cd,2s
dy, Cd,2s = 22s d/2
, 0 < s ≤ 1,
2s+d
π |Γ(−s)|
y∈Rd |x − y|
(2.4.33)
where we used s =

µ−d
2 .

Then, in 1 dimension, we find
−1
ℓL(Ak ) ≈ C1,2s
∆s (A).

Hence, the continuum limit for N becomes




N
λ
∂N
N
−
g(A)∆s
=
∆s (g(A)) ,
∂t
zC1,2s
g(A)
g(A)

(2.4.34)

(2.4.35)

A = Ds Ks ∗ N − Dl Kl ∗ N.

Simulations of this equation can be found in section 3.2.2. At this point, one
can ask why the scaling as defined in equation (2.4.9) was not used, i.e. with the
λ
constant Γ(α+1)λπ
sin(απ/2) in order to simplify the constant zC1,2s above. In the
first place, the scaling is defined such that the corresponding equation is exactly
Nt = ∆s N , without any diffusion constants. From a modelling perspective
we would like to keep these constants as they contain information from the
underlying process. For example, if we take λ = 0, we find that Nt = 0. This
means that the solution is constant, exactly what we expect because λ = 0
corresponds to pkk = 1, i.e. nothing happens. In the second place, omitting
the constants in the scaling enables us to focus on the more important details
of the derivation, namely the fact that we should use τ ∼ hα whereas we are
used to τ ∼ h2 in the normal diffusion process and how to use this to derive a
continuum equation.

2.4.3

Continuum limit in 2-d

Now we move on to the 2 dimensional model. Fortunately, the derivation is to a
great extent the same. In the discrete case, we must change all the summations
from a summation over Z to a summation over Z2 . So let us write down the
two dimensional discrete model. We use the subscript (kl) instead of (k, l) to
prevent the equation from becoming too cluttered:
X
N(kl) (tn+1 ) =
p(ij),(kl) (tn )N(ij) (tn ) + p(kl),(kl) N(kl) (tn ), (2.4.36)
(ij)∈Z2 \(kl)

p(kl),(ij) = (1 − p(kl),(kl) ) P

w(kl),(ij) =

w(kl),(ij)
,
(i′ j ′ )∈Z 2 \(kl) w(kl),(i′ j ′ )

g(Aij )
µ,
k(ij) − (kl)k2

(2.4.37)
(2.4.38)
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with
Akl (tn ) =

Ds
ns

X

|(ij)−(kl)|≤Rs

Nij (tn ) −

Dl
nl

X

Nij (tn ),

(2.4.39)

|(ij)−(kl)|≤Rl

where |(ij) − (kl)| is the euclidean distance between (kl) and (ij), and the ns
and nl in the last line stand for the number of grid points within a circle with
radius of the short interaction scale Rs respectively long interaction scale Rl .
Simulations of this discrete model can be found in section 3.2.3.
For the attractiveness A, these equations result in the continuum limit in
the equation
Z
Z
Dl
Ds
N (x′ , t)dx′ ,
(2.4.40)
N (x′ , t)dx′ − 2
A(x, t) = 2
πrs Brs (x)
πrl Br (x)
l

which we again write as
A(x, t) = Ds Ks ∗ N (x, t) − Dl Kl ∗ N (x, t),

(2.4.41)

which means that we interpret the integral as a convolution of N with the
indicator function Ks that is πr1 2 on a circle with radius rs around the origin.
s
The derivation of the continuous equation for N can almost completely be
copied from the 1-d case, but there is a small detail in the derivation we have
to take extra care of. In the 1-d case we defined z = 2ζ(µ), which is defined for
µ > 1. Furthermore, we used that µ = α + 1 with α the Lévy parameter and
1 the dimension of space. The range 0 < α < 2, and therefore 1 < µ < 3, is
exactly the range in which the heavy tail of the distribution is integrable, but
has no second moment. In two dimensions, the tail needs to decay faster for a
distribution to be integrable and therefore we define µ = α + 2 in R2 . Now to
redo the derivation in section 2.4.2 we need to define a new z:
X
1
z=
µ
k(i,
j)k2
(2.4.42)
(i,j)∈Z2 \{0,0}
= 4β(µ/2)ζ(µ/2),

which converges, as expected, only for µ > 2, see [2]. β(z) is here the Dirichlet
beta function. Next, we can define
L(fkl ) =

X

(i,j)∈Z2 \{k,l}

g(Akl ) − g(Aij )
.
|(i, j) − (k, l)|α+2 ℓ2(α+2)

(2.4.43)

Fortunately, in the definition of the fractional laplacian (2.4.33) we find µ =
2s + d = α + 2. Hence, ℓ2µ L(fkl ) converges to ℓ2µ−2 ∆α/2 . Because 2µ − 2 = 2α
we now see that we should take as scaling not τ ∼ ℓα but τ ∼ ℓ2α which is what
we expect in 2-d. Now putting everything together we arrive at the following
equation:




N
λ
N
∂N
−
=
∆s (g(A)) ,
g(A)∆s
∂t
zC2,2s
g(A)
g(A)
(2.4.44)
A = Ds Ks ∗ N − Dl Kl ∗ N.
For simulations of this equation, see section 3.2.4.
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2.4.4

Simplifications

At this point one can ask why we define the pik so unnecessarily difficult and
take the pkk constant, while in the IBM by De Jager the pik are independent of
A and the pkk do depend on A. Before we answer this question, we write down
a model corresponding to the IBM by De Jager. Therefore, we use the same
step probabilities as we used in equation (2.4.16) but make the jump rate λ
dependent of A, i.e. pkk = 1 − λ(Ak ). In this case the difference scheme (2.4.7)
becomes
1
Nk (t + τ ) − Nk (t)
= µ−1
τ
ℓ
=

1
ℓµ−1

X

i∈Z,i6=k

X

i∈Z,i6=k

λ(Ai (t))Ni (t) λ(Ak (t))
−
Nk (t)
z|i − k|µ
ℓµ−1
λ(Ai (t)Ni (t) − λ(Ak (t))Nk (t)
,
z|i − k|µ

(2.4.45)

which results fractional diffusion equation
∂N
1
∆s (λ(A)N ).
=
∂t
zCd,2s

(2.4.46)

The derivation of this equation, as well as the equation itself, is much easier
than the derivation of equation (2.4.44). However, there are multiple reasons we
did not pursue this equation in the next chapters. The main reason is the fact
that the most obvious choice for λ(Ak ), which is λ(Ak ) = 1 − g(Ak ), does not
produce the desired patterns as is shown in section 3.3, neither in the discrete
case nor in the continuum limit. Another less mathematical reason is that
some errors in our code for the discrete equations (see section 3.2) resulted in
homogeneous solutions in stead of patterns independent of the choice of λ(A).
In section 3.3 we will discuss the choice of λ(A) in more detail.

2.5

Langevin Equations

In the introduction of this chapter, we talked about the different levels of modelling. Until now we have treated the mesoscopic and macroscopic approach,
but not the stochastic differential equation approach. In a paper by Martı́nezGarcı́a et al. [21] the pattern formation in mussel beds has been modelled via
a Langevin equation. Using this approach they derived the following equation:
∂ρ
= D0 ∆(g(ρ)ρ),
∂t
1 + tanh[2(a − bρs + cρl ) − 1]
,
g(ρ) =
2

(2.5.1)

where ρs and ρl are the short respectively long scale densities the same way as
we defined them in equation (2.1.2). Simulations of this equation can be found
in the paper itself or in figure 3.12.
Their approach is to start with a Langevin equation describing the movement
of N individual particles moving according to the equation
p
(2.5.2)
ri = 2D(ri , ρs , ρl )ηi (t),
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where ri is the position of the i-th particle and D = D0 g(ρ). ηi (t) is Gaussian
white noise with spatially zero mean and the time correlation matrix is given by
hηi (t)ηi (t′ )i = δij δ(t − t′ ) so we can understand ηi (t) as a Wiener process Wt .
Of course, equation (2.5.2) has no meaning in its present form, but should be
understood within the Itô calculus. In the Itô-language the equation becomes
p
dXi (t) = 2D(Xi , ρs , ρl )dWi (t).
(2.5.3)

If we drop the dependence on i and assume that X(t) is a stochastic process describing the density of our system, we can write down a Fokker-Planck equation
immediately:
∂ρ
= ∆ (D(ρ, ρs , ρl )ρ) ,
∂t

(2.5.4)

which is the equation found in [21]. However, we do not have a single mussel
but a bunch of them. The authors state that they derived their equation from
the Langevin equation by following Dean’s approach [9] and applying a meanfield approximation. What this effectively means is the following: we define the
density of a single particle as
ρi (x, t) = δ(Xi (t) − x)

(2.5.5)

and the density of all particles as
ρ(x, t) =

N
X

ρi (x, t).

(2.5.6)

i=1

Dean’s approach can be used to derive a stochastic differential equation for
this density ρ

p
p
∂ρ(x, t)
2D(x, ρs , ρl )η(t) ρ(x, t) + ∆D(x, ρs , ρl )ρ(x, t).
=∇
∂t

(2.5.7)

To make a mean-field approximation, we define ρ̃ = hρi, the average of many
different realisations for ρ. For ρ̃ we get
∂ ρ̃(x, t)
= ∆hD(x, ρs , ρl )ρ(x, t)i.
∂t

(2.5.8)

We can see that at this point we loose a lot of information about the individual
trajectories of the particles. Where ρ is still a summation over δ-peaks, ρ̃ has
become a continuous function. Now the last step to take is to find an approximation for hD(x, ρs , ρl )ρ(x, t)i. Martı́nez-Garcı́a et al. took the most basic
approximation and approximated hD(x, ρs , ρl )ρ(x, t)i with D(x, ρ̃s , ρ̃l )ρ̃(x, t).
Now the final equation looks similar to equation (2.2.20), but the solutions
are very different. More on the difference between the equations can be found
in section 3.3.
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Chapter 3

Numerical analysis of the
different equations
In this chapter we will simulate the different models derived in the previous
chapter, both the continuous models and the discrete ones. We will focus on
the evolution of the equations to their final states, i.e. coarsening, and on the
wavelengths of these final states.

3.1

Simulations of the continuous approximations of Liu’s IBM

In section 2.2 we derived the following equation as a continuous approximation
for Liu’s IBM:


ρ
3
∂ρ
= ∆
,
∂t
2
g(A)2
1 1
(3.1.1)
g(A) = + tanh(A),
2 2
A = Ds Ks ∗ ρ − Dl Kl ∗ ρ.
See equations (2.2.20),(2.2.3) and (2.2.4). First, we rescale the time t with
3/2 to get rid of the constant in front. Before we can start simulating, there
are three main questions we have to solve. How do we code A, how do we
discretize the equation and what kind of boundary conditions do we use? The
equation was derived on the whole of R2 and therefore we decided to take as
domain Ω = [0, L]2 with periodic boundary conditions. Another advantage of
taking periodic boundary conditions is that it directly tells us how to calculate
A near the boundary. If a point is closer than rl to the boundary, we would
need information from outside Ω to calculate A. However, when we periodically
extend our domain, we can use this extension to calculate A near the border.
The main question is how to code A? In section 2.4.3 we interpret the integrals in A as convolution of ρ with the step functions Ks and Kl . Convolution
is implemented in most programming languages, but one should come up with
smart ways to code the kernels Ks and Kl , and one has to take care of the
boundary conditions and this can be tricky. However, what the operation Ks ∗
actually does is taking the average around a point and that is exactly what one
would do to smooth edges in a picture. Therefore, we can use functions from
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the Matlab image processing toolbox1 . The following block of code shows the
basics for the computation of A:
1
2
3
4
5
6
7
8
9
10
11
12
13
14

N = 150;
%Number o f g r i d p o i n t s
L=3;
%l e n g t h o f t h e g r i d
g r i d s i z e =L/N;
Ds=1 . 2 ;
Dl =1;
l o n g =1;
%l e n g t h o f t h e l o n g i n t e r a c t i o n
s h o r t =1/7; %l e n g t h o f t h e s h o r t i n t e r a c t i o n
n l=f l o o r ( l o n g / g r i d s i z e ) ; %r a d i u s o f l o n g s c a l e f i l t e r
ns=f l o o r ( s h o r t / g r i d s i z e ) ; %r a d i u s o f s h o r t s c a l e f i l t e r
h l = f s p e c i a l ( ✬ d i s k ✬ , n l ) ; %l o n g s c a l e f i l t e r
hs = f s p e c i a l ( ✬ d i s k ✬ , ns ) ; %s h o r t s c a l e f i l t e r
Uavl = i m f i l t e r (U, hl , ✬ c i r c u l a r ✬ ) ; %C o n v o l u t i o n o f U with h l
Uavs = i m f i l t e r (U, hs , ✬ c i r c u l a r ✬ ) ; %C o n v o l u t i o n o f U with hs
A=Ds ✯ Uavs - Dl ✯ Uavl ;

U is the numerical solution, Uavl is ρl and Uavs is ρs . The option Circular
ensures us that Matlab uses periodic boundaries to compute the convolution.
The next part is the discretization of the equation. For this we use Euler forward
in time and a spectral method in space. A spectral method means that we use
the Fourier transform F to compute ∆(ρ/g(A)2 ) as follows:



ρ
ρ
−1
2
∆
=F
−|k| F
.
(3.1.2)
g(A)2
g(A)2
To implement this, we first need a discrete representation of |k|2 = |(kx , ky )|2 :
1
2
3
4
5
6

q=2✯ p i /L ✯ [ 0 : N/ 2 - 1 , -N / 2 : - 1 ] ; %V e c t o r o f wavenumbers i n 1 - d
[ X,Y]= m e s h g r i d ( q , q ) ;
absq2=s q r t ( X.ˆ2+Y. ˆ 2 ) . ˆ 2 ;
%a b s o l u t e v a l u e s q u a r e d o f
%t h e wavenumbers
l a p l a c e U= i f f t 2 ( - a b s q 2 . ✯ f f t 2 ( U. / gA. ˆ 2 ) ) ; %compute ∆(U/g(A)2 )
Unew=U+dt ✯ l a p l a c e U ; %One E u l e r time s t e p f o r w a r d

The rest of the implementation is then straightforward, the complete code can
be found in appendix B.
The next thing we need are values for the parameters ρ0 , rs , rl , Ds , Dl . The
density ρ0 is just as in [19] our main bifurcation parameter so we do not set a
value at this point. Furthermore, it is very hard to pin down an exact relation
between the densities in the biological experiments and in our simulations. Also,
about the experimental values is no agreement in the literature. De Jager [8]
uses the following parameters:
rs = 1.1 cm,
rl = 7.5 cm,
Ds = 1.3,

(3.1.3)

Dl = 1.1,
1 Note:

You can only use this toolbox if your institution paid for it. If you work the
Mathematical Institute in Leiden you’ll have to code it yourself.
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(a) t = 0

(b) t = 0.075

(c) t = 0.51

(d) t = 0

(e) t = 0.03

(f) t = 0.14

(g) t = 0.001

(h) t = 0.03

(i) t = 0.1

Figure 3.1: Evolution of the solutions of equation (3.1.1) for ρ0 = 0.5 (top 3),
for ρ0 = 0.8 (middle 3) and ρ0 = 1.2 (bottom 3). The other parameters are
rs = 1/14, rl = 0.5, Ds = 1.2, Dl = 1 and L = 4. The grid contains 100 by 100
points and dt = 10−7 .
while Liu [20] uses
rs = 1.5 cm,
rl = 6.0 cm,
Ds = 100,

(3.1.4)

Dl = 80.
As we shall see later on in chapter 4, we can rescale equation (3.1.1) such
that the ratios rs /rl and Ds /Dl are our only parameters. As we can see, for
the ratios Ds /Dl are quite close and the ratios rs /rl differ less than a factor 2.
In the simulation we will use mostly Ds = 1.2, Dl = 1, rl = 1/2 and rs = 1/14.
The reason we take relatively small values for rl and rs is that the computation
of the convolution with imfilter is considerably slower when we increase rs
and rl .
Figure 3.1 shows the evolution of a solution for different ρ0 . We start out
with a randomly perturbed homogeneous state with value ρ0 and observe how
the patterns evolve. As we can see, for ρ0 = 0.5 a pattern of evenly distributed
clumps of mussels appears. When we increase the initial density to ρ0 = 0.8
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(a) Simulation for L = 12.

(b) Normalized Fourier transform for L = 12.

(c) Simulation for L = 24.

(d) Normalized Fourier transform for L = 24.

Figure 3.2: Simulation of equation (3.1.1) for large domain size: L = 12 and
L = 24. The other parameters are kept at ρ0 = 0.8, rs = 1/14, rl = 0.5,
Ds = 1.2 and Dl = 1. We show both the simulations and the normalized
Fourier transform.
or even ρ0 = 1.2, we see that more elongated and more complicated structures
arise, just as we have seen in the mussel beds. An interesting observation is that
we definitely see coarsening, especially for ρ0 = 0.8 and ρ0 = 1.2.
Now before we can continue, we must first check whether or not the domain
size has any influence on the shape of the patterns. We must be sure that
the main wavelength only depends on the interplay between the short- and
long-scale interaction. To test this, we increased the domain size from L = 4
in the previous simulation to L = 12 and L = 24, see figure 3.2. Not only
visually both solutions are similar, also the normalized Fourier transforms show
a striking similarity between both cases, which strengthens our believes that the
patters, and especially the dominant wavelength, are independent of the domain
size.

3.1.1

Stationary solutions

For the equation
∂ρ
=∆
∂t



ρ
g(A)2



,

(3.1.5)

a direct computation shows that the (implicit) solution ρ = cg(A)2 for some
c ∈ R+ is a stationary solution. Since we are interested in the spatial scale of
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(a)

(b)

Figure 3.3: Simulations of the stationary solutions of equation (3.1.1) via the
iterative method (equation (3.1.7)), Ds = 1.2, Dl = 1, rs = 1/14, rl = 1/2,
L = 4 with 1442 grid points. Both simulations are run until kρn+1 − ρn k2 <
10−6 . (a) Stationary solution for ρ0 = 0.5. The method converged to a perfect
hexagonal pattern very fast. (b) The simulation for ρ0 = 0.9. Convergence in
this case is very slow and no distinctive shape has formed.
the stationary solution, we can try to see if we can solve the equation
ρ = cg(A)2 ,

(3.1.6)

ρn+1 = cg(A(ρn ))2 .

(3.1.7)

via an iterative procedure

First, we need to determine c. By conservation of mass, we know that when we
integrate both sides of equation (3.1.6) over the whole domain we should get the
constant ρ0 . We make the educated guess that the conservation relation also
holds for the constant solution ρ0 so we can compute
c=

ρ0
.
(0.5 + 0.5 tanh(Ds ρ0 − Dl ρ0 ))2

(3.1.8)

The results of this iterative procedure are shown in figure 3.3.
Next, we must check if the solutions of equation (3.1.1) indeed converge to
ρ/g(A)2 = c with c as given above. Figure 3.4 shows ρ and ρ/g(A)2 after a long
run. As figure 3.4b shows, ρ/g(A)2 has almost become constant. Unfortunately,
it did not converge to the value for c expected by equation (3.1.8) but to a value
close by. For the constants mentioned in figure 3.4, we expect that c = 1.65
but we find c ≈ 1.56. Therefore, we can use the iterative procedure to study
the stationary states, but only when we use the experimentally found value for
c. One should notice the similarities and differences between the hexagonal
patterns in figures 3.3 and 3.4. Via the iterative procedure, perfect circles are
formed at a regular distance, while the solution via the PDE is not that regular.
This is of course to be expected as we are limited in the time we can simulate
the PDE.
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(a) Solution at t = 0.8.

(b) Plot of ρ/g(A)2 for ρ given in the figure on the left.

Figure 3.4: Simulations of equation (3.1.1) for ρ0 = 0.5, Ds = 1.2, Dl = 1,
rs = 1/14, rl = 1/2 and L = 4. We used dt = 10−5 and a grid of 100 by 100
points.

3.1.2

Coarsening

Visual inspection of the solutions, especially for ρ0 = 0.8 and ρ0 = 1.2, see figure
3.1, shows us that the solutions evolve from patterns with a small wavelength
to patterns with a larger wavelength. To make this more concrete, we redo the
simulations and compute the Fourier transform at each time step. Because we
are not interested in the specific direction (kx , ky ) of a wave but rather in it’s
absolute value |k|, we plot the Fourier transform versus |k| instead of (kx , ky ).
Furthermore, to keep the plots more insightful, we set the k = 0 mode to zero
and then normalize the Fourier transform such that the maximum is 1. In
Matlab code:
1
2
3

uhat = abs ( f f t 2 (U) ) ; %a b s o l u t e v a l u e o f t h e 2 - d FT
uhat ( 1 , 1 ) =0;
%s e t z e r o mode t o 0
uhat = uhat /max(max( abs ( uhat ) ) ) ; %N o r m a l i z e t r a n s f o r m

Figure 3.5 shows the Fourier transform at multiple times in the evolution for
ρ0 = 1.2. We can clearly see that at the start multiple wavelengths compete and
small wavelengths dominate. As the solution evolves, we can see the coarsening
as the larger wavelength starts to dominate.
Now we have seen that there actually is coarsening, we should ask ourselves
the question how it compares to the coarsening observed by Liu in [19], see
e.g. figure 1.5. Therefore, at every time step we compute the Fourier transform
(a few are shown in figure 3.5) and determine the absolute value at which the
Fourier transform is maximal so that we can plot the dominant wavelength
versus time as in figure 3.6. From figure 3.6 it is difficult to jump to any direct
conclusions on the coarsening rate. The graph consists mainly of a few large
jumps instead of multiple small steps. However, a quick fit with Matlab shows
that the best fit to the graph has slope -0.28. Therefore, it is not unreasonable
to assume that coarsening on average can be described with a power law with an
exponent near -1/3. Furthermore, we should not forget that the computations
of the coarsening rate as done in [19], has been done with a far larger number
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(a) Fourier Transform at t = 0.002

(b) Fourier Transform at t = 0.05

(c) Fourier Transform at t = 0.18

(d) Fourier Transform at t = 0.9

Figure 3.5: Normalized Fourier transforms of the solution to equation (3.1.1)
for ρ0 = 1.2, rs = 1/14, rl = 0.5, Ds = 1.2, Dl = 1 and L = 24.
of grid points which allows for a much more precise computation of the Fourier
transform.

3.1.3

Wavelength of the stationary solution

In the previous section we have seen that the coarsening in the solution does
not go on but stops at a certain wavelength. We would like to see how the
wavelength depends on ρ0 for fixed D, rs and rl . Trying to find the stationary
solution by simulating the PDE until the stationary solution has been reached,
would take far too much computation time. Therefore, we use the iterative
method described above to compute the dominant wavelength of the stationary
solutions. We see that in figure 1.5 that there is a slight increase in wavelength
as ρ0 increases, although the difference is just a couple of millimetres which is
smaller than a mussel. We do not see any significant dependence on the density
in our experiments. We are now interested in how the dominant wavelength
depends on rs and rl . Tables 3.1 shows that when we fix rl but vary rs , there
is almost no change in wavelength, while keeping rs fixed and varying rl gives a
major change in wavelength. Therefore, we conclude that the main influence of
the wavelength is the long interaction scale. This shouldn’t come as a surprise,
because the long interaction scale determines when a mussel decides “this group
is large enough, I’m out.”
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Figure 3.6: Log-Log plot of the dominant wavenumber versus time. The straight
line has a slope of -1/3.
rs
|k|

0.0800
5.1144

0.1200
5.0139

0.1600
4.8114

0.2000
4.7065

0.2400
4.7925

0.2800
4.7925

0.3200
4.2226

0.4000
4.2226

rl
|k|

0.6000
8.0830

0.6400
7.6208

0.6800
6.7776

0.7200
6.5391

0.8000
5.9568

0.8400
5.8185

0.8800
5.8701

0.9600
4.7925

Table 3.1: The top table shows the short length scale versus the dominant
wavenumber for fixed rl = 1, the bottom table shows the long interaction length
rl versus the dominant wavenumber |k| with rs fixed at rs = 0.12. The other
parameters were ρ0 = 0.7, Ds = 1.2, Dl = 1 and L = 4.

3.1.4

Conclusions

There are a lot of similarities between the simulations of equation (3.1.1) and
the experimentally observed patterns. In the first place we notice that for low
densities no patterns form, for intermediate densities we see spots and for high
densities we see labyrinth-like structures. Both the mussels and the equation
exhibit coarsening over time with approximately the same speed. Furthermore,
in contrast with the Cahn-Hilliard equation, the coarsening in equation (3.1.1)
stops and patterns with fixed wavelengths form just as we see in the mussel
beds.
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3.2

Simulations of the Lévy models

In this section we simulate the model as derived in section 2.4, starting in 1-d
and then move on to 2-d.

3.2.1

Simulations of the discrete model in 1-d

In this section, we simulate equation (2.4.20) describing the mussel density N
as derived in section 2.4.1:
X
Ni (tn )pik + pkk Nk (tn ),
Nk (tn+1 ) =
i∈Z,i6=k

pki (tn ) = (1 − pkk ) P

wki
,
j6=k wkj

g(Ai (tn ))
,
for 0 < α ≤ 2,
|i − k|α+1
1 1
g(A) = + tanh(A),
2 2
X
Ds
Dl
Ak (tn ) =
Ni (tn ) −
2Rs + 1
2Rl + 1

wki (tn ) =

|i−k|≤Rs

(3.2.1)

X

Ni (tn ).

|i−k|≤Rl

The implementation of the discrete equation (3.2.1) is straightforward. After
every time step, we compute A, g(A), the vector pkk and the matrix wik . Next,
we normalize wik by dividing each row by it’s row sum to get the transition
matrix pik which we can use to update the vector N . The only important detail
is that we use a periodic grid, so we need to extend N periodically to make sure
that the discrete convolution in equation (2.1.1) is computed correctly. In the
derivation of the discrete model we did not specify the pkk , but in section 2.4.2
we made a continuum approximation with pkk constant, i.e. independent of k.
Simulations for different µ are shown in figure 3.7, together with the continuum
approximation. We will get back to this figure in the next section where we
explain the simulation of the continuous equation.

3.2.2

Simulations of the continuous models in 1-d

First, let us state equation (2.4.35) again, which is the continuum approximation
for the discrete system (3.2.1) above:




N
λ
N
∂N
s
s
−
=
g(A)∆
∆ (g(A)) ,
∂t
zC1,2s
g(A)
g(A)
A = Ds Ks ∗ N − Dl Kl ∗ N,
I[−rµ ,rµ ]
Kµ (x) =
,
µ = s, l.
2rµ

(3.2.2)

Here, Ks ∗ N is the convolution of N with the kernel Ks . Remember that the
s in the fractional Laplacian is linked to µ in the discrete equation (3.2.1) via
s = µ−d
2 with d the dimension of the space (in this case 1). The implementation
of the fractional derivative can be done in multiple ways, but a fast method
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(a) Discrete eq. µ = 1.5.

(b) Discrete eq. µ = 2.0.

(c) Discrete eq. µ = 2.5.

(d) Cont. eq., µ = 1.5.

(e) Cont. eq., µ = 2.0.

(f) Cont. eq. µ = 2.5.

Figure 3.7: Simulations in 1-d of the discrete model (3.2.1) and the continuous
model (3.2.2) for different µ. The other parameters are Ds = 1.2, Dl = 1,
rs = 1/7, rl = 1, ρ0 = 0.5 and pkk = 0.1.
that is straightforward to code is to approximate the fractional Laplacian via
the definition in Fourier space:
F(∆s f ) = −|k|2s F(f ).

(3.2.3)

Now we can, for example, compute ∆s (f ) in matlab as
1
2

q=2✯ p i /L ✯ [ 0 :K/ 2 - 1 , -K/ 2 : - 1 ] ;
%v e c t o r o f wavenumbers
l a p l a c e s f= i f f t ( - abs ( q ) . ˆ ( 2 ✯ s ) . ✯ f f t ( f ) ) %∆s (f )

Note that this is exactly the same code as in section 3.1, only the 2 in the
exponent of |k| has been replaced with 2 ∗ s. Some results are shown in figure
3.7. When we compare the top 3 figures in figure 3.7 with the bottom 3 figures,
we see that there is a good agreement between the discrete and the continuous
case apart from a small phase shift and a small difference in amplitude. The
phase shift can be explained due to the fact that the equation is invariant under
translation. However, figure 3.7 might be misleading in suggesting that there is
one unique solution (up to a phase shift) and that the discrete and continuous
equations converge to these qualitatively the same solutions, but this is not
the case. Two different solutions are found in the numerics of the discrete and
continuous case. One with 3 peaks and one with 4 peaks. Compare in figure
3.7 the solutions for µ = 2.5 with the other cases. Both solutions are stationary
solutions in the sense that in the numerics the difference between two time steps
has become less than machine precision. Numerically it is difficult to say if one of
these is the stable solution and the other a metastable solution. Similar kind of
problems have been noticed in the Cahn-Hilliard equation in 1-d. Numerically it
was impossible to determine between global and local minimizers of the energy,
a problem that disappeared in two dimensions [15]. Therefore, we learned from
42

(a) Solution after 1300 iterations for
ρ0 = 0.6.

(b) Solution after 200 iteration for ρ0 = 1.

Figure 3.8: Two simulations of the discrete two-dimensional model. Both simulations were performed on a grid with 100 by 100 points. Ds = 1.2, Dl = 1,
rs = 2, rl = 14 and µ = 3.
this section that there is a good agreement between the discrete and continuous
equations, but discussion of the actual shape of the patterns must be postponed
to the 2-d equations.

3.2.3

Simulations of the discrete model in 2-d

First, let us write down the two dimensional equivalent of equation (3.2.1), as
derived in section 2.4.3, equations (2.4.36-2.4.39):
X
N(kl) (tn+1 ) =
p(ij),(kl) (tn )N(ij) (tn ) + p(kl),(kl) N(kl) (tn ),
(ij)∈Z2 \(kl)

p(kl),(ij) = (1 − p(kl),(kl) ) P

w(kl),(ij)
,
w(kl),(i′ j ′ )

(i′ j ′ )∈Z 2 \(kl)

g(Aij )
2 < µ < 4,
µ,
k(ij) − (kl)k2
X
X
Dl
Ds
Nij (tn ) −
Akl (tn ) =
ns
nl

(3.2.4)

w(kl),(ij) =

|(ij)−(kl)|≤Rs

Nij (tn ).

|(ij)−(kl)|≤Rl

Just as in the 1-d case, we assume p(kl),(kl) to be a fixed constant between 0
and 1 for all (kl). The numerical implementation for the discrete 2-d case is
not as straightforward as the 1-d case. In the 1-d case, the wik formed an N
by N matrix where N is the number of grid points. However, in 2-d we have a
grid of N by N points so the w(ij),(kl) now would form a 4 dimensional matrix.
We can solve this problem in the following way: For every point (ij) in the sum
in the top line of equation (3.2.4) the matrix p(ij),(kl) is computed and then
p(ij),(kl) (tn )N(ij) (tn ) is added to N(kl) (tn+1 ). This process in then repeated for
all (ij) in the grid and this makes the computation very slow compared with
the 1-d simulations.
The result for two different values of ρ0 is shown in figure 3.8. As we expect,
for a low value of ρ0 we see spots and for a higher value of ρ0 labyrinth like
structures. Now that we have established that the discrete equations produce
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Figure 3.9: Simulation of equation (3.2.5) from a randomly perturbed homogenuous state. The top 3 figures show the evolution for µ = 3.5, the middle
3 figures for µ = 3 and the bottom 3 for µ = 2.5. The other parameters are
Ds = 1.2, Dl = 1, rs = 1/14, rl = 1/2, L = 4 and ρ0 = 1.2. The simulations
where done on a grid of 100 by 100 points.
patterns of our interest, we can focus on the continuum equations that were
derived from these discrete equations.

3.2.4

Simulations of the continuous model in 2-d

In section 2.4.3 we derived the following equation as a continuum approximation
for the discrete equation (3.2.4):




N
λ
N
∂N
g(A)∆s
=
∆s (g(A)) ,
−
∂t
zC2,2s
g(A)
g(A)
1 1
g(A) = + tanh(A),
2 2
(3.2.5)
A = Ds Ks ∗ N − Dl Kl ∗ N,
( 1
|x| < rζ
2
Kζ (x) = πrζ
ζ = s, l.
0
|x| > rζ
Here, Kζ ∗ N stands for the convolution of kernel Kζ with N . Note that the
exponent µ in the discrete equations corresponds to s in the fractional Laplacian
where d is the dimension of the space (2 in this case). With
∆s via s = µ−d
2
the knowledge of the previous sections, implementing this equation in Matlab is
now straightforward. We take the code from section 3.1 and change the |q|2 into
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Figure 3.10: Simulation of equation (3.2.5) until convergence. The left figure
shows the stationary solution while the figure on the right shows ρ/g(A)2 . The
parameters are Ds = 1.2, Dl = 1, rs = 1/14, rl = 1/2, L = 4, µ = 3.5 and
ρ0 = 0.5.
|q|2s . There are multiple questions we would like to answer with this code. First,
we would like to see how the Lévy parameter µ influences the solutions. Figure
3.9 shows the evolution of the equation for 3 different values of µ. Note that the
3 most right plots, where the simulations are nearly stationary, are in agreement
with the simulation of the discrete model as in figure 3.8. Surprisingly, the shape
of these solutions seems independent of the value of µ. In the early stages of
the evolution, there is a difference in shape, but this disappears afterwards. We
should also notice that the evolution is much slower as µ is lowered. One might
think that this is because of the value of the constant 1/(zC2,2s ). However,
the variation in this constant in the range µ = 2.5 to µ = 3.5 is small and can
therefore not be responsible for the significant slow down in evolution. Hence,
the fractional Laplacian itself is responsible for the slow down. In contrast, De
Jager [8] showed that in her Individual Based Model, pattern formation is the
fastest when µ = 3, but it is difficult to compare this result with our simulation.
The pattern formation rate in [8] is calculated in the following way:
Because we assume that movement speed [of the mussels] is constant, we can calculate the rate of patterning as the normalized inverse of the distance traversed until a pattern is formed.
However, in our continuous equations we cannot follow a single mussel nor can
we assume that mussels move with a constant speed.
Another observation we make is that the patterns are very similar to the
patterns in section 3.1. This might seem like a coincidence, but the stationary
solution of equation (3.2.5) is ρ = cg(A)2 for some c ∈ R+ . This is exactly
the same stationary solution as equation (3.1.6). Furthermore, this stationary
solution does not depend on µ.
Now to see whether or not the stationary solutions are indeed the same for
the two equations, we run a simulation for equation (3.2.5) with the same parameter values as in figure 3.4. The result is shown in figure 3.10. Not only is
the solution identical to the solution in 3.4, but more surprisingly, both solutions converge to the same value for c = ρ/g(A)2 . Our simulations have shown
that the same holds true for a larger parameter range. Therefore, we conclude
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(a) Fourier Transform at t = 0.005

(b) Fourier Transform at t = 0.03

(c) Fourier Transform at t = 0.095

(d) Fourier Transform at t = 1.23

Figure 3.11: Normalized Fourier transforms for a simulation of equation 3.2.5.
The parameters are ρ0 = 1.2, rs = 1/14, rl = 0.5, Ds = 1.2, Dl = 1, µ = 3.5
and L = 24.
that both equations converge to the same stationary solution. The meaning of
this result is however not clear. Is it just a coincidence or is there a deeper
explanation behind it? For the latter one could argue that the stationary solution describes a situation where the short and long scale feedback balance each
other, a situation which apparently equally holds for both models. However,
the specific shape of both equations depends heavily on the modelling and at
this point we are unable to say which assumptions in the modelling are critical
to find the specific stationary solution ρ = g(A)2 .

3.2.5

Coarsening in Lévy models

As we can see from figure 3.9, the initial formed patterns have a smaller wavelength
than the final stages, just as we have seen in the Cahn-Hilliard equation and
with the PDE from section 3.1. As we can expect by now, the coarsening behaviour in the equation (3.2.5) is similar to that of equation (3.1.1). To show this,
we again plotted the evolution of the Fourier transform, see figure 3.11. When
we compare this with figure 3.5, we can see that the evolution of the Fourier
transforms are qualitatively the same. In both cases, two peaks emerge and after
some time the peak corresponding to the smaller wavelength completely disappears and the peak corresponding to the critical wavelength remains. Again,
this behaviour is independent of the value of µ.
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3.3

Existence of patterns

In section 3.1 we simulated equation (3.1.1) and found a good comparison with
the experimental results. However, in chapter 2 multiple equations were derived
similar in shape to equation (3.1.1):


∂ρ
ρ
,
=∆
∂t
g(A)2
(3.3.1)
1 1
g(A) = + tanh(A).
2 2
In this section we compare equation (3.3.1) with the other equations. As we
have shown in section 2.5, in [21] an equation is derived based on the same
principles of two scale dependent feedback as we use, but the following equation
is derived:
∂ρ
= ∆(D(ρ)ρ),
∂t
1 1
D(ρ) = + (tanh(2(a − bρs + cρl ) − 1).
2 2

(3.3.2)

In section 2.2.1 we derived an equation with the following shape:
m2
∂ρ
=
∆(λ(ρ)ρ),
∂t
2

(3.3.3)

with λ(ρ) the jump rate of the mussels and m2 the second moment of the
underlying density independent dispersal kernel. In section 2.4.4 we found that
this can be generalized to equation (2.4.46).
1
∂ρ
∆s (λ(ρ)ρ),
=
∂t
zC2,2s

(3.3.4)

in case the second moment of the kernel does not exist. A solution of equation
(3.3.2) can be found in figure 3.12a and a solution of equation (3.3.3) for λ(A) =
1 − g(A) can be found in figure 3.12c. As we can see, these equations do
show pattern formation, but in these patterns, all the mass is concentrated
on the edges of the labyrinths or dots and therefore they do not describe the
experimental results very well. Hence, we ask the following question: Is there a
group of functions h(A) such that the equation
∂ρ
= ∆(h(A)ρ),
∂t

(3.3.5)

produces patterns that describe the experimentally found patterns in the mussel
beds? To answer this question, we compare equation (3.3.1) with the other
equations that do not produce the patterns we are looking for. First, we compare
equation (3.3.1) with equation (3.3.2). How do these equations differ, apart from
some small differences in the definitions of their D and our g(A)? There is a
major difference in the range of D and the range of 1/g(A). ρ is mapped to
(0, 1) by D, while ρ is mapped to (1, ∞) by 1/g(A)2 . Now what would happen
if we replace D(ρ) with D(ρ) + 1, i.e. we create an offset such that if a point is
very attractive (that is D ∼ 0) movement is still possible.
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(a) Sim. of eq. (3.3.2) with original D.

(c) Sim. of eq. (3.3.3) for
λ(A) = 1 − g(A).

(b) Sim. of eq. (3.3.2) with D + 1.

(d) Sim. of eq. (3.3.3) for
λ(A) = 1.1 − g(A).

Figure 3.12: Figures (a) and (b) show simulations of equation (3.3.2) for two
different D. The parameters are ρ0 = 1, rs = 0.05, rl = 0.1, a = 1, b = 4.4,
c = 3.9 and L = 1. Figures (c) and (d) show simulations of equation (3.3.3)
for two different λ(A). The parameters are ρ0 = 1, rs = 1/7, rl = 1, Ds = 1.2,
Dl = 1 and L = 4.
As we can see in figure 3.12b, this time we do get patterns that are similar
to the ones we have seen before. On the other hand, what if we increase the
offset to, say, 5? Then, the diffusion is so strong that the patterns disappear
again.
Now how do equations (3.3.3) and (3.3.4) compare with equation (3.3.1) for the
most straightforward choice λ(A) = 1 − g(A)? We again find that the range of
1 − g(A) is (0, 1) just as with equation (3.3.2). Hence, we decide to add a small
offset and replace λ(A) = 1 − g(A) with λ(A) = 1.1 − g(A), see figure 3.12d.
In this case we also see that introducing an offset produces patterns that are
similar to the observed patterns.
Therefore, it is tempting to conclude that there might be a very large group
of functions h(A) in the term ∆(h(A)ρ) that can be used in the modelling, as
long as h has a certain offset and is monotonically decreasing in A, such as
1/g(A)2 , 1.1 − g(A) and D(ρ) + 1. Proving this might be very difficult, in the
first place because we should define mathematically what is meant by “The
patterns we are looking for”. One should be able to make a clear distinction
between figures 3.12a and 3.12b.
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Figure 3.13: Iterative solution of the stationary state of equation (3.1.1) with
spectral weighting. The parameters are rs = 1/7, rl = 1, Ds = 1.2, Dl = 1,
ρ0 = 1, r = 0.15, k ∗ = 4.8 and L = 4.

3.4

Stability of the stationary states

We have seen by now a lot of stationary states. At least, stationary in the sense
that in the numerics the norm between two different time steps, kρn+1 −ρn k2 , has
become small, say 10−6 , and there is no visual difference between two different
time steps. But how stable are these states? As we have learned from the CahnHilliard equation, it might be possible that solutions become stuck in metastable
state. First let us consider the hexagonal dotted solutions of equation (3.1.1).
Independent of how long we simulate, how many grid points we use, if we add
noise or not, both the simulations via the PDE as well as the iterative method
converge to this pattern quite fast up to a precision of 10−6 . However, in the case
of the labyrinth-like structures the convergence is much slower and there is not a
clear single state to which the solutions converge. To solve this problem, we use
a method called spectral weighting, [6]. The idea is to focus the evolution of the
equation at the dominant wavelength and the corresponding higher modes in the
following way: we damp the Fourier coefficients ρ(k) with ρ(k) 7→ w(k, k ∗ )ρ(k)
where k ∗ is the dominant wavelength of the system and
w(k, k ∗ ) = (1 − r)+

r(exp(−5(1 − |k|/k ∗ )2 ) + exp(−5(2 − |k|/k ∗ )2 ) + exp(−5(3 − (|k|/k ∗ )2 ),
(3.4.1)
for some r between 0.05 and 0.3. Once structures have formed, we can use
this weighting to push the solution into it’s final form. There is no guarantee
that this will actually work and we still have to determine k ∗ . In the iterative
approach, we first run the simulation without the spectral weighting, compute
the dominant wavelength and then we rerun the simulation with the weighting
for the found k ∗ . In some cases we get results as in figure 3.13.
Intuitively, this certainly looks more like a stable stationary solution than
the labyrinth-like structures we found before. However, it is numerically hard
to prove that all solutions converge to a state as in figure 3.13. Furthermore, in
order to say that this stationary state is “the best” stationary state, we would,
just as in [6], need a functional corresponding to our PDE and show that this
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stationary state is a minimizer of the functional. Unfortunately, we do not
have such a functional. However, independent of the question what the true
stationary state is, we can still conclude that the (near) stationary states have
a fixed wavelength which is what we were after.
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Chapter 4

Analysis of the new model
In chapter 2 we derived multiple models for the pattern formation in mussel beds
and we saw a good agreement with the experimental data in chapter 3. In this
chapter we study one specific equation in greather depth. We chose equation
(2.2.20), a continuum approximation to the Individual Based Model by Liu
et al.[20], to study due to the fact that it is relatively simple compared with
the other equations and gives good results in comparison to experimental data.
Furthermore, equation (2.4.44), a continuum approximation to the Individual
Based Model by De Jager et al. [8], has the same stationary solution as equation
(2.2.20), so we can hope that the study of equation (2.2.20) gives us some insight
in the stationary solutions that can be used for the other equation as well.
First, we rescale the equation to reduce the number of constants. Then, we
use linear stability analysis to determine when the homogeneous background becomes unstable and patterns such as hexagonal spots and labyrinths can occur.
In section 4.3, we study the stability of the patterns analytically using modulation equations, but this approach will not be successful and we give reasons
why.

4.1

Rescaling

First, we state equation (2.2.20):
∂ρ
=∆
∂t



ρ
g(A)2



,

(4.1.1)

A = DsKs ∗ ρ − Dl Kl ∗ ρ,
where g(A) = 21 + 21 tanh(A), see equation (2.2.3), and the ∗ stands for convolution, see equation (2.4.41).
To get rid of some of the constants, we rescale the equation. We define
x̃ = rxl and ρ̃ = Dl ρ. This implies that rl2 ∆x = ∆x̃ . Substituting these scalings
into equation (4.1.1) results in


∂ ρ̃
ρ̃
1
,
= 2 ∆x̃
∂t
rl
g(A)2
(4.1.2)
Ds
Ks/l ∗ ρ̃ − K1 ∗ ρ̃.
A=
Dl
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When we define D =

Ds
Dl ,

rα = rs /rl , t = rl2 t̃, we get


∂ ρ̃
ρ̃
,
= ∆x̃
g(A)2
∂ t̃
A = DKα ∗ ρ̃ − K1 ∗ ρ̃.

(4.1.3)

Hence, we are left with an interaction length scale rα and we have D as
a measure for the relative strength of the short scale attraction versus long
scale dispersion. However, we should not forget that one of the most important
parameters is ρ̃0 which does not appear in this equation, but only in the initial
conditions. To keep the notation more clear, we will drop the tildes from now
on.

4.2

Linear stability analysis

In this section we investigate the stability of the homogeneous background.
As we have seen in the previous chapters, for certain parameter values the
homogeneous background becomes unstable and patterns form. There are 3
parameters we can vary, D, rα and ρ0 . In the remaining of this chapter fix
D and rα and vary ρ0 . The main reason for this choice is the following: In
[19], the paper that formed the starting point of this thesis, it was shown that
exsistence of patterns and the shape of the patterns depends of the mussel
density. For low densities, no patterns form, for intermediate densities clumps
of mussels form and for high densities we observe labyrinth structures. In the
previous chapter we have seen numerically that equation (4.1.1) has the same
behaviour. Therefore, we will study in the rest of this chapter how ρ0 influences
the existence and shape of the patterns.

4.2.1

Stability curves

Before we can study the patterns in the solutions from equation (4.1.3), we
need to determine when patterns can form. We need to find out when which
wavenumbers become unstable so we need to find the stability curves or disper~
sion relation. To compute the stability curves, we substitute ρ = ρ0 + εeλt+ik·~x
into equation (4.1.3), taylor around ε = 0 and look for a dispersion relation
λ(~k). If λ(~k) is negative for all ~k, the solution must decay exponentially to the
homogeneous state ρ0 . The stationary state becomes unstable when there are
some ~k such that λ(~k) > 0 and patterns can form. The Taylor expansion of
equation (4.1.3) around ε = 0 results in long formula’s, so we introduce some
new constants and functions to keep the notation clear:
~

~

A(ρ) = DKα ∗ (ρ0 + εeλt+ik·~x ) − K1 ∗ (ρ0 + εeλt+ik·~x )
~

~

= Dρ0 − ρ0 + ε(DKα ∗ eλt+ik·~x − K1 ∗ eλt+ik·~x )
:= γ0 + εγ1 ,

and therefore
g(A) ≈ g(γ0 ) + εγ1 g ′ (γ0 ) + h.o.t.
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Next, we need to approximate the ρ/g(A)2 term:
~

~

ρ0
g(γ0 )eλt+ik·~x − 2γ1 g ′ (γ0 )ρ0
ρ0 + εeλt+ik·~x
≈
+ε
+ h.o.t.
′
2
2
(g(γ0 ) + εγ1 g (γ0 ) + h.o.t.)
g(γ0 )
g(γ0 )3
(4.2.1)
When we substitute this expansion into equation( 4.1.3) we find
~

∂eλt+ik·~x
ε
=∆
∂t

~

g(γ0 )eλt+ik·~x − 2γ1 g ′ (γ0 )ρ0
ρ0
+
ε
+ h.o.t.
g(γ0 )2
g(γ0 )3

!

(4.2.2)

The O(1) equation drops out, so the lowest order equation is the O(ε) equation:
~

~

λeλt+ik·~x = ∆

g(γ0 )eλt+ik·~x − 2γ1 g ′ (γ0 )ρ0
g(γ0 )3

(4.2.3)

~

= −|k|2

g(γ0 )eλt+ik·~x − 2γ1 g ′ (γ0 )ρ0
.
g(γ0 )3

(4.2.4)

The last equation holds because the convolution and derivative commute. At
this point, we run into our first problem. We would like to divide on both sides
~
by eλt+ik·~x to find an equation for λ as function of ~k independent of ~x, but when
~
~
~
we divide γ1 = DKα ∗ eλt+ik·~x − K1 ∗ eλt+ik·~x by eλt+ik·~x we do not get rid of the
exponential. Fortunately, the convolution in γ1 has much easier representation
in Fourier space because the convolution transforms into a product in Fourier
space. Therefore, we divide by eλt on both sides and then take the Fourier
transform with respect to ~x:


1
2ρ0 g ′ (γ0 )
i~
k·~
x
i~
k·~
x
i~
k·~
x
2
−
(DK̂α F(e ) − K̂1 F(e )) .
λF(e ) = −|k|
g(γ0 )2
g(γ0 )3
(4.2.5)
~
Then, we integrate F(eik·~x ) = δ(~k) out which results in the following equation:


2ρ0 g ′ (γ0 )
1
2
λ = −|k|
−
(DK̂α − K̂1 ) ,
(4.2.6)
g(γ0 )2
g(γ0 )3

with K̂µ the Fourier transform of the kernel for µ = s, l:
sin(krµ )
= sinc(krµ )
krµ
2J1 (|k|Rµ )
K̂µ =
|k|rµ
K̂µ =

in 1 dim.

(4.2.7)

in 2 dim.

(4.2.8)

J1 is the first order Bessel function of the first kind. Notice that the dimension
of the space influences equation (4.2.6) only via the shape of the Fouriertransformed kernel. Furthermore, λ only depends on ~k via its absolute value |k|.
This is not surprising because the kernels and the equation are invariant under
rotation.
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Figure 4.1: Plots of equation (4.2.9) for the 2-d kernel. D = 1.2, rα = 1/7 and
ρ0 ranges from 0.3 to 0.6 (from bottom to top). Notice that equation (4.2.9)
only depends on ~k via |k| and notice that the curves are negative for small |k|.
When we take g(A) = 12 + 21 tanh(A), we can compute g(γ0 ) and g ′ (γ0 ), so
equation (4.2.6) takes the form
!
ρ0
1
2
λ = −|k|
(DK̂α − K̂1 ) .
−
( 12 + 12 tanh(γ0 ))2
cosh2 (γ0 )( 21 + 12 tanh(γ0 ))3
(4.2.9)
In figure (4.1) we plot equation (4.2.9) for ρ0 ranging from 0.3 to 0.6. For
ρ0 = 0.3, the function decreases monotonically and for ρ0 = 0.6 we see a broad
range of unstable waves. Just the visual inspection of these curves raises one
important question. The curves seem to be negative for small wavenumbers, is
this true and if yes, for which parameter values?

4.2.2

Stability of the small wavenumbers

As we learned in chapter 1 on the Cahn-Hilliard equation, the low wavenumbers
are always unstable which allows coarsening to go on. Therefore, we want to
investigate the sign of the stability curves near k = 0. At k = 0 we find that
λ(0) = λ′ (0) = 0 and λ′′ (0) = − g(γ20 )3 (g(γ0 ) − 2g ′ (γ0 )ρ0 (D − 1)). The first
wavenumbers are stable if the second derivative λ′′ (0) is negative, hence when
0>

−2
(g(γ0 ) − 2g ′ (γ0 )ρ0 (D − 1)) .
g(γ0 )3
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(4.2.10)

Figure 4.2: This figure shows the location of the extrema of λ(|k|) as a function
of ρ0 . D and rα have a fixed value of D = 1.2 and rα = 1/7. Blue denotes a
negative extremum, red a positive extremum. The arrows indicate if a branch
is a maximum or a minimum. Compare with figure 4.1
.
By assumption, g(γ0 ), g ′ (γ0 ) > 0, so we can rewrite this inequality to
D <1+

g(γ0 )
.
2g ′ (γ0 )ρ0

(4.2.11)

Notice that the rhs of the equation also depends on D via γ0 but the inequality
does not depend on rα . Numerical calculations show that this implicit inequality
always holds for ρ0 , D ∈ [0, 10]. Therefore, the small wavenumbers are stable
independent of ρ0 , rα and D in the parameter regime we are interested in.

4.2.3

Turing bifurcation

As can be seen from figure 4.1, for the given D and rα , all wavenumbers are
stable when ρ0 is small, but when ρ0 becomes approximately 0.4 wavenumbers
around |k| = 5 become unstable. To determine this bifurcation point, we need
to find the point (ρ∗0 , kc ) where the stability curve touches the axis from below
with fixed rα and D, i.e. we need to find the pair (ρ∗0 , kc ) that fulfils the following
conditions:
λ(ρ∗0 , kc ) = 0,
dλ ∗
(ρ , kc ) = 0.
d|k| 0
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(4.2.12)

(a) Simulation for ρ0 = 0.43

(b) Simulation for ρ0 = 0.44.

Figure 4.3: Simulation of equation (4.1.3). The parameters are rα = 1/7,
D = 1.2 and L = 4.
We know λ(|k|) from equation (4.2.6), we can compute the derivative (away
from k = 0) and find:
g(γ0∗ ) − 2g ′ (γ0∗ )ρ∗0 (DK̂α (kc ) − K̂1 (kc )) = 0,

2ρ∗0 g ′ (γ0∗ )
1
−
(DK̂α (kc ) − K̂1 (kc )) −
−2|kc |
g(γ0∗ )2
g(γ ∗ )3
 ∗ ′ ∗ 0

4ρ0 g (γ0 )
J2 (rα |kc |) J2 (|kc |)
2
|kc |
= 0,
−
D
g(γ0∗ )3
|kc |
|kc |


(4.2.13)

with γ0∗ = ρ∗0 (D − 1). This set of equations can not be solved analytically,
but they can be solved numerically for fixed D, rα . In figure 4.2 we calculated
the positions of the extrema of the stability curves and we can clearly see how
the stability curves evolve as function of ρ0 . For small ρ0 , the stability curve
decreases monotonically to −∞. When ρ0 increases to approximately 0.4, a local
minimum and maximum form. When we increase ρ0 even more to approximately
0.43, the local maximum becomes positive and we have a Turing bifurcation.
Numerical simulations show that indeed for ρ0 = 0.43 a homogeneous solution
is found, but for ρ0 = 0.44 hexagonal dots appear, although very slowly and
with a small amplitude, see figure 4.3.
As figure 4.4 shows, at ρ0 = 0.69, we still have spots as stationary solution,
but at ρ0 = 0.70 we find stripes. However, the stability curves do not give us
any information why this happens at this point. There might be other values
for D and rα for which the stability curves do give more information. For
example, one could try to find D, rα and ρ0 such that λ(|k|) has two maxima
that become positive at the same time. However, finding the bifurcation points
from hexagonal spots to labyrinths is beyond the scope of this thesis.
At this point there remains one question we want to answer: Can we show
that the hexagonal pattern that forms after the first bifurcation point is a stable
stationary solution and can we find an approximative solution? This question
will be treated in the next section.
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(a) Simulation for ρ0 = 0.69.

(b) Simulation for ρ0 = 0.70.

Figure 4.4: Simulation of equation 4.1.3. The parameters are rα = 1/7, D = 1.2
and L = 4.

4.3

Modulation Equations

From the numerical results, we have seen that for ρ0 > ρ∗0 (but not too large) a
numerical stable hexagonal pattern forms. We would like to find an approximation for these patterns and determine their stability analytically . The 2-d case
is too difficult to start with and therefore we begin in 1-d. For an introduction
to modulation equations, see for example [16].
We want to study the equation in the case ρ0 = ρ∗0 + ε2 r for 0 < ε << 1 and
r of O(1). Therefore, we propose the following Ansatz for ρ:
ρ = ρ∗0 + ε2 r + εα A1 (ξ, τ )eikc x + εβ A2 (ξ, τ )eikc x + εβ B(ξ, τ )e2ikc x + h.o.t+c.c.
(4.3.1)
with β > α and we introduced the amplitudes A1 , A2 and B which are functions
of the slow variables ξ = εx and τ = ε2 t. H.o.t stands for higher order terms
and c.c. stands for complex conjugates. We already introduce the higher order
A2 amplitude because we expect to need it later to solve the O(ε2 ) equation.
The reason for introducing B can be found in the next section.

4.3.1

Simulations for small ε

Before we can apply Ansatz (4.3.1), we should first check the numerics in 1-d
for ε small to see if it at all makes sense to look for solutions of period kc with
a slow amplitude A1 (ξ, τ ). We simulate equation (4.1.3) in 1-d for ρ0 = ρ∗0 + ε.
Keep in mind that this ρ∗0 is a different ρ∗0 than computed in the previous
section, because in 1-d the kernel has a different Fourier transform, see equation
(4.2.7). For D = 1.2 and rα = 1/7 the critical density and wavenumber are
numerically found to be (ρ∗0 , kc ) = (0.4063, 4.3413). Because we hope to see
small perturbations around the stationary solutions, we compute the numerical
solution for ρ̃ = ρ − ρ0 with ρ0 = ρ∗0 + ε. Now, A(ρ) = Dρ0 − ρ0 + A(ρ̃) and
hence equation (4.1.3) becomes


ρ0 + ρ̃
∂ ρ̃
=∆
.
(4.3.2)
∂t
g(Dρ0 − ρ0 + A(ρ̃))2
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Figure 4.5: Solution of equation (4.3.2) on a large grid, L = 50. The other
parameters are ε = 0.01, rα = 1/7 and D = 1.2.
We want to see the behaviour of the solution on a slow spatial scale and therefore
we simulate the equation above on a large grid, see figure 4.5. We see that for ε
small, we indeed have fast periodic movement with period near kc and a slowly
varying amplitude. The Fourier transform of the solution in figure 4.5, shown
in figure 4.6, shows a large peak around kc and a small peak near 2kc which
justifies the εβ Be2ikc x term in Antsatz (4.3.1). Combining the information from
the Fourier transform and the solution itself, we can conclude that our Ansatz
(4.3.1) is reasonable. However, the numerics do not give any information about
the scaling of the variables and the Ansatz.

4.3.2

Slow variables

Before we continue with the modulation equations, we need to find out if the
scaling of ξ and τ introduced in Ansatz (4.3.1) is correct. We assumed ρ0 =
ρ∗0 + ε2 r and now we introduce K > 0 which is of order O(1) by k = kc + εγ K.
This means that we assume that there is an interval of width O(εγ ) around kc
where the wavenumbers are unstable. Now we substitute the expressions for
ρ0 and k back into the dispersion relation (4.2.6) where we for clarity reasons
rewrite γ0 as γ0 = (D − 1)(ρ∗0 + ε2 r) = γ0∗ + ε2 γ̄0 with γ0∗ = ρ∗0 (D − 1) and
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Figure 4.6: Normalized Fourier transform for the solution shown in figure 4.5.
γ̄0 = r(D − 1), and find

|kc + εγ K|2
λ=−
g(γ0∗ + ε2 γ̄0 )−
g(γ0∗ + ε2 γ̄0 )3


∗
2
′ ∗
2
γ
γ
2(ρ0 + ε r)g (γ0 + ε γ̄0 ) DK̂α (kc + ε K) − K̂1 (kc + ε K) .

(4.3.3)

When we expand the part within the square brackets we find at O(1)
g(γ0∗ ) + 2ρ∗0 g ′ (γ0∗ )(DK̂α (kc ) − K̂1 (kc ))

(4.3.4)

−2ρ∗0 g ′ (γ0∗ )(DK K̂α′ (kc ) − K K̂1′ (kc )).

(4.3.5)

γ

and at O(ε )

These two terms form exactly system (4.2.13) at (kc , ρ∗0 ) and are therefore both
equal to 0.
When we assume that γ 6= 1, we find the following O(ε2 ) term in the square
brackets:
γ̄0 g ′ (γ0∗ ) − 2(ρ∗0 γ̄0 g ′′ (γ0∗ ) + rg ′ (γ0∗ ))(DK̂α (kc ) − K̂1 (kc )).

(4.3.6)

Therefore, λ is at least of order O(ε2 ) or O(ε2γ ) if γ < 1. By assumption,
we know that λ has two zero’s around k = kc which means that we can choose
K such that the lowest order terms in the expansion of λ disappear. If γ < 1,
we would need to eliminate the O(ε2γ ) equation and this can only be achieved if
K = 0 which is against our assumptions, but if γ > 1, we can only eliminate the
O(ε2 ) equation, which is independent of K, if it is automatically zero by choice
of the constants which is not the case. Hence, if we indeed want to find a band
of O(εγ ) of unstable waves around kc , we must balance the O(ε2γ ) term with
the O(ε2 ) term, i.e γ = 1, which enables us to eliminate these terms by choosing
a suitable nonzero K. Now we know that with k in the unstable band λ is of
O(ε2 ), so we can write λ = ε2 λ̃ and with the choices ξ = εx, τ = ε2 t we can
2
conclude that we can approximate eikx+λt = eikc x eiεKx+λ̃ε t ≈ A1 (ξ, τ )eikc x .
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4.3.3

Ginzburg-Landau scaling

In this section we will try to derive modulation equations and, as mentioned, we
will not succeed. The reasons why will become clear, but let us first explain the
formalism behind modulation equations. After we substituted Ansatz (4.3.1)
in to equation (4.1.3), we expand the equation around ε = 0 and order the
expansion in ‘levels’ of εi E j . As we will see later, the first nonzero term on
the left hand side of equation (4.1.3) will be ε2+α ∂τ A1 E. If our Ansatz is
correct, we can solve the levels εE, ε2 E and ε2 E 2 in order to find a closed
equation (PDE) for A1 at level ε2+α E. This procedure depends heavily on the
choices of α, β and the chosen Ansatz. In the following computation we choose
2α = β = 2 for simplicity. The conclusions will also hold for other choices
of α and β. Now let us substitute Ansatz (4.3.1) into equation (4.1.3). For
clarity, we will write E = eikc x . Because we are interested in the behaviour
of the solution at two different length scales, we substitute ∂x 7→ ∂x + ε∂ξ , so
∂xx 7→ ∂xx + 2ε∂x ∂ξ + ε2 ∂ξξ . Next, we need to expand 1/g(ρ)2 . To prevent
things form getting too cluttered, we omit the ε2 B(ξ, τ )E 2 term here. However,
up to O(ε2 ) the coefficients for the ε2 A2 (ξ, τ )E term will be the same.
1
A(A1 E)g ′ (γ0∗ )
1
=
−
2ε
g(A(ρ∗0 + ε2 r + εA1 E + ε2 A2 E + h.o.t.+c.c.))2
g(γ0∗ )2
g(γ0∗ )3
∗ ′′ ∗
′ ∗ 2
′ ∗
3g (γ0 ) − g(γ0 )g (γ0 )
−2(A(A2 E) + γ̄0 )g (γ0 ))
+ε2 A(A1 E)2
+ ε2
+ h.o.t.+c.c.
∗
4
g(γ0 )
g(γ0∗ )3
3g ′ (γ0∗ )2 − g(γ0∗ )g ′′ (γ0∗ )
+ε2 2A(A1 E)A(Ā1 Ē)
g(γ0∗ )4
(4.3.7)
Therefore,we end up with the equation
∂τ (ε3 A1 E + ε4 A2 E + h.o.t.+c.c.) =
(∂xx + 2ε∂x ∂ξ + ε2 ∂ξξ )(ρ∗0 + ε2 r + εA1 (ξ, τ )E + ε2 A2 (ξ, τ )E + h.o.t.+c.c.)

′ ∗ 2
∗ ′′ ∗
A(A1 E)g ′ (γ0∗ )
1
2
2 3g (γ0 ) − g(γ0 )g (γ0 )
−
2ε
+
ε
A(A
E)
+
1
g(γ0∗ )2
g(γ0∗ )3
g(γ0∗ )4

−2(A(A2 E) + γ̄0 )g ′ (γ0∗ ))
3g ′ (γ0∗ )2 − g(γ0∗ )g ′′ (γ0∗ )
2
.
+
h.o.t.+c.c.
+
ε
2A(A
E)A(
Ā
Ē)
ε2
1
1
g(γ0∗ )3
g(γ0∗ )4
(4.3.8)
Now the O(1) drops out because it only contains derivatives of constants. Next,
we find at the O(ε) level


A1 E
−2ρ∗0 A(A1 E)g ′ (γ0∗ )
+
,
(4.3.9)
0 = ∂xx
g(γ0∗ )3
g(γ0∗ )2
which we can transform into Fourier space as


−2ρ∗0 g ′ (γ0∗ )F(A(A1 E)) F(A1 E)
2
+
0=k
.
g(γ0∗ )3
g(γ0∗ )2

(4.3.10)

Now we need to determine what to do with the F(A(A1 E)) and the F(A1 E)
term. Because we take the Fourier transform with respect to x and not ξ, we
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assume A1 to be constant for the Fourier transform. This means that we can
take F(A1 E) = A1 F(E) and F(A(A1 E)) = A1 Â(k)F(E) with Â the Fourier
transform of A. Of course, after we have found A1 , we need to check if this is
indeed a valid assumption. Now we can integrate F(E) out and find
!
1
−2ρ∗0 g ′ (γ0∗ )Â(kc )
2
.
(4.3.11)
+
0 = A1 kc
g(γ0∗ )3
g(γ0∗ )2
This is exactly equation (4.2.12) and therefore holds for all A1 which at this
point is a justification of our Ansatz.
At the O(ε2 ) level we find


∗ ′′ ∗
′ ∗ 2
3g ′ (γ0∗ )2 − g(γ0∗ )g ′′ (γ0∗ )
∗
2 3g (γ0 ) − g(γ0 )g (γ0 )
0 =∂xx ρ0 A(A1 E)
+
+ 2A(A1 E)A(Ā1 Ē)
g(γ0∗ )4
g(γ0∗ )4


−2A(A1 E)g ′ (γ0∗ )
∂xx A1 E
+
g(γ0∗ )3


2ρ∗0 (A(A2 E) + γ̄0 )g ′ (γ0∗ )
A2 E
−
+
∂xx
g(γ ∗ )2
g(γ0∗ )3
 0

A1 E
2ρ∗0 g ′ (γ0∗ )A(A1 E)
2∂xξ
−
.
g(γ0∗ )2
g(γ0∗ )3
(4.3.12)
By the same arguing as for the O(ε) equation, we see that the 3rd and 4th
line are zero by equation (4.2.12). At this point our scheme of ordering the
expansion in levels εi E j breaks down. If we would identify lines 3 and 4 above
as the ε2 E level, we expect these lines to disappear. However, how do we order
the first two lines? Can or should we identify A(A1 E)A(Ā1 Ē) as an ε2 E 0 term
because E Ē = E 0 ? And what about A(A1 E)2 and A1 EA(A1 E), are these ε2 E 2
terms?
If we identify A(A1 E)A(Ā1 Ē) as an ε2 E 0 term, we can solve the ε2 E 0 equation by setting A1 to zero, which is against our assumption, or by introducing a
zeroth mode term ε2 A0 to our Ansatz. When we introduce a zeroth order mode
A0 , we must still be able to solve the ε2 E 0 equation. However, it will be impossible to find an exact relation between A0 and A1 because of the convolution
terms. Transforming the equations to Fourier space is also useless at this point
because there is no practical way to compute the transform of the nonlinearity
A(A1 E)A(Ā1 Ē).
We find the same problems at the ε2 E 2 level. When we identify A(A1 E)2
and A1 EA(A1 E) as order ε2 E 2 terms and remember that we omitted the BE 2
terms in the equation above, we still can not solve for B in terms of A1 in
real space because of the convolution and not in Fourier space because there
is no practical way to compute F(A(A1 E)2 ). The question is now whether or
not these problems are a consequence of our Ansatz. Maybe another scaling or
Ansatz may solve these problems?
Matthews-Cox scaling
When we interpret the A(A1 E)A(Ā1 Ē) as a level ε2 E 0 term, we see that we
should have introduced an extra ε2 A0 amplitude, which can be explained by the
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fact that k = 0 is just as kc marginally unstable, i.e. λ(0) = 0. This leads to
the thought that we must use a completely different Ansatz. Therefore, let us
introduce the following Ansatz with the scaling as is done by Matthews & Cox
[22]:
ρ = ρ∗0 + ε2 r + ε2 f (ξ, τ ) + ε1.5 B(ξ, τ )E,

(4.3.13)

where f (ξ, τ ) is the zeroth order mode. For a more extensive discussion of this
scaling, see [27]. Now when we substitute this Ansatz into equation 4.1.3, we
find the following lengthy expression:
∂τ (ε3.5 BE + ε4 f + h.o.t.+c.c.) =
(∂xx + 2ε∂x ∂ξ + ε2 ∂ξξ )(ρ∗0 + ε2 r + ε1.5 B(ξ, τ )E + ε2 f (ξ, τ ) + h.o.t.+c.c.)

1
A(BE)g ′ (γ0∗ )
−2(A(f ) + γ̄0 )g ′ (γ0∗ ))
− 2ε1.5
+ ε2
∗
∗
2
3
g(γ0 )
g(γ0 )
g(γ0∗ )3
3g ′ (γ0∗ )2 − g(γ0∗ )g ′′ (γ0∗ )
+ ε3 (A(BE) + A(BE))2
g(γ0∗ )4

3g ′ (γ0∗ )2 − g(γ0∗ )g ′′ (γ0∗ )
+ ε4 (γ̄0 + A(f ))2
+
c.c+h.o.t.
.
g(γ0∗ )4
(4.3.14)
In the O(1) equation the constants drop out just as in the O(ε) equation. The
O(ε1.5 ) drops out because it fulfils equation (4.2.12) with the same reasoning
we used for equation (4.3.9). The O(ε2 ) drops out because ∂x f (ξ, τ ) = 0. The
O(ε2.5 ) again drops out because of equation (4.2.12). At O(ε3 ) we find


′ ∗ 2
∗ ′′ ∗
A(BE)g ′ (γ0∗ )
2 3g (γ0 ) − g(γ0 )g (γ0 )
∗
− 2BE
0 =∂xx ρ0 (A(BE) + A(BE))
g(γ0∗ )4
g(γ0∗ )3


′ ∗
f (ξ, τ ) −2(A(f ) + γ̄0 )g (γ0 ))
+2∂ξx
+
.
g(γ0∗ )2
g(γ0∗ )3
(4.3.15)
Now the second line drops out again, but the first gives us the same problems
we had in the previous section. We cannot classify the terms into levels of order
εi E j .
Hence, we come to the conclusion that due to the presence of the operator
A(ρ), we cannot organize the expansions into levels of order εi E j , which lies at
the basis of the whole modulation equations formalism. Therefore, we should
resort other methods such as a center manifold reduction, but it is likely that
the convolution operator also causes trouble here.
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Conclusion & Outlook
In this thesis we studied several models to explain pattern formation in mussel
beds. We started in chapter 1 with the Cahn-Hilliard equation. The CahnHilliard equation, as derived in [19], mimicked the coarsening behaviour of the
mussels in the early stages of pattern formation very well, but failed to select a
specific dominant wavelength, while the mussels do select a specific wavelength.
We concluded that this discrepancy was caused by a misinterpretation of the
density dependent movement speed in the mussels. The biological experiments
showed that the movement speed of a single mussel depends on the number
of mussels in its neighbourhood, while in the derivation of the Cahn-Hilliard
equation it was assumed that the movement speed depended on the density at
the exact position of the mussel. The Individual Based Models (IMB), as derived
in [8, 20] and discussed in section 2.1, take into account that the movement speed
of a mussel depends on the amount of mussels in a larger neighbourhood and
they can accurately simulate pattern formation. Therefore, we decided to set
the Cahn-Hilliard equation aside and made a continuum approximation of the
IBM as derived in [20], which resulted in equation (2.2.20):


3
ρ
∂ρ
,
= ∆
∂t
2
g(A)2
1 1
g(A) = + tanh(A),
2 2
A = Ds Ks ∗ ρ − Dl Kl ∗ ρ,
where Ks ∗ρ and Kl ∗ρ stand for the average density at a short respectively large
length scale. This equation turned out to be successful in simulating patterns
that look like the patterns observed in the experiments and turned out to show
coarsening.
In the IBM derived in [8], a main feature is the incorporation of a Lévy
walk. The main problem with the Lévy walk is the fact that the second moment
does not exist which makes the derivation of a continuous equation much more
involved. Following [5], we derived equation (2.4.44):




ρ
ρ
λ
∂ρ
g(A)∆s
−
=
∆s (g(A)) ,
∂t
zC2,2s
g(A)
g(A)
1 1
g(A) = + tanh(A),
2 2
A = Ds Ks ∗ ρ − Dl Kl ∗ ρ,
where ∆s is the fractional Laplacian.
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(a) Fairy circles in the Namibian desert. (b) Circular and labyrinth-like structures
in the great barrier reef.

Figure 4.7: Other possibilities for two scale dependent feedback?
There are a lot of similarities between the solutions of the two equations
as is shown in chapter 3. This second equation with the fractional Laplacian
produces structures that look identically to the patterns in the first equation
and it shows coarsening as well. Most surprisingly however, is the fact that both
equations have the same implicit relation for the stationary solution:
ρ = cg(A)2 ,
for some unknown constant c. Numerical simulations showed that both equations evolve to solutions of the implicit equation above, even for the same constant c. The most important conclusion here is that these stationary solutions
have a fixed wavelength that depend mainly on the large interaction scale rl .
Therefore, we can conclude that we have found an answer to the main question
we started with: “Can we find a way to explain the wavelength selection in
mussel beds?”. Yes, we can with the principle of two scale dependent feedback.
However, there is one caveat. The only proof we have is numerically.
In chapter 4 we studied the first equation above analytically. We found
a Turing bifurcation for the initial density ρ0 . At the bifurcation point, the
spatially homogeneous background becomes unstable and a regular pattern of
hexagonal spots formed. However, studying this bifurcation using modulation
equations to determine the stability and character of the stationary solutions
was not successful. Already in the one dimensional case we got stuck due to the
fact that the standard approach to modulation equations does not work for the
convolution terms used to define A.

Outlook
There are three main questions that arise from this thesis. The first question
is how important the specific shape of equation (2.2.20) is, which is discussed
in section 3.3. There are two key ingredients here: we used a specific choice for
g and our nonlinearity is 1/g(A)2 . We would like to figure out if there are any
conditions on g and the nonlinearity for pattern formation.
The second question is how to prove the stability of the stationary solutions.
An approach that can be used is a center manifold reduction, for example as
64

is done in [6]. They are able to show the stability of two different types of
stationary solutions in a Cahn-Hilliard equation with long-range interaction
potential and they can show how the initial density ρ0 influences the choice for
one of these two solutions. However, there is no guarantee this approach will
work for equation (2.2.20) for the same reasons the approach via the modulation
equation did not work.
The last question is about applicability to other patterns found in nature.
For example, the fairy circles found in the Namibian desert (see figure 4.7)
show a quite good resemblance with the solutions in [21]. The plants can work
together because ground with a lot of roots holds water better in the arid desert,
but these patches of grass compete with other patches at long distances, [31, 10].
There might be many other situations in which two scale dependent feedback
is the dominant drive for self organisation. However, we must keep in mind we
always need a biological justification why an organism would cooperate at a
short length scale but compete at large length scales. Therefore, cooperation
between biologists, ecologists and mathematicians is crucial, especially when
you realise that the Waddensea where the mussels live, the Namibian desert
and the great barrier reef, are all very fragile ecosystems that need our better
understanding in order to protect them.
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Appendix A

Eyre’s Unconditionally
Stable Scheme
In this appendix we will explain Eyre’s unconditionally stable scheme and a
specific approach to solve the scheme. A readable introduction for those without
much experience in numerical computation can be found in [35], proof of the
stability can be found in the appendices therein.
We start with the original Cahn-Hilliard equation in parameterless form:
φt = −∆(φ − φ3 + ∆φ).

(A.1)

This equation can be discretized in time as
φt+dt + dt∆[(1 − a1 )φt+dt + (1 − a2 )∆φt+dt ] = φt + dt∆(−a1 φt − a2 ∆φt + φ3t ).
(A.2)
In [35] it is shown that this scheme is unconditionally Von Neumann stable
when a2 ≤ 0 and a1 > 2. Therefore, we propose to take take a2 = 0. When we
introduce a = a1 − 1, equation (A.2) becomes
φt+dt + dt∆[−aφt+dt + ∆φt+dt ] = φt + dt∆(−(a + 1)φt + φ3t ).

(A.3)

The equation above is discrete in time, but not in space. There are many
ways to make the equation above discrete in space, but the fact that the equation
is linear in φt+dt gives us the opportunity to use a spectral method. Eyre himself
wrote a code using spectral methods which can be found on his homepage1 . In
the following a short explanation of the code is given.
On a grid with N by N points and grid size h, we know that the eigenvalues
of the discrete Laplacian with Neumann boundary conditions are given by


 πm 
 πn 
2 
2 
− 1 + 2 cos
−1 ,
0 ≤ m, n < N. (A.4)
λmn = 2 cos
h
N
h
N

These eigenvalues correspond to the discrete eigenfunctions




πn(j − 1/2)
πm(i − 1/2)
cos
,
φmn (i, j) = αm αn cos
N
N
q
 1 if m = 0
N
αm = q
 2 otherwise
N
1 http://www.math.utah.edu/

~eyre/computing/matlab-intro/ch.txt
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(A.5)

Fortunately, these discrete eigenfunctions φmn are exactly the same functions Matlab uses to compute the 2-dimensional discrete cosine transform dct2.
Therefore, the following identity holds in Matlab (keep in mind that φt+dt is an
N × N matrix):
dct2(φt+dt + dt∆[−aφt+dt + ∆φt+dt ]) = (1 − adtλ + dtλ2 )dct2(φt+dt ), (A.6)
where λ is the matrix with eigenvalues λmn . Therefore, we can now solve equation A.3 for φt+dt :
dct2(φt+dt ) =

dct2(φt ) + dtλdct2(φ3t − (a + 1)φt )
.
1 − adtλ + dtλ2

(A.7)

Note that all multiplications and divisions are pointwise. Hence, we can find
φt+dt from φt by computing dct2(φt+dt ) from the equation above and then
apply the inverse transform idtc2.
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Appendix B

Code for equation (2.2.20)
The code below is specifically for equation (2.2.20), but can easily be adapted
to the other continuous equations.
1
2
3
4
5
6
7
8
9
10
11

L=4;
%l e n g t h o f t h e g r i d
N=100;
%number o f g r i d p o i n t s
g r i d s i z e =L/N;
%l e n g t h o f t h e l o n g i n t e r a c t i o n
l o n g =1;
s h o r t =1/7;
%l e n g t h o f t h e s h o r t i n t e r a c t i o n
rho =1;
%i n i t i a l d e n s i t y
Ds=1 . 2 ; Dl =1;
%maximum number o f i t e r a t i o n s
Nmax=1000000;
t =0;
%t i m e s t e p
dt=0. 0 0 0 0 0 1 ;
v i s u a l u p d a t e =200; %update p l o t e v e r y 200 s t e p s

12
13
14
15
16
17

q=2✯ p i /L ✯ [ 0 : N/ 2 , -N/ 2 + 1 : - 1 ] ; %w a v e v e c t o r i n 1 - d
[ X,Y]= m e s h g r i d ( q , q ) ;
absq2=X.ˆ2+Y. ˆ 2 ;
%a b s o l u t e v a l u e o f wavenumbers
%s q u a r e d
U=rho +(rand (N,N) -0 . 5 ) / 5 ; %i n i t i a l s o l u t i o n

18
19
20
21
22
23
24
25
26

%This p a r t i s f o r t h e c o n v o l u t i o n . h l en hs a r e m a t r i c e s
%d e s c r i b i n g t h e c o n v o l u t i o n k e r n e l with r a d i u s n l and n s .
n l=l o n g / g r i d s i z e ;
ns=s h o r t / g r i d s i z e ;
h l = f s p e c i a l ( ✬ d i s k ✬ , round ( n l ) ) ;
hs = f s p e c i a l ( ✬ d i s k ✬ , round ( ns ) ) ;
Uavl = i m f i l t e r (U, hl , ✬ c i r c u l a r ✬ ) ; %Av. o f U o v e r r a d i u s rl
Uavs = i m f i l t e r (U, hs , ✬ c i r c u l a r ✬ ) ; %Av. o f U o v e r r a d i u s rs

27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44

figure (1)
f o r i =1:Nmax
t=t+dt ;
A=Ds ✯ Uavs - Dl ✯ Uavl ;
%compute A
gA=(0 . 5 +0 . 5 ✯ tanh (A) ) ;
%compute g (A)
%This l i n e computes ∆(U/g(A)2 ) :
l a p l a c e s u= i f f t 2 ( - a b s q 2 . ✯ f f t 2 ( U. / gA. ˆ 2 ) ) ;
%update U
Unew=U+dt ✯ l a p l a c e s u ;
%P l o t s o l u t i o n
i f rem ( i , v i s u a l u p d a t e ) == 0
p c o l o r (Unew) , s h a d i n g i n t e r p , . . .
a x i s ( ✬ o f f ✬ ) , a x i s ( ✬ e q u a l ✬ ) , c o l o r b a r , drawnow
end
U=Unew ;
Uavl = i m f i l t e r (U, hl , ✬ c i r c u l a r ✬ ) ; %Update Uavl
Uavs = i m f i l t e r (U, hs , ✬ c i r c u l a r ✬ ) ; %Update Uavs
end
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