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Quantum tomography
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Key questions:

m measurement design: which measurements to perform?

m estimation method: which estimators are accurate and fast?

m confidence regions: how to define computationally feasible error bars ?

m statistical model: how to deal with large dimensional systems?



Tomography in Quantum Engineering

m Goal: create an exotic state of multiple "qubits"

m Validation: statistical estimation from measurement outcomes

[Haffner et al, Nature 2005]

48 — 1 = 65535 parameters
38 x 100 = 656 100 measurements

10 hours measurement time

vV v vy

days of computer time Rainer Blatt’s Lab, Innsbruck
“quantum computer” with 8 qubits (ions)



| States, measurements, data

Least Squares estimator

m Projected Least Squares estimator

Asymptotic rates

Compressed sensing tomography



Quantum states

m Complex Hilbert space of ‘wave functions’ H = C¢, L%(R)...

m State = preparation: complex density matrix p on H

« . P11 P12 .- Pld
> p = p* (selfadjoint) P21 P22 ... pog
> p >0 (positive) p=
> Tr(p) = 1 (normalised) p(;u Pc.l2 p(-m

m Convex space of states Sy
> Pure states : one dimensional projection Py, = |[¢) (1| = ¥¢* with ||[¢] =1

> Mixed states: convex combination of pure states

m States of low rank 7 < d: manifold of dimension r(2-d —r) — 1

p= ZMWQ(%\
i=1

m Natural distances: 7:= p1 — p2

Il = Amax(I7]), 17115 2= Te(I71%), |7l := Te(I7]),  db(p1, p2) := 2—2-Tr ( Vp1 pzx//Tl)



Measurements, empirical frequencies and estimators

o
RP
Su P */
ML, (c?) e ! £3
M Pa
>
m Measurement with outcomes {1,...,p} as a direct map: M : Ms,(C%) — R?

M:ip = P,
Pp(X =14) = (vilplvi), >l (vl =1



Measurements, empirical frequencies and estimators

o
/ -
Sa PXx
ML, (c?) e ! £3
M Pa
>
m Measurement with outcomes {1,...,p} as a direct map: M : Ms,(C%) — R?
M:ip = P,
Po(X =1i) = (vi|plvi), dolvi(wil =1

m Measurement data: i.i.d. samples X1,..., X, € {1,...,p} from P,

m Empirical frequencies vector f = (f(1),..., f(p))

#{i: X; = a}
n

fla) =

m Estimator: recipe for ‘projecting’ f to a ‘distribution’ P = M ()



Example: spin / two-level ion / qubit tomography

m Any state on C2 is parametrized by a 3-D Bloch vector r = (74, 7y, 72) with ||r]| < 1
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Example: spin / two-level ion / qubit tomography

m Any state on C2 is parametrized by a 3-D Bloch vector r = (74, 7y, 72) with ||r]| < 1

NI

N 1+7r, Ty — Ty
pr = Te +iry 1—7r,

m 3 standard measurement bases corresponding to s = x,y, z spin observables

1 1 1 1 1 - 0
) = 5 (ﬂ) ) = <i> led) = (0) ;ler) = (1)

s=zm s=y s=z

m Probability distributions: P(o = %|s) = 1:‘:% — s = P(+[s) — P(—]s)
m 7 measurement repetitions — count frequencies f = {f(£|z), f(£|y), f(£]|z)}

m Estimator: Poy,z = f(+lz,y,2) — f(—|z,y, 2) — = pp,



Measuring (correlated) states of multiple qubits

Measurement M
given by settings

|

|
v

Outcome X
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Random Meas. ’*

m k qubits system: C?2 ® --- @ C? = 2" =cd

m Simultaneous, separate spin measurements on each qubit:

> 3k settings s = (s1,...,5%) € {z,y, 2}*
> 2F outcomes o = (01,...,0;) € {+1,—1}F
> product basis vectors [v2) 1= vl ® -+ ® VoF)

> probabilities P, (X = o | s) = (vQ|p|vg)

m Measure n times in each setting: counts {No s} — frequencies f € R? %3

o (INGls) so € {1, -1} }s € {wy2}*) = [ ] H;—I(OI)' [T Botols) el
s ° " X=o

multinomial distribution



Measurement data

m 3K columns of length 2k
m one column for each measurement setting

m each column contains the counts totalling n = 100, of the 2k = 16 possible outcomes

m Total set of 3% x 2% > 4% projections is highly overcomplete in M((CQk)!

11 11 21 S5 16 2 26 15 5

& 15 4 22 16 5 14 16
5 9 10 18 4 2 1 5
15 10 17 2 4 1 i3 0 4 5 1 3
12 6 5 14 12 & 2 7 19 3 8 3
14 0 1 0 & 3 12 s 2 € 2 7

0 19 7 12 14 & 7 14 7 9 23 15 34
1 0 4 8 0 3] € 0 12 4 15 5
8 0 7 7 14 9 g 15 6 9 € 3 0
i5 0 2 g 0 3 4 1 7 3 0 4 €
i1 0 0 17 9 2 14 12 7 0 i o 5 5 2
12 1 1 1 0 2 8 0 4 3 0 1 0 0 3 1
i3 1 0 1 1 0 0 0 0 0 14 9 7 6 2 4
14 0 1 0 0 0 1 0 0 1 1 5 & 0 2 2
1 0 0 1 0 0 0 0 0 1 2 0 9 6 3

[Dataset 4 ions (from Blatt group, Innsbruck)]



2-design measurements

Definition

A measurement M given by {|v;)v;|}}_; is called a projective 2-design if

So(uilA)* = d [ (WAl Fu(dy),  k=1,2

0

where p(di)) is the Haar measure on the unit ball of C¢

m Symmetrically informationally complete measurement:

1
(wilvs)|? =

- 1<i#j<p=d?
a2(d+1) Si#ise

m Mutually unbiased bases: d + 1 ONBs {\UEG)>} with

1)

m Covariant measurement: continuous set of projections

M (dv) = dv)(v| p(dv)

21

7 a#b

m stabiliser states....



| States, measurements, data

Least Squares estimator

m Projected Least Squares estimator

Asymptotic rates

Compressed sensing tomography



Least squares estimator

d ~
ML Foofs P,* £
M

B —— Pa

m Tomography as ‘linear regression’ problem

f=P,+e=Mp+e

m Least squares estimator

pLs = argmin |[M(7) - f| = (MTM)_IMT(JL‘)

TEM(CY)
m Disadvantages
> Least squares estimator is not a density matrix (not positive and trace one)
P Least squares estimator is too "noisy" for low rank states

> Least squares estimator minimises prediction rather than estimation error E||p — p||2



Norm-error concentration bound for the least squares estimator® 2

m operator-norm distance  ||p — 7|| = [Amaz (D)), A=p—7

m trace-norm distance lp—7l = ZZ (A <d-|lp—7| (¥

Theorem

The following concentration bound holds

_ 3ne2
P(llpLs — pll > €] < de Ba(D
where

m g(d) = 2d for 2-design measurements

m g(d) ~ d'-® for Pauli bases measurements

Concentration inequality and () give upper bound for the trace-norm error

m 2-design measurements: Ellp — pLsli < cllog(d)d'—\/‘g
0.
m Pauli bases measurements: E|lp — prsll1 < Cilog(d) d‘jﬁs

e Butucea, M.G. and T. Kypraios, New Journal of Physics, 17, 113050 (2015)
M. G., J. Kahn, R. Kueng, J. A. Tropp, arXiv:1809.11162v1



Idea of the proof

m Write

1 n
pLs —p=— E A;
n
i=1

where A; are i.i.d. centred random matrices

m Use matrix Bernstein inequality® for i.i.d. d x d Hermitian matrices

2/2
P ZA > e <2dexp( anre/vﬁ)

where [|4;[ <V and ||E(A§)|| <w

35 A, Tropp, Found Comput Math 12 389-434 (2012)



Simulation: trace-norm error of LS vs ML for Pauli measurements
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Trace-norm mean errors of LS (green) and ML (red) for rank-r states of 4 atoms, with Pauli bases measurement



Simulation: trace-norm error of LS vs ML for random bases measurements
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Trace-norm mean errors of LS (green) and ML (red) for rank-r states of 4 atoms, with 200 random bases measurement



| States, measurements, data

Least Squares estimator

m Projected Least Squares estimator

Asymptotic rates

Compressed sensing tomography



Projected Least squares estimator
f
[ =

Sa " *Prs
ML, () 2 Rl Pk o
PPLS M
—_— Pa
m Projected least squares estimator: closest state to the LS estimator
s _ . a2 — in Tr A2
ppLs = argmin |0 — prgl|5 = argmin (o — pLs)

oESY oESY

m Solution pprg has the same eigenvectors as pr.s

pLs = Z;\iw)ﬁ(’;il = pPLS = ZS\Z‘WH@Z%\

m Simple algorithm for ‘adjusting’ the eigenvalues



Projection algorithm

m Repeat until all eigenvalues are positive:

> truncate negative eigenvalues: Ai<0—X; =0
> shift remaining eigenvalues so that ZZ Ai=1: Ai>0— )\, —c
® | A
ol
3
<
3
g o N
% o 7 . R
g, ..n...%z......
o -
3 -
5 10 1

Eigenvalues of true state p (blue circles) versus LS (red triangles) and the PLS estimator (rose)

for a rank 2 state with n = 20 repetitions



Projected Least Squares: concentration bounds®

Theorem

Let p be a state of unknown rank r.
The following concentration bound holds

__ 3né?
P[llppLs — pll, = €] < de” 0@

where

m g(d) = 2d for 2-design measurements

m g(d) =~ d' for Pauli bases measurements

The concentration inequality implies the upper bound for the trace-norm error

m 2-design measurements: Ellp — prLs|li < c1log(d) T\‘//EE

. R 0.8
m Pauli bases measurements:  E||p — pprs|i < C1 log(d)%

M. G., J. Kahn, R. Kueng, J. A. Tropp, arXiv:1809.11162v1



1) Using rank r assumption

llopLs — pll1 < 2rllppLs — pl|

2) Using definition of PLS as projection

llppLs — pll < llppLs — ALsll + l1ALs — pll < 2||pLs — ol

3) Concentration bound for LS

_ 3nr2
Pr(llpLs —pll 2 7] < de 39 7€[0,1].

1) +2) + 3) = ||prLs — pll1 < 4r||prLs — p|| == concentration bound for PLS

_ __3ne2
B [llppes — plly > €] < de” 5a(07



PLS + covariant measurement = optimal

Theorem

Let p be a state of unknown rank r.

The following concentration bound holds for covariant measurements

7162

S 2.2d— i
P [”PPLS —pll, > 6] <e 18072

Concentration inequality implies the upper bound for the trace-norm error

rVd

El|lp — <ec
lopLs — pll1 < v

m Universal lower bound ®

d
Ellp— pll1 > C% =  PLS is optimal (up to constant)
n

5J. Haah et al, IEEE Trans. Inform. Theory (2017)



Proof technique

m Improve the concentration bound for the LS estimator
P(lprs —pll 2 €) < 77

m Operator norm as max
Al = max [(y|Aly)|
y€Sq

m Discretization by a covering net: replace the maximization over unit sphere Sy by a
maximization over a finite point set A" = {|y1),...|ym)} , |NV| == 3%¢

ANl < 2max |(ys| Alys)|

m Classical concentration bound for (y|jLs — ply) = + Z?:1<y\A,-|y)

n

R _nt?
P(|(ylpLs — ply)| > t) < 2e™ 120

m Union bound

ne

N ~ € < _nes
P(llpLs — pll =€) <P (maXKyilpLs = plys)| > 5) <2-3%7. 740
k3



Trace-norm error of LS vs PLS vs ML for Pauli bases measurements
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Trace-norm mean errors of LS (green), PLS(blue), ML (red) for rank-r states of 4 atoms, with Pauli bases measurement



Trace-norm error of LS vs PLS vs ML for random bases measurements
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Trace-norm mean errors of LS (green), PLS(blue), ML (red) for rank-r states of 4 atoms, with 200 random bases measurement



| States, measurements, data

Least Squares estimator

m Projected Least Squares estimator

Asymptotic rates

Compressed sensing tomography



LS asymptotics for covariant measurements

m State p of low rank 7 < d with eigenvalues (£,...,1,0...,0)

o [

m LS estimator N | o N 1 B
e o4 8) 5 (4 2)
PLS =P NG r 0 0 NG B C

m For large n the ‘error matrix’ A becomes Gaussian (approximately GUE)

m For large d (and low r) the eigenvalues of A (and C) follow a Wigner semicircle law

-0.10 0.05 0.00 0.05 0.10

~ d?
~ 42

m Asymptotic rates: EllpLs — pll3 = &, E|pLs — pll1 = 2%



PLS asymptotics

topr
eigenvalues
~
| ; >
+0 -0.05 opo 0.05 0.10
1/r 2,/4=r

m Forn>d>1 = LS has 2 well separated groups of eigenvalues



PLS asymptotics

topr
eigenvalues
—~

| :

I -q10 05 opo 0.05 0‘10
1/r 2,/%&r q

m Forn>d>1 = LS has 2 well separated groups of eigenvalues

m Thresholding cut-off point ¢ can be computed deterministically

rq:/2\/ d;T (zfq)l1/m,z2dz
27 n
q




PLS asymptotics

topr
eigenvalues
~—
Shift by q

o foos  opo 005 010
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m Forn>d>1 = LS has 2 well separated groups of eigenvalues

m Thresholding cut-off point ¢ can be computed deterministically

rq:/2\/ d;T (zfq)l1/m,z2dz
27 n
q




PLS asymptotics

topr
eigenvalues

~ =

1/r

m Forn>d>1 = LS has 2 well separated groups of eigenvalues

m Thresholding cut-off point ¢ can be computed deterministically

rq:/2\/ d;T (zfq)l1/m,z2dz
27 n
q




PLS asymptotics

topr
eigenvalues
~
Shift by q

I rolm 005 opo 005 010

1/r 2,/%&r q

m Forn>d>1 = LS has 2 well separated groups of eigenvalues

m Thresholding cut-off point ¢ can be computed deterministically

rq:/2\/ d;T (zfq)l1/m,z2dz
27 n
q

. " 3.1 »N r. .d
m Asymptotic rates: E|pprs — pll3 ~ &4, Edp(ppLs,p) ~ %)




Simulations: Frobenius and Bures errors vs asymptotic expressions
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Online quantum tomography tools

m select estimators / states (or uploaded data ) / error functions

https://shiny.maths.nottingham.ac.uk/shiny/qt_dashboard/

) Dashboard: Compare Estimators * | +

https:/ /shiny.maths.nottingham.ac.uk/pmxaa33/qt_dashboard/ e | (Q search ) elé 4+ A =

Dashboard: Compare Estimators

Input Panel Frobenius Norm Output Panel
Choose/Upload State ° l:l ‘Choose Error
Function
Random State A B
N ° Frobenius Norm v
No. of atoms. 2
! Q 3 | Y-axis max
— B [
=
F— 5
Choose Rank g —_
s —
| ® ———— Y-axis min
- T T T
s Ls s 0
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@ Maximum Likelihood
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| States, measurements, data

Least Squares estimator

m Projected Least Squares estimator

Asymptotic rates

m Compressed sensing tomography



Can we estimate low rank states with reduced measurement settings ?°

m Counting parameters: rank r state — r - d parameters — = 7 settings (<K 3k)

m Random measurement design:
choose m random settings S := {s1,...,Sm} and measure each setting n = % times

m Mean square error of MLE is stable for a large range of number of settings m

Error

0.00
|

0 20 40 60 80
No. of measured settings

Mean square error ]EH[)(ML) - pHg for 4 ions states of ranks 1-5 and randomly chosen settings

Ssimilar to “compressed sensing" D. Gross, et al, Phys. Rev. Lett. (2010) but uses “raw" rather than “coarse grained" data



Concentration for Fisher information matrix’

m More randomness helps: consider measurements w.r.t. random bases (Haar measure)
m Asymptotics: for large n mean square error of ML estimator scales as in Cramér-Rao bound

~ 1 -
160D = pll3 & S Tr(1(pIS) ™ G(p))

m Fisher information matrix (per setting) converges to average

m

1618) = 3" I(plsi) — 1(6) = / I(pls)ds

i=1

Theorem (Fisher info & MSE concentrate with 7 - log rd settings)

Let p be rank r state with spectrum (1/r,...,1/r,0,...,0).

If m = C(r + 1) log(2(2rd — r? — 1)/8¢?) then the bounds hold with probability 1 — §

(1—-e)l(p) < 1(p|S) < (1+e)I(p)

Q=T [I(p)'G(p)] < Tr[I(p|S)"'G(p)] < (1+)Tr [I(p)~'G(p)]

“A. Acharya, T. Kypraios, M.G., New Journal of Physics (2016)



Eigenvalues and MSE concentration
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Concentration of the eigenvalues of Fisher information matrix and the MSE for 4 ions states of ranks 1,2,3



m Matrix Chernoff bound®

(1= eI(p) < I(plS) < (1 +6)I(p)

m Number of settings required (up to log factors)

 Amax _ maxs Amax (pls)
m =~ =

>\min ’ >\min (I_)

m I can be computed explicitly — Amin (1) = 7/(r + 1)

m Quantum Cramér-Rao bound

I(pls) < F(p) —> AmaxI(pls) < AmaxF(p) = 2r

8Ahlswede R. and Winter A., IEEE Transactions Information Theory 48 569-579 (2002)



Log factors may not be necessary

o
I 3 qubits
- 2 qubits
& qubits
n
-
S
=
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o 2
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Mo. of random settings

Relative error w.r.t. asymptotic MSE for random settings, and pure states of 3-6 qubits.



m PLS is faster than ML and has (almost) optimal rates for 2-design measuremens

PLS achieves fundamental lower bound for covariant measurements

m Wigner semicircle used for computing asymptotic risk of PLS

m 7 - logrd random settings are enough to optimally estimate rank r state

Future / ongoing work
m Confidence regions for PLS
m Can PLS be extended to other statistical models (eg MPS)

m Extend PLS to PGLS with adaptive measurements



