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Quantum tomography

M1
<latexit sha1_base64="ToaREfrBZ/SQkTU96PfGBXz24NA=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXOwYW/vsrtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnpJFMMfZaIRHVCqlFwib7hRmAnVUjjUGA7HN/O6+0nVJon8tFMUgxiOpQ84owaa/nV+75X7Zcrbs1diKyDl0MFcjX75a/eIGFZjNIwQbXuem5qgilVhjOBs1Iv05hSNqZD7FqUNEYdTBfLzsiFdQYkSpR90pCF+3tiSmOtJ3FoO2NqRnq1Njf/q3UzE10HUy7TzKBky4+iTBCTkPnlZMAVMiMmFihT3O5K2IgqyozNp2RD8FZPXodWveZZfqhXGjd5HEU4g3O4BA+uoAF30AQfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOZ8/ge+Nzw==</latexit><latexit sha1_base64="ToaREfrBZ/SQkTU96PfGBXz24NA=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXOwYW/vsrtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnpJFMMfZaIRHVCqlFwib7hRmAnVUjjUGA7HN/O6+0nVJon8tFMUgxiOpQ84owaa/nV+75X7Zcrbs1diKyDl0MFcjX75a/eIGFZjNIwQbXuem5qgilVhjOBs1Iv05hSNqZD7FqUNEYdTBfLzsiFdQYkSpR90pCF+3tiSmOtJ3FoO2NqRnq1Njf/q3UzE10HUy7TzKBky4+iTBCTkPnlZMAVMiMmFihT3O5K2IgqyozNp2RD8FZPXodWveZZfqhXGjd5HEU4g3O4BA+uoAF30AQfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOZ8/ge+Nzw==</latexit><latexit sha1_base64="ToaREfrBZ/SQkTU96PfGBXz24NA=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXOwYW/vsrtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnpJFMMfZaIRHVCqlFwib7hRmAnVUjjUGA7HN/O6+0nVJon8tFMUgxiOpQ84owaa/nV+75X7Zcrbs1diKyDl0MFcjX75a/eIGFZjNIwQbXuem5qgilVhjOBs1Iv05hSNqZD7FqUNEYdTBfLzsiFdQYkSpR90pCF+3tiSmOtJ3FoO2NqRnq1Njf/q3UzE10HUy7TzKBky4+iTBCTkPnlZMAVMiMmFihT3O5K2IgqyozNp2RD8FZPXodWveZZfqhXGjd5HEU4g3O4BA+uoAF30AQfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOZ8/ge+Nzw==</latexit><latexit sha1_base64="ToaREfrBZ/SQkTU96PfGBXz24NA=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXOwYW/vsrtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnpJFMMfZaIRHVCqlFwib7hRmAnVUjjUGA7HN/O6+0nVJon8tFMUgxiOpQ84owaa/nV+75X7Zcrbs1diKyDl0MFcjX75a/eIGFZjNIwQbXuem5qgilVhjOBs1Iv05hSNqZD7FqUNEYdTBfLzsiFdQYkSpR90pCF+3tiSmOtJ3FoO2NqRnq1Njf/q3UzE10HUy7TzKBky4+iTBCTkPnlZMAVMiMmFihT3O5K2IgqyozNp2RD8FZPXodWveZZfqhXGjd5HEU4g3O4BA+uoAF30AQfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOZ8/ge+Nzw==</latexit>

M2
<latexit sha1_base64="mb5QwdO5iqXGArxzjWsNXDBmuzo=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXuwYW/vsjtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMpTDout9OYWNza3unuFva2z84PCofn7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fh2Xm8/cW1Eoh5xkvIgpkMlIsEoWsuv3vfr1X654tbchcg6eDlUIFezX/7qDRKWxVwhk9SYruemGEypRsEkn5V6meEpZWM65F2LisbcBNPFsjNyYZ0BiRJtn0KycH9PTGlszCQObWdMcWRWa3Pzv1o3w+g6mAqVZsgVW34UZZJgQuaXk4HQnKGcWKBMC7srYSOqKUObT8mG4K2evA6tes2z/FCvNG7yOIpwBudwCR5cQQPuoAk+MBDwDK/w5ijnxXl3PpatBSefOYU/cj5/AIN0jdA=</latexit><latexit sha1_base64="mb5QwdO5iqXGArxzjWsNXDBmuzo=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXuwYW/vsjtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMpTDout9OYWNza3unuFva2z84PCofn7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fh2Xm8/cW1Eoh5xkvIgpkMlIsEoWsuv3vfr1X654tbchcg6eDlUIFezX/7qDRKWxVwhk9SYruemGEypRsEkn5V6meEpZWM65F2LisbcBNPFsjNyYZ0BiRJtn0KycH9PTGlszCQObWdMcWRWa3Pzv1o3w+g6mAqVZsgVW34UZZJgQuaXk4HQnKGcWKBMC7srYSOqKUObT8mG4K2evA6tes2z/FCvNG7yOIpwBudwCR5cQQPuoAk+MBDwDK/w5ijnxXl3PpatBSefOYU/cj5/AIN0jdA=</latexit><latexit sha1_base64="mb5QwdO5iqXGArxzjWsNXDBmuzo=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXuwYW/vsjtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMpTDout9OYWNza3unuFva2z84PCofn7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fh2Xm8/cW1Eoh5xkvIgpkMlIsEoWsuv3vfr1X654tbchcg6eDlUIFezX/7qDRKWxVwhk9SYruemGEypRsEkn5V6meEpZWM65F2LisbcBNPFsjNyYZ0BiRJtn0KycH9PTGlszCQObWdMcWRWa3Pzv1o3w+g6mAqVZsgVW34UZZJgQuaXk4HQnKGcWKBMC7srYSOqKUObT8mG4K2evA6tes2z/FCvNG7yOIpwBudwCR5cQQPuoAk+MBDwDK/w5ijnxXl3PpatBSefOYU/cj5/AIN0jdA=</latexit><latexit sha1_base64="mb5QwdO5iqXGArxzjWsNXDBmuzo=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXuwYW/vsjtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMpTDout9OYWNza3unuFva2z84PCofn7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fh2Xm8/cW1Eoh5xkvIgpkMlIsEoWsuv3vfr1X654tbchcg6eDlUIFezX/7qDRKWxVwhk9SYruemGEypRsEkn5V6meEpZWM65F2LisbcBNPFsjNyYZ0BiRJtn0KycH9PTGlszCQObWdMcWRWa3Pzv1o3w+g6mAqVZsgVW34UZZJgQuaXk4HQnKGcWKBMC7srYSOqKUObT8mG4K2evA6tes2z/FCvNG7yOIpwBudwCR5cQQPuoAk+MBDwDK/w5ijnxXl3PpatBSefOYU/cj5/AIN0jdA=</latexit>

Mn
<latexit sha1_base64="mnFeDEf4pg0m95XffrvrS+PFOy4=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXuwYW/vsjtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMpTDout9OYWNza3unuFva2z84PCofn7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fh2Xm8/cW1Eoh5xkvIgpkMlIsEoWsuv3vdVtV+uuDV3IbIOXg4VyNXsl796g4RlMVfIJDWm67kpBlOqUTDJZ6VeZnhK2ZgOedeiojE3wXSx7IxcWGdAokTbp5As3N8TUxobM4lD2xlTHJnV2tz8r9bNMLoOpkKlGXLFlh9FmSSYkPnlZCA0ZygnFijTwu5K2IhqytDmU7IheKsnr0OrXvMsP9QrjZs8jiKcwTlcggdX0IA7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuGPnM8f3qCODA==</latexit><latexit sha1_base64="mnFeDEf4pg0m95XffrvrS+PFOy4=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXuwYW/vsjtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMpTDout9OYWNza3unuFva2z84PCofn7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fh2Xm8/cW1Eoh5xkvIgpkMlIsEoWsuv3vdVtV+uuDV3IbIOXg4VyNXsl796g4RlMVfIJDWm67kpBlOqUTDJZ6VeZnhK2ZgOedeiojE3wXSx7IxcWGdAokTbp5As3N8TUxobM4lD2xlTHJnV2tz8r9bNMLoOpkKlGXLFlh9FmSSYkPnlZCA0ZygnFijTwu5K2IhqytDmU7IheKsnr0OrXvMsP9QrjZs8jiKcwTlcggdX0IA7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuGPnM8f3qCODA==</latexit><latexit sha1_base64="mnFeDEf4pg0m95XffrvrS+PFOy4=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXuwYW/vsjtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMpTDout9OYWNza3unuFva2z84PCofn7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fh2Xm8/cW1Eoh5xkvIgpkMlIsEoWsuv3vdVtV+uuDV3IbIOXg4VyNXsl796g4RlMVfIJDWm67kpBlOqUTDJZ6VeZnhK2ZgOedeiojE3wXSx7IxcWGdAokTbp5As3N8TUxobM4lD2xlTHJnV2tz8r9bNMLoOpkKlGXLFlh9FmSSYkPnlZCA0ZygnFijTwu5K2IhqytDmU7IheKsnr0OrXvMsP9QrjZs8jiKcwTlcggdX0IA7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuGPnM8f3qCODA==</latexit><latexit sha1_base64="mnFeDEf4pg0m95XffrvrS+PFOy4=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXuwYW/vsjtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMpTDout9OYWNza3unuFva2z84PCofn7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fh2Xm8/cW1Eoh5xkvIgpkMlIsEoWsuv3vdVtV+uuDV3IbIOXg4VyNXsl796g4RlMVfIJDWm67kpBlOqUTDJZ6VeZnhK2ZgOedeiojE3wXSx7IxcWGdAokTbp5As3N8TUxobM4lD2xlTHJnV2tz8r9bNMLoOpkKlGXLFlh9FmSSYkPnlZCA0ZygnFijTwu5K2IhqytDmU7IheKsnr0OrXvMsP9QrjZs8jiKcwTlcggdX0IA7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuGPnM8f3qCODA==</latexit>

⇢
<latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit>

⇢
<latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit>

⇢
<latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit>

IID ensemble 
(quantum data) Measurement Outcomes 

(classical data)
State 

estimator

X1
<latexit sha1_base64="snnnArvYm2IPpt59NtHe9f7HGEI=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXLWzYbpvdqQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6ZSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G5e7zxxbUSiHnGa8iCmIyUiwShay691B15tUKm6dXchsg5eAVUo1BpUvvrDhGUxV8gkNabnuSkGOdUomOSzcj8zPKVsQke8Z1HRmJsgXyw7I5fWGZIo0fYpJAv390ROY2OmcWg7Y4pjs1qbm//VehlGN0EuVJohV2z5UZRJggmZX06GQnOGcmqBMi3sroSNqaYMbT5lG4K3evI6tBt1z/JDo9q8LeIowTlcwBV4cA1NuIcW+MBAwDO8wpujnBfn3flYtm44xcwZ/JHz+QOSvI3a</latexit><latexit sha1_base64="snnnArvYm2IPpt59NtHe9f7HGEI=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXLWzYbpvdqQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6ZSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G5e7zxxbUSiHnGa8iCmIyUiwShay691B15tUKm6dXchsg5eAVUo1BpUvvrDhGUxV8gkNabnuSkGOdUomOSzcj8zPKVsQke8Z1HRmJsgXyw7I5fWGZIo0fYpJAv390ROY2OmcWg7Y4pjs1qbm//VehlGN0EuVJohV2z5UZRJggmZX06GQnOGcmqBMi3sroSNqaYMbT5lG4K3evI6tBt1z/JDo9q8LeIowTlcwBV4cA1NuIcW+MBAwDO8wpujnBfn3flYtm44xcwZ/JHz+QOSvI3a</latexit><latexit sha1_base64="snnnArvYm2IPpt59NtHe9f7HGEI=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXLWzYbpvdqQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6ZSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G5e7zxxbUSiHnGa8iCmIyUiwShay691B15tUKm6dXchsg5eAVUo1BpUvvrDhGUxV8gkNabnuSkGOdUomOSzcj8zPKVsQke8Z1HRmJsgXyw7I5fWGZIo0fYpJAv390ROY2OmcWg7Y4pjs1qbm//VehlGN0EuVJohV2z5UZRJggmZX06GQnOGcmqBMi3sroSNqaYMbT5lG4K3evI6tBt1z/JDo9q8LeIowTlcwBV4cA1NuIcW+MBAwDO8wpujnBfn3flYtm44xcwZ/JHz+QOSvI3a</latexit><latexit sha1_base64="snnnArvYm2IPpt59NtHe9f7HGEI=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXLWzYbpvdqQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6ZSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G5e7zxxbUSiHnGa8iCmIyUiwShay691B15tUKm6dXchsg5eAVUo1BpUvvrDhGUxV8gkNabnuSkGOdUomOSzcj8zPKVsQke8Z1HRmJsgXyw7I5fWGZIo0fYpJAv390ROY2OmcWg7Y4pjs1qbm//VehlGN0EuVJohV2z5UZRJggmZX06GQnOGcmqBMi3sroSNqaYMbT5lG4K3evI6tBt1z/JDo9q8LeIowTlcwBV4cA1NuIcW+MBAwDO8wpujnBfn3flYtm44xcwZ/JHz+QOSvI3a</latexit>

X2
<latexit sha1_base64="6jl1eJbe2ipAN/THfujwstEqCks=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXLWzYbpvdqQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6ZSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G5e7zxxbUSiHnGa8iCmIyUiwShay691B43aoFJ16+5CZB28AqpQqDWofPWHCctirpBJakzPc1MMcqpRMMln5X5meErZhI54z6KiMTdBvlh2Ri6tMyRRou1TSBbu74mcxsZM49B2xhTHZrU2N/+r9TKMboJcqDRDrtjyoyiTBBMyv5wMheYM5dQCZVrYXQkbU00Z2nzKNgRv9eR1aDfqnuWHRrV5W8RRgnO4gCvw4BqacA8t8IGBgGd4hTdHOS/Ou/OxbN1wipkz+CPn8weUQY3b</latexit><latexit sha1_base64="6jl1eJbe2ipAN/THfujwstEqCks=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXLWzYbpvdqQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6ZSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G5e7zxxbUSiHnGa8iCmIyUiwShay691B43aoFJ16+5CZB28AqpQqDWofPWHCctirpBJakzPc1MMcqpRMMln5X5meErZhI54z6KiMTdBvlh2Ri6tMyRRou1TSBbu74mcxsZM49B2xhTHZrU2N/+r9TKMboJcqDRDrtjyoyiTBBMyv5wMheYM5dQCZVrYXQkbU00Z2nzKNgRv9eR1aDfqnuWHRrV5W8RRgnO4gCvw4BqacA8t8IGBgGd4hTdHOS/Ou/OxbN1wipkz+CPn8weUQY3b</latexit><latexit sha1_base64="6jl1eJbe2ipAN/THfujwstEqCks=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXLWzYbpvdqQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6ZSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G5e7zxxbUSiHnGa8iCmIyUiwShay691B43aoFJ16+5CZB28AqpQqDWofPWHCctirpBJakzPc1MMcqpRMMln5X5meErZhI54z6KiMTdBvlh2Ri6tMyRRou1TSBbu74mcxsZM49B2xhTHZrU2N/+r9TKMboJcqDRDrtjyoyiTBBMyv5wMheYM5dQCZVrYXQkbU00Z2nzKNgRv9eR1aDfqnuWHRrV5W8RRgnO4gCvw4BqacA8t8IGBgGd4hTdHOS/Ou/OxbN1wipkz+CPn8weUQY3b</latexit><latexit sha1_base64="6jl1eJbe2ipAN/THfujwstEqCks=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXLWzYbpvdqQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6ZSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G5e7zxxbUSiHnGa8iCmIyUiwShay691B43aoFJ16+5CZB28AqpQqDWofPWHCctirpBJakzPc1MMcqpRMMln5X5meErZhI54z6KiMTdBvlh2Ri6tMyRRou1TSBbu74mcxsZM49B2xhTHZrU2N/+r9TKMboJcqDRDrtjyoyiTBBMyv5wMheYM5dQCZVrYXQkbU00Z2nzKNgRv9eR1aDfqnuWHRrV5W8RRgnO4gCvw4BqacA8t8IGBgGd4hTdHOS/Ou/OxbN1wipkz+CPn8weUQY3b</latexit>

Xn
<latexit sha1_base64="gMwk/hCh1FgmcnY8Xy+wW+1boUc=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXKWzYbpvdrQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6aCa+O6387G5tb2zm5pr7x/cHh0XDk5beskUwx9lohEdUOqUXCJvuFGYDdVSONQYCec3M3rnSdUmify0UxTDGI6kjzijBpr+bXuQNYGlapbdxci6+AVUIVCrUHlqz9MWBajNExQrXuem5ogp8pwJnBW7mcaU8omdIQ9i5LGqIN8seyMXFpnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELml5MhV8iMmFqgTHG7K2FjqigzNp+yDcFbPXkd2o26Z/mhUW3eFnGU4Bwu4Ao8uIYm3EMLfGDA4Rle4c2Rzovz7nwsWzecYuYM/sj5/AHvbY4X</latexit><latexit sha1_base64="gMwk/hCh1FgmcnY8Xy+wW+1boUc=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXKWzYbpvdrQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6aCa+O6387G5tb2zm5pr7x/cHh0XDk5beskUwx9lohEdUOqUXCJvuFGYDdVSONQYCec3M3rnSdUmify0UxTDGI6kjzijBpr+bXuQNYGlapbdxci6+AVUIVCrUHlqz9MWBajNExQrXuem5ogp8pwJnBW7mcaU8omdIQ9i5LGqIN8seyMXFpnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELml5MhV8iMmFqgTHG7K2FjqigzNp+yDcFbPXkd2o26Z/mhUW3eFnGU4Bwu4Ao8uIYm3EMLfGDA4Rle4c2Rzovz7nwsWzecYuYM/sj5/AHvbY4X</latexit><latexit sha1_base64="gMwk/hCh1FgmcnY8Xy+wW+1boUc=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXKWzYbpvdrQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6aCa+O6387G5tb2zm5pr7x/cHh0XDk5beskUwx9lohEdUOqUXCJvuFGYDdVSONQYCec3M3rnSdUmify0UxTDGI6kjzijBpr+bXuQNYGlapbdxci6+AVUIVCrUHlqz9MWBajNExQrXuem5ogp8pwJnBW7mcaU8omdIQ9i5LGqIN8seyMXFpnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELml5MhV8iMmFqgTHG7K2FjqigzNp+yDcFbPXkd2o26Z/mhUW3eFnGU4Bwu4Ao8uIYm3EMLfGDA4Rle4c2Rzovz7nwsWzecYuYM/sj5/AHvbY4X</latexit><latexit sha1_base64="gMwk/hCh1FgmcnY8Xy+wW+1boUc=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXKWzYbpvdrQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6aCa+O6387G5tb2zm5pr7x/cHh0XDk5beskUwx9lohEdUOqUXCJvuFGYDdVSONQYCec3M3rnSdUmify0UxTDGI6kjzijBpr+bXuQNYGlapbdxci6+AVUIVCrUHlqz9MWBajNExQrXuem5ogp8pwJnBW7mcaU8omdIQ9i5LGqIN8seyMXFpnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELml5MhV8iMmFqgTHG7K2FjqigzNp+yDcFbPXkd2o26Z/mhUW3eFnGU4Bwu4Ao8uIYm3EMLfGDA4Rle4c2Rzovz7nwsWzecYuYM/sj5/AHvbY4X</latexit>

⇢̂n(X1, . . . , Xn)
<latexit sha1_base64="AwNU9ANgXeFw+MdI5o5EIIDC868=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g4kQIYTdWGgZtLGMYB6QDcvsZJIMmZ1dZu4KYUlr46/YWChi6x/Y+TdOki008cDA4Zx7uHNPEAuuwXG+rdza+sbmVn67sLO7t39gHx61dJQoypo0EpHqBEQzwSVrAgfBOrFiJAwEawfjm5nffmBK80jewyRmvZAMJR9wSsBIvo1L3ohA6qlRNPVlueO7Fez1I9C4gju+PC/5dtGpOnPgVeJmpIgyNHz7y+RpEjIJVBCtu64TQy8lCjgVbFrwEs1iQsdkyLqGShIy3Uvnl0zxmVH6eBAp8yTgufo7kZJQ60kYmMmQwEgvezPxP6+bwOCql3IZJ8AkXSwaJAJDhGe14D5XjIKYGEKo4uavmI6IIhRMeQVTgrt88ipp1aruRdW5qxXr11kdeXSCTlEZuegS1dEtaqAmougRPaNX9GY9WS/Wu/WxGM1ZWeYY/YH1+QOxyphi</latexit>

Key questions:

measurement design: which measurements to perform?

estimation method: which estimators are accurate and fast?

confidence regions: how to define computationally feasible error bars ?

statistical model: how to deal with large dimensional systems?



Tomography in Quantum Engineering

Goal: create an exotic state of multiple "qubits"

Validation: statistical estimation from measurement outcomes

[Häffner et al, Nature 2005]

I 48 − 1 = 65 535 parameters

I 38 × 100 = 656 100 measurements

I 10 hours measurement time

I days of computer time Rainer Blatt’s Lab, Innsbruck
“quantum computer” with 8 qubits (ions)



Outline

States, measurements, data

Least Squares estimator

Projected Least Squares estimator

Asymptotic rates

Compressed sensing tomography



Quantum states

Complex Hilbert space of ‘wave functions’ H = Cd, L2(R)...

State = preparation: complex density matrix ρ on H

I ρ = ρ∗ (selfadjoint)
I ρ ≥ 0 (positive)
I Tr(ρ) = 1 (normalised)

ρ =


ρ11 ρ12 . . . ρ1d
ρ21 ρ22 . . . ρ2d
...

...
. . .

...
ρd1 ρd2 . . . ρdd


Convex space of states Sd
I Pure states : one dimensional projection Pψ = |ψ〉〈ψ| = ψψ∗ with ‖ψ‖ = 1
I Mixed states: convex combination of pure states

States of low rank r � d: manifold of dimension r(2 · d− r)− 1

ρ =
r∑
i=1

λi|ψi〉〈ψi|

Natural distances: τ := ρ1 − ρ2

‖τ‖ := λmax(|τ |), ‖τ‖2
2 := Tr(|τ |2), ‖τ‖1 := Tr(|τ |), db(ρ1, ρ2) := 2−2·Tr

(√√
ρ1 ρ2

√
ρ1

)



Measurements, empirical frequencies and estimators

f
<latexit sha1_base64="7jzUXQli66ySgDb8yDnC2Lx+tks=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6AFslFsYi0YfURpXjOq1Vx45sp1IV9U9YGECIlT9h429w2gzQciTLR+fcKx+fMOFMG8/7dkpb2zu7e+X9ysHh0fGJe3rW0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g2n97nfnVGlmRRPZp7QIMZjwSJGsLHS0HVrg1DykZ7H9sqiRW3oVr26twTaJH5BqlCgNXS/BiNJ0pgKQzjWuu97iQkyrAwjnC4qg1TTBJMpHtO+pQLHVAfZMvkCXVllhCKp7BEGLdXfGxmOdZ7NTsbYTPS6l4v/ef3URLdBxkSSGirI6qEo5chIlNeARkxRYvjcEkwUs1kRmWCFibFlVWwJ/vqXN0mnUfe9uv/YqDbvijrKcAGXcA0+3EATHqAFbSAwg2d4hTcnc16cd+djNVpyip1z+APn8wdrq5N5</latexit><latexit sha1_base64="7jzUXQli66ySgDb8yDnC2Lx+tks=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6AFslFsYi0YfURpXjOq1Vx45sp1IV9U9YGECIlT9h429w2gzQciTLR+fcKx+fMOFMG8/7dkpb2zu7e+X9ysHh0fGJe3rW0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g2n97nfnVGlmRRPZp7QIMZjwSJGsLHS0HVrg1DykZ7H9sqiRW3oVr26twTaJH5BqlCgNXS/BiNJ0pgKQzjWuu97iQkyrAwjnC4qg1TTBJMpHtO+pQLHVAfZMvkCXVllhCKp7BEGLdXfGxmOdZ7NTsbYTPS6l4v/ef3URLdBxkSSGirI6qEo5chIlNeARkxRYvjcEkwUs1kRmWCFibFlVWwJ/vqXN0mnUfe9uv/YqDbvijrKcAGXcA0+3EATHqAFbSAwg2d4hTcnc16cd+djNVpyip1z+APn8wdrq5N5</latexit><latexit sha1_base64="7jzUXQli66ySgDb8yDnC2Lx+tks=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6AFslFsYi0YfURpXjOq1Vx45sp1IV9U9YGECIlT9h429w2gzQciTLR+fcKx+fMOFMG8/7dkpb2zu7e+X9ysHh0fGJe3rW0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g2n97nfnVGlmRRPZp7QIMZjwSJGsLHS0HVrg1DykZ7H9sqiRW3oVr26twTaJH5BqlCgNXS/BiNJ0pgKQzjWuu97iQkyrAwjnC4qg1TTBJMpHtO+pQLHVAfZMvkCXVllhCKp7BEGLdXfGxmOdZ7NTsbYTPS6l4v/ef3URLdBxkSSGirI6qEo5chIlNeARkxRYvjcEkwUs1kRmWCFibFlVWwJ/vqXN0mnUfe9uv/YqDbvijrKcAGXcA0+3EATHqAFbSAwg2d4hTcnc16cd+djNVpyip1z+APn8wdrq5N5</latexit><latexit sha1_base64="7jzUXQli66ySgDb8yDnC2Lx+tks=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6AFslFsYi0YfURpXjOq1Vx45sp1IV9U9YGECIlT9h429w2gzQciTLR+fcKx+fMOFMG8/7dkpb2zu7e+X9ysHh0fGJe3rW0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g2n97nfnVGlmRRPZp7QIMZjwSJGsLHS0HVrg1DykZ7H9sqiRW3oVr26twTaJH5BqlCgNXS/BiNJ0pgKQzjWuu97iQkyrAwjnC4qg1TTBJMpHtO+pQLHVAfZMvkCXVllhCKp7BEGLdXfGxmOdZ7NTsbYTPS6l4v/ef3URLdBxkSSGirI6qEo5chIlNeARkxRYvjcEkwUs1kRmWCFibFlVWwJ/vqXN0mnUfe9uv/YqDbvijrKcAGXcA0+3EATHqAFbSAwg2d4hTcnc16cd+djNVpyip1z+APn8wdrq5N5</latexit>

M
<latexit sha1_base64="J6n4operqMkprfV+1S51YHsLY7M=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBFvBVZnpRt0V3LgRKtgHtGPJpJk2NJMMSUYpQ//DjQtF3Pov7vwbM+0stPVA4HDOvdyTE8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyXXmdx6p0kyKezONqR/hkWAhI9hY6aGK+hE2Y4J5ejurDsoVt+bOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XSeeobOrDJEoVT2CYPm6u+NFEdaT6PATmYZ9bKXif95vcSEl37KRJwYKsjiUJhwZCTKKkBDpigxfGoJJorZrIiMscLE2KJKtgRv+curpF2veW7Nu6tXGld5HUU4gVM4Bw8uoAE30IQWEFDwDK/w5jw5L86787EYLTj5zjH8gfP5A5Ohkd4=</latexit><latexit sha1_base64="J6n4operqMkprfV+1S51YHsLY7M=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBFvBVZnpRt0V3LgRKtgHtGPJpJk2NJMMSUYpQ//DjQtF3Pov7vwbM+0stPVA4HDOvdyTE8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyXXmdx6p0kyKezONqR/hkWAhI9hY6aGK+hE2Y4J5ejurDsoVt+bOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XSeeobOrDJEoVT2CYPm6u+NFEdaT6PATmYZ9bKXif95vcSEl37KRJwYKsjiUJhwZCTKKkBDpigxfGoJJorZrIiMscLE2KJKtgRv+curpF2veW7Nu6tXGld5HUU4gVM4Bw8uoAE30IQWEFDwDK/w5jw5L86787EYLTj5zjH8gfP5A5Ohkd4=</latexit><latexit sha1_base64="J6n4operqMkprfV+1S51YHsLY7M=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBFvBVZnpRt0V3LgRKtgHtGPJpJk2NJMMSUYpQ//DjQtF3Pov7vwbM+0stPVA4HDOvdyTE8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyXXmdx6p0kyKezONqR/hkWAhI9hY6aGK+hE2Y4J5ejurDsoVt+bOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XSeeobOrDJEoVT2CYPm6u+NFEdaT6PATmYZ9bKXif95vcSEl37KRJwYKsjiUJhwZCTKKkBDpigxfGoJJorZrIiMscLE2KJKtgRv+curpF2veW7Nu6tXGld5HUU4gVM4Bw8uoAE30IQWEFDwDK/w5jw5L86787EYLTj5zjH8gfP5A5Ohkd4=</latexit><latexit sha1_base64="J6n4operqMkprfV+1S51YHsLY7M=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBFvBVZnpRt0V3LgRKtgHtGPJpJk2NJMMSUYpQ//DjQtF3Pov7vwbM+0stPVA4HDOvdyTE8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyXXmdx6p0kyKezONqR/hkWAhI9hY6aGK+hE2Y4J5ejurDsoVt+bOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XSeeobOrDJEoVT2CYPm6u+NFEdaT6PATmYZ9bKXif95vcSEl37KRJwYKsjiUJhwZCTKKkBDpigxfGoJJorZrIiMscLE2KJKtgRv+curpF2veW7Nu6tXGld5HUU4gVM4Bw8uoAE30IQWEFDwDK/w5jw5L86787EYLTj5zjH8gfP5A5Ohkd4=</latexit> Pd

<latexit sha1_base64="H/fw8Pc1xijqwGdSwGG51bKG2zA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBVUm6UXcFNy4r2Ae0IUwmk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcqZ0o7zbVW2tnd296r7tYPDo+MT+/Ssp5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gel/4/RmViiXiSc9T6sV4LFjECNZG8m27gUYx1hOCed5Z+GHDt+tO01kCbRK3JHUo0fHtr1GYkCymQhOOlRq6Tqq9HEvNCKeL2ihTNMVkisd0aKjAMVVevky+QFdGCVGUSPOERkv190aOY6XmcWAmi5Rq3SvE/7xhpqNbL2cizTQVZHUoyjjSCSpqQCGTlGg+NwQTyUxWRCZYYqJNWTVTgrv+5U3SazVdp+k+turtu7KOKlzAJVyDCzfQhgfoQBcIzOAZXuHNyq0X6936WI1WrHLnHP7A+vwBjFWS6Q==</latexit><latexit sha1_base64="H/fw8Pc1xijqwGdSwGG51bKG2zA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBVUm6UXcFNy4r2Ae0IUwmk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcqZ0o7zbVW2tnd296r7tYPDo+MT+/Ssp5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gel/4/RmViiXiSc9T6sV4LFjECNZG8m27gUYx1hOCed5Z+GHDt+tO01kCbRK3JHUo0fHtr1GYkCymQhOOlRq6Tqq9HEvNCKeL2ihTNMVkisd0aKjAMVVevky+QFdGCVGUSPOERkv190aOY6XmcWAmi5Rq3SvE/7xhpqNbL2cizTQVZHUoyjjSCSpqQCGTlGg+NwQTyUxWRCZYYqJNWTVTgrv+5U3SazVdp+k+turtu7KOKlzAJVyDCzfQhgfoQBcIzOAZXuHNyq0X6936WI1WrHLnHP7A+vwBjFWS6Q==</latexit><latexit sha1_base64="H/fw8Pc1xijqwGdSwGG51bKG2zA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBVUm6UXcFNy4r2Ae0IUwmk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcqZ0o7zbVW2tnd296r7tYPDo+MT+/Ssp5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gel/4/RmViiXiSc9T6sV4LFjECNZG8m27gUYx1hOCed5Z+GHDt+tO01kCbRK3JHUo0fHtr1GYkCymQhOOlRq6Tqq9HEvNCKeL2ihTNMVkisd0aKjAMVVevky+QFdGCVGUSPOERkv190aOY6XmcWAmi5Rq3SvE/7xhpqNbL2cizTQVZHUoyjjSCSpqQCGTlGg+NwQTyUxWRCZYYqJNWTVTgrv+5U3SazVdp+k+turtu7KOKlzAJVyDCzfQhgfoQBcIzOAZXuHNyq0X6936WI1WrHLnHP7A+vwBjFWS6Q==</latexit><latexit sha1_base64="H/fw8Pc1xijqwGdSwGG51bKG2zA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBVUm6UXcFNy4r2Ae0IUwmk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcqZ0o7zbVW2tnd296r7tYPDo+MT+/Ssp5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gel/4/RmViiXiSc9T6sV4LFjECNZG8m27gUYx1hOCed5Z+GHDt+tO01kCbRK3JHUo0fHtr1GYkCymQhOOlRq6Tqq9HEvNCKeL2ihTNMVkisd0aKjAMVVevky+QFdGCVGUSPOERkv190aOY6XmcWAmi5Rq3SvE/7xhpqNbL2cizTQVZHUoyjjSCSpqQCGTlGg+NwQTyUxWRCZYYqJNWTVTgrv+5U3SazVdp+k+turtu7KOKlzAJVyDCzfQhgfoQBcIzOAZXuHNyq0X6936WI1WrHLnHP7A+vwBjFWS6Q==</latexit>

Sd
<latexit sha1_base64="yIUOEW5IMKBp41eBcuJtWkNamDo=">AAAB+XicbVA9T8MwFHwpX6V8BRhZLFokpirpAmyVWBiLoKVSG0WO47RWHSeynUpV1H/CwgBCrPwTNv4NTpsBWk6ydLp7T+98QcqZ0o7zbVU2Nre2d6q7tb39g8Mj+/ikp5JMEtolCU9kP8CKciZoVzPNaT+VFMcBp0/B5Lbwn6ZUKpaIRz1LqRfjkWARI1gbybftBhrGWI8J5vnD3A8bvl13ms4CaJ24JalDiY5vfw3DhGQxFZpwrNTAdVLt5VhqRjid14aZoikmEzyiA0MFjqny8kXyObowSoiiRJonNFqovzdyHCs1iwMzWaRUq14h/ucNMh1dezkTaaapIMtDUcaRTlBRAwqZpETzmSGYSGayIjLGEhNtyqqZEtzVL6+TXqvpOk33vlVv35R1VOEMzuESXLiCNtxBB7pAYArP8ApvVm69WO/Wx3K0YpU7p/AH1ucPkO2S7A==</latexit><latexit sha1_base64="yIUOEW5IMKBp41eBcuJtWkNamDo=">AAAB+XicbVA9T8MwFHwpX6V8BRhZLFokpirpAmyVWBiLoKVSG0WO47RWHSeynUpV1H/CwgBCrPwTNv4NTpsBWk6ydLp7T+98QcqZ0o7zbVU2Nre2d6q7tb39g8Mj+/ikp5JMEtolCU9kP8CKciZoVzPNaT+VFMcBp0/B5Lbwn6ZUKpaIRz1LqRfjkWARI1gbybftBhrGWI8J5vnD3A8bvl13ms4CaJ24JalDiY5vfw3DhGQxFZpwrNTAdVLt5VhqRjid14aZoikmEzyiA0MFjqny8kXyObowSoiiRJonNFqovzdyHCs1iwMzWaRUq14h/ucNMh1dezkTaaapIMtDUcaRTlBRAwqZpETzmSGYSGayIjLGEhNtyqqZEtzVL6+TXqvpOk33vlVv35R1VOEMzuESXLiCNtxBB7pAYArP8ApvVm69WO/Wx3K0YpU7p/AH1ucPkO2S7A==</latexit><latexit sha1_base64="yIUOEW5IMKBp41eBcuJtWkNamDo=">AAAB+XicbVA9T8MwFHwpX6V8BRhZLFokpirpAmyVWBiLoKVSG0WO47RWHSeynUpV1H/CwgBCrPwTNv4NTpsBWk6ydLp7T+98QcqZ0o7zbVU2Nre2d6q7tb39g8Mj+/ikp5JMEtolCU9kP8CKciZoVzPNaT+VFMcBp0/B5Lbwn6ZUKpaIRz1LqRfjkWARI1gbybftBhrGWI8J5vnD3A8bvl13ms4CaJ24JalDiY5vfw3DhGQxFZpwrNTAdVLt5VhqRjid14aZoikmEzyiA0MFjqny8kXyObowSoiiRJonNFqovzdyHCs1iwMzWaRUq14h/ucNMh1dezkTaaapIMtDUcaRTlBRAwqZpETzmSGYSGayIjLGEhNtyqqZEtzVL6+TXqvpOk33vlVv35R1VOEMzuESXLiCNtxBB7pAYArP8ApvVm69WO/Wx3K0YpU7p/AH1ucPkO2S7A==</latexit><latexit sha1_base64="yIUOEW5IMKBp41eBcuJtWkNamDo=">AAAB+XicbVA9T8MwFHwpX6V8BRhZLFokpirpAmyVWBiLoKVSG0WO47RWHSeynUpV1H/CwgBCrPwTNv4NTpsBWk6ydLp7T+98QcqZ0o7zbVU2Nre2d6q7tb39g8Mj+/ikp5JMEtolCU9kP8CKciZoVzPNaT+VFMcBp0/B5Lbwn6ZUKpaIRz1LqRfjkWARI1gbybftBhrGWI8J5vnD3A8bvl13ms4CaJ24JalDiY5vfw3DhGQxFZpwrNTAdVLt5VhqRjid14aZoikmEzyiA0MFjqny8kXyObowSoiiRJonNFqovzdyHCs1iwMzWaRUq14h/ucNMh1dezkTaaapIMtDUcaRTlBRAwqZpETzmSGYSGayIjLGEhNtyqqZEtzVL6+TXqvpOk33vlVv35R1VOEMzuESXLiCNtxBB7pAYArP8ApvVm69WO/Wx3K0YpU7p/AH1ucPkO2S7A==</latexit>

⇢
<latexit sha1_base64="tgvYAW2uC/z/8AlVnOsqP9+6Xag=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxscREwAQuZG+Zgw17u5fdPRNC+BE2Fhpj6++x89+4wBUKvmSSl/dmMjMvSgU31ve/vcLG5tb2TnG3tLd/cHhUPj5pG5Vphi2mhNKPETUouMSW5VbgY6qRJpHATjS+nfudJ9SGK/lgJymGCR1KHnNGrZM6VdLTI1Xtlyt+zV+ArJMgJxXI0eyXv3oDxbIEpWWCGtMN/NSGU6otZwJnpV5mMKVsTIfYdVTSBE04XZw7IxdOGZBYaVfSkoX6e2JKE2MmSeQ6E2pHZtWbi/953czG1+GUyzSzKNlyUZwJYhWZ/04GXCOzYuIIZZq7WwkbUU2ZdQmVXAjB6svrpF2vBX4tuK9XGjd5HEU4g3O4hACuoAF30IQWMBjDM7zCm5d6L96797FsLXj5zCn8gff5AyvnjsI=</latexit><latexit sha1_base64="tgvYAW2uC/z/8AlVnOsqP9+6Xag=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxscREwAQuZG+Zgw17u5fdPRNC+BE2Fhpj6++x89+4wBUKvmSSl/dmMjMvSgU31ve/vcLG5tb2TnG3tLd/cHhUPj5pG5Vphi2mhNKPETUouMSW5VbgY6qRJpHATjS+nfudJ9SGK/lgJymGCR1KHnNGrZM6VdLTI1Xtlyt+zV+ArJMgJxXI0eyXv3oDxbIEpWWCGtMN/NSGU6otZwJnpV5mMKVsTIfYdVTSBE04XZw7IxdOGZBYaVfSkoX6e2JKE2MmSeQ6E2pHZtWbi/953czG1+GUyzSzKNlyUZwJYhWZ/04GXCOzYuIIZZq7WwkbUU2ZdQmVXAjB6svrpF2vBX4tuK9XGjd5HEU4g3O4hACuoAF30IQWMBjDM7zCm5d6L96797FsLXj5zCn8gff5AyvnjsI=</latexit><latexit sha1_base64="tgvYAW2uC/z/8AlVnOsqP9+6Xag=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxscREwAQuZG+Zgw17u5fdPRNC+BE2Fhpj6++x89+4wBUKvmSSl/dmMjMvSgU31ve/vcLG5tb2TnG3tLd/cHhUPj5pG5Vphi2mhNKPETUouMSW5VbgY6qRJpHATjS+nfudJ9SGK/lgJymGCR1KHnNGrZM6VdLTI1Xtlyt+zV+ArJMgJxXI0eyXv3oDxbIEpWWCGtMN/NSGU6otZwJnpV5mMKVsTIfYdVTSBE04XZw7IxdOGZBYaVfSkoX6e2JKE2MmSeQ6E2pHZtWbi/953czG1+GUyzSzKNlyUZwJYhWZ/04GXCOzYuIIZZq7WwkbUU2ZdQmVXAjB6svrpF2vBX4tuK9XGjd5HEU4g3O4hACuoAF30IQWMBjDM7zCm5d6L96797FsLXj5zCn8gff5AyvnjsI=</latexit><latexit sha1_base64="tgvYAW2uC/z/8AlVnOsqP9+6Xag=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxscREwAQuZG+Zgw17u5fdPRNC+BE2Fhpj6++x89+4wBUKvmSSl/dmMjMvSgU31ve/vcLG5tb2TnG3tLd/cHhUPj5pG5Vphi2mhNKPETUouMSW5VbgY6qRJpHATjS+nfudJ9SGK/lgJymGCR1KHnNGrZM6VdLTI1Xtlyt+zV+ArJMgJxXI0eyXv3oDxbIEpWWCGtMN/NSGU6otZwJnpV5mMKVsTIfYdVTSBE04XZw7IxdOGZBYaVfSkoX6e2JKE2MmSeQ6E2pHZtWbi/953czG1+GUyzSzKNlyUZwJYhWZ/04GXCOzYuIIZZq7WwkbUU2ZdQmVXAjB6svrpF2vBX4tuK9XGjd5HEU4g3O4hACuoAF30IQWMBjDM7zCm5d6L96797FsLXj5zCn8gff5AyvnjsI=</latexit>

M1
sa(Cd)

<latexit sha1_base64="4iWFOoG1ClZSZ8N+gaO7x8twFzM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAr1E1JiqDLQjduhAr2AW0aJpNJO3QyCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vv8WJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6k2bmdx+IkDTi92oaEydEI04DipHSkmueVG6HtptKNKsOQqTGnpc2Z0P/ouKaZatmzQFXiZ2TMsjRcs2vgR/hJCRcYYak7NtWrJwUCUUxI7PSIJEkRniCRqSvKUchkU46/2AGz7XiwyASuriCc/X3RIpCKaehpzuzK+Wyl4n/ef1EBddOSnmcKMLxYlGQMKgimMUBfSoIVmyqCcKC6lshHiOBsNKhlXQI9vLLq6RTr9lWzb6rlxuXeRxFcArOQBXY4Ao0wA1ogTbA4BE8g1fwZjwZL8a78bFoLRj5zDH4A+PzBxQ+lfI=</latexit><latexit sha1_base64="4iWFOoG1ClZSZ8N+gaO7x8twFzM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAr1E1JiqDLQjduhAr2AW0aJpNJO3QyCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vv8WJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6k2bmdx+IkDTi92oaEydEI04DipHSkmueVG6HtptKNKsOQqTGnpc2Z0P/ouKaZatmzQFXiZ2TMsjRcs2vgR/hJCRcYYak7NtWrJwUCUUxI7PSIJEkRniCRqSvKUchkU46/2AGz7XiwyASuriCc/X3RIpCKaehpzuzK+Wyl4n/ef1EBddOSnmcKMLxYlGQMKgimMUBfSoIVmyqCcKC6lshHiOBsNKhlXQI9vLLq6RTr9lWzb6rlxuXeRxFcArOQBXY4Ao0wA1ogTbA4BE8g1fwZjwZL8a78bFoLRj5zDH4A+PzBxQ+lfI=</latexit><latexit sha1_base64="4iWFOoG1ClZSZ8N+gaO7x8twFzM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAr1E1JiqDLQjduhAr2AW0aJpNJO3QyCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vv8WJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6k2bmdx+IkDTi92oaEydEI04DipHSkmueVG6HtptKNKsOQqTGnpc2Z0P/ouKaZatmzQFXiZ2TMsjRcs2vgR/hJCRcYYak7NtWrJwUCUUxI7PSIJEkRniCRqSvKUchkU46/2AGz7XiwyASuriCc/X3RIpCKaehpzuzK+Wyl4n/ef1EBddOSnmcKMLxYlGQMKgimMUBfSoIVmyqCcKC6lshHiOBsNKhlXQI9vLLq6RTr9lWzb6rlxuXeRxFcArOQBXY4Ao0wA1ogTbA4BE8g1fwZjwZL8a78bFoLRj5zDH4A+PzBxQ+lfI=</latexit><latexit sha1_base64="4iWFOoG1ClZSZ8N+gaO7x8twFzM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAr1E1JiqDLQjduhAr2AW0aJpNJO3QyCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vv8WJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6k2bmdx+IkDTi92oaEydEI04DipHSkmueVG6HtptKNKsOQqTGnpc2Z0P/ouKaZatmzQFXiZ2TMsjRcs2vgR/hJCRcYYak7NtWrJwUCUUxI7PSIJEkRniCRqSvKUchkU46/2AGz7XiwyASuriCc/X3RIpCKaehpzuzK+Wyl4n/ef1EBddOSnmcKMLxYlGQMKgimMUBfSoIVmyqCcKC6lshHiOBsNKhlXQI9vLLq6RTr9lWzb6rlxuXeRxFcArOQBXY4Ao0wA1ogTbA4BE8g1fwZjwZL8a78bFoLRj5zDH4A+PzBxQ+lfI=</latexit>

Ld
<latexit sha1_base64="Hi2kUtXuKln86pUssr7lP6eQ3QY=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSBF0W3LhwUcE+oA1hMpm0QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPDBzOuZd75vgJZ0rb9rdV2tjc2t4p71b29g8Oq7Wj456KU0lol8Q8lgMfK8qZoF3NNKeDRFIc+Zz2/elN7vcfqVQsFg96llA3wmPBQkawNpJXqzZGEdYTgnl2N/eChler2017AbROnILUoUDHq32NgpikERWacKzU0LET7WZYakY4nVdGqaIJJlM8pkNDBY6ocrNF8Dk6N0qAwliaJzRaqL83MhwpNYt8M5mnVKteLv7nDVMdXrsZE0mqqSDLQ2HKkY5R3gIKmKRE85khmEhmsiIywRITbbqqmBKc1S+vk16r6dhN575Vb18WdZThFM7gAhy4gjbcQge6QCCFZ3iFN+vJerHerY/laMkqdk7gD6zPHy0xkrY=</latexit><latexit sha1_base64="Hi2kUtXuKln86pUssr7lP6eQ3QY=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSBF0W3LhwUcE+oA1hMpm0QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPDBzOuZd75vgJZ0rb9rdV2tjc2t4p71b29g8Oq7Wj456KU0lol8Q8lgMfK8qZoF3NNKeDRFIc+Zz2/elN7vcfqVQsFg96llA3wmPBQkawNpJXqzZGEdYTgnl2N/eChler2017AbROnILUoUDHq32NgpikERWacKzU0LET7WZYakY4nVdGqaIJJlM8pkNDBY6ocrNF8Dk6N0qAwliaJzRaqL83MhwpNYt8M5mnVKteLv7nDVMdXrsZE0mqqSDLQ2HKkY5R3gIKmKRE85khmEhmsiIywRITbbqqmBKc1S+vk16r6dhN575Vb18WdZThFM7gAhy4gjbcQge6QCCFZ3iFN+vJerHerY/laMkqdk7gD6zPHy0xkrY=</latexit><latexit sha1_base64="Hi2kUtXuKln86pUssr7lP6eQ3QY=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSBF0W3LhwUcE+oA1hMpm0QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPDBzOuZd75vgJZ0rb9rdV2tjc2t4p71b29g8Oq7Wj456KU0lol8Q8lgMfK8qZoF3NNKeDRFIc+Zz2/elN7vcfqVQsFg96llA3wmPBQkawNpJXqzZGEdYTgnl2N/eChler2017AbROnILUoUDHq32NgpikERWacKzU0LET7WZYakY4nVdGqaIJJlM8pkNDBY6ocrNF8Dk6N0qAwliaJzRaqL83MhwpNYt8M5mnVKteLv7nDVMdXrsZE0mqqSDLQ2HKkY5R3gIKmKRE85khmEhmsiIywRITbbqqmBKc1S+vk16r6dhN575Vb18WdZThFM7gAhy4gjbcQge6QCCFZ3iFN+vJerHerY/laMkqdk7gD6zPHy0xkrY=</latexit><latexit sha1_base64="Hi2kUtXuKln86pUssr7lP6eQ3QY=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSBF0W3LhwUcE+oA1hMpm0QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPDBzOuZd75vgJZ0rb9rdV2tjc2t4p71b29g8Oq7Wj456KU0lol8Q8lgMfK8qZoF3NNKeDRFIc+Zz2/elN7vcfqVQsFg96llA3wmPBQkawNpJXqzZGEdYTgnl2N/eChler2017AbROnILUoUDHq32NgpikERWacKzU0LET7WZYakY4nVdGqaIJJlM8pkNDBY6ocrNF8Dk6N0qAwliaJzRaqL83MhwpNYt8M5mnVKteLv7nDVMdXrsZE0mqqSDLQ2HKkY5R3gIKmKRE85khmEhmsiIywRITbbqqmBKc1S+vk16r6dhN575Vb18WdZThFM7gAhy4gjbcQge6QCCFZ3iFN+vJerHerY/laMkqdk7gD6zPHy0xkrY=</latexit>

Rp
<latexit sha1_base64="uZi1PhpVK6EL11V55ZITRUly68Q=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkG7pQkO327RdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzqB5Ewb1/12CmvrG5tbxe3Szu7e/kH58Kit40QR2iIxj9VDgDXlTNCWYYbTB6kojgJOO8HkOvM7j1RpFot7M5XUj/BIsJARbKzUr/YibMZBkN7N+rI6KFfcmjsHWiVeTiqQozkof/WGMUkiKgzhWOuu50rjp1gZRjidlXqJphKTCR7RrqUCR1T76Tz1DJ1ZZYjCWNknDJqrvzdSHGk9jQI7mYXUy14m/ud1ExNe+ikTMjFUkMWhMOHIxCirAA2ZosTwqSWYKGazIjLGChNjiyrZErzlL6+Sdr3muTXvtl5pXOV1FOEETuEcPLiABtxAE1pAQMEzvMKb8+S8OO/Ox2K04OQ7x/AHzucPBWSSLg==</latexit><latexit sha1_base64="uZi1PhpVK6EL11V55ZITRUly68Q=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkG7pQkO327RdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzqB5Ewb1/12CmvrG5tbxe3Szu7e/kH58Kit40QR2iIxj9VDgDXlTNCWYYbTB6kojgJOO8HkOvM7j1RpFot7M5XUj/BIsJARbKzUr/YibMZBkN7N+rI6KFfcmjsHWiVeTiqQozkof/WGMUkiKgzhWOuu50rjp1gZRjidlXqJphKTCR7RrqUCR1T76Tz1DJ1ZZYjCWNknDJqrvzdSHGk9jQI7mYXUy14m/ud1ExNe+ikTMjFUkMWhMOHIxCirAA2ZosTwqSWYKGazIjLGChNjiyrZErzlL6+Sdr3muTXvtl5pXOV1FOEETuEcPLiABtxAE1pAQMEzvMKb8+S8OO/Ox2K04OQ7x/AHzucPBWSSLg==</latexit><latexit sha1_base64="uZi1PhpVK6EL11V55ZITRUly68Q=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkG7pQkO327RdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzqB5Ewb1/12CmvrG5tbxe3Szu7e/kH58Kit40QR2iIxj9VDgDXlTNCWYYbTB6kojgJOO8HkOvM7j1RpFot7M5XUj/BIsJARbKzUr/YibMZBkN7N+rI6KFfcmjsHWiVeTiqQozkof/WGMUkiKgzhWOuu50rjp1gZRjidlXqJphKTCR7RrqUCR1T76Tz1DJ1ZZYjCWNknDJqrvzdSHGk9jQI7mYXUy14m/ud1ExNe+ikTMjFUkMWhMOHIxCirAA2ZosTwqSWYKGazIjLGChNjiyrZErzlL6+Sdr3muTXvtl5pXOV1FOEETuEcPLiABtxAE1pAQMEzvMKb8+S8OO/Ox2K04OQ7x/AHzucPBWSSLg==</latexit><latexit sha1_base64="uZi1PhpVK6EL11V55ZITRUly68Q=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkG7pQkO327RdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzqB5Ewb1/12CmvrG5tbxe3Szu7e/kH58Kit40QR2iIxj9VDgDXlTNCWYYbTB6kojgJOO8HkOvM7j1RpFot7M5XUj/BIsJARbKzUr/YibMZBkN7N+rI6KFfcmjsHWiVeTiqQozkof/WGMUkiKgzhWOuu50rjp1gZRjidlXqJphKTCR7RrqUCR1T76Tz1DJ1ZZYjCWNknDJqrvzdSHGk9jQI7mYXUy14m/ud1ExNe+ikTMjFUkMWhMOHIxCirAA2ZosTwqSWYKGazIjLGChNjiyrZErzlL6+Sdr3muTXvtl5pXOV1FOEETuEcPLiABtxAE1pAQMEzvMKb8+S8OO/Ox2K04OQ7x/AHzucPBWSSLg==</latexit>

P⇢
<latexit sha1_base64="1q0cUaJE2rvXTqDRXuP8tbjvTW0=">AAACGnicbVC7TsMwFHV4lvJKYWSxaJGYqqQLjBUsjEWiD6mpIsdxWquOHdlOoYr6J7DCf7AhVhZ+gy/AaTPQliNZOjrn3uujEySMKu0439bG5tb2zm5pr7x/cHh0bFdOOkqkEpM2FkzIXoAUYZSTtqaakV4iCYoDRrrB+Db3uxMiFRX8QU8TMojRkNOIYqSN5NuVmhcjPQqCrDXzPTkSNd+uOnVnDrhO3IJUQYGWb/94ocBpTLjGDCnVd51EDzIkNcWMzMpeqkiC8BgNSd9QjmKiBtk8+gxeGCWEkZDmcQ3n6t+NDMVKTePATOY51aqXi/95/VRH14OM8iTVhOPFR1HKoBYw7wGGVBKs2dQQhCU1WSEeIYmwNm0tXQonNFFF6qdF7LIpyV2tZJ10GnXX8PtGtXlT1FUCZ+AcXAIXXIEmuAMt0AYYPIIX8ArerGfr3fqwPhejG1axcwqWYH39ApTNoXE=</latexit><latexit sha1_base64="1q0cUaJE2rvXTqDRXuP8tbjvTW0=">AAACGnicbVC7TsMwFHV4lvJKYWSxaJGYqqQLjBUsjEWiD6mpIsdxWquOHdlOoYr6J7DCf7AhVhZ+gy/AaTPQliNZOjrn3uujEySMKu0439bG5tb2zm5pr7x/cHh0bFdOOkqkEpM2FkzIXoAUYZSTtqaakV4iCYoDRrrB+Db3uxMiFRX8QU8TMojRkNOIYqSN5NuVmhcjPQqCrDXzPTkSNd+uOnVnDrhO3IJUQYGWb/94ocBpTLjGDCnVd51EDzIkNcWMzMpeqkiC8BgNSd9QjmKiBtk8+gxeGCWEkZDmcQ3n6t+NDMVKTePATOY51aqXi/95/VRH14OM8iTVhOPFR1HKoBYw7wGGVBKs2dQQhCU1WSEeIYmwNm0tXQonNFFF6qdF7LIpyV2tZJ10GnXX8PtGtXlT1FUCZ+AcXAIXXIEmuAMt0AYYPIIX8ArerGfr3fqwPhejG1axcwqWYH39ApTNoXE=</latexit><latexit sha1_base64="1q0cUaJE2rvXTqDRXuP8tbjvTW0=">AAACGnicbVC7TsMwFHV4lvJKYWSxaJGYqqQLjBUsjEWiD6mpIsdxWquOHdlOoYr6J7DCf7AhVhZ+gy/AaTPQliNZOjrn3uujEySMKu0439bG5tb2zm5pr7x/cHh0bFdOOkqkEpM2FkzIXoAUYZSTtqaakV4iCYoDRrrB+Db3uxMiFRX8QU8TMojRkNOIYqSN5NuVmhcjPQqCrDXzPTkSNd+uOnVnDrhO3IJUQYGWb/94ocBpTLjGDCnVd51EDzIkNcWMzMpeqkiC8BgNSd9QjmKiBtk8+gxeGCWEkZDmcQ3n6t+NDMVKTePATOY51aqXi/95/VRH14OM8iTVhOPFR1HKoBYw7wGGVBKs2dQQhCU1WSEeIYmwNm0tXQonNFFF6qdF7LIpyV2tZJ10GnXX8PtGtXlT1FUCZ+AcXAIXXIEmuAMt0AYYPIIX8ArerGfr3fqwPhejG1axcwqWYH39ApTNoXE=</latexit><latexit sha1_base64="1q0cUaJE2rvXTqDRXuP8tbjvTW0=">AAACGnicbVC7TsMwFHV4lvJKYWSxaJGYqqQLjBUsjEWiD6mpIsdxWquOHdlOoYr6J7DCf7AhVhZ+gy/AaTPQliNZOjrn3uujEySMKu0439bG5tb2zm5pr7x/cHh0bFdOOkqkEpM2FkzIXoAUYZSTtqaakV4iCYoDRrrB+Db3uxMiFRX8QU8TMojRkNOIYqSN5NuVmhcjPQqCrDXzPTkSNd+uOnVnDrhO3IJUQYGWb/94ocBpTLjGDCnVd51EDzIkNcWMzMpeqkiC8BgNSd9QjmKiBtk8+gxeGCWEkZDmcQ3n6t+NDMVKTePATOY51aqXi/95/VRH14OM8iTVhOPFR1HKoBYw7wGGVBKs2dQQhCU1WSEeIYmwNm0tXQonNFFF6qdF7LIpyV2tZJ10GnXX8PtGtXlT1FUCZ+AcXAIXXIEmuAMt0AYYPIIX8ArerGfr3fqwPhejG1axcwqWYH39ApTNoXE=</latexit>

Measurement with outcomes {1, . . . , p} as a direct map: M : Msa(Cd)→ Rp

M : ρ 7→ Pρ
Pρ(X = i) = 〈vi|ρ|vi〉,

∑
i
|vi〉〈vi| = 1

Measurement data: i.i.d. samples X1, . . . , Xn ∈ {1, . . . , p} from Pρ

Empirical frequencies vector f = (f(1), . . . , f(p))

f(a) =
]{i : Xi = a}

n

Estimator: recipe for ‘projecting’ f to a ‘distribution’ P̂ =M(ρ̂)



Measurements, empirical frequencies and estimators

f
<latexit sha1_base64="7jzUXQli66ySgDb8yDnC2Lx+tks=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6AFslFsYi0YfURpXjOq1Vx45sp1IV9U9YGECIlT9h429w2gzQciTLR+fcKx+fMOFMG8/7dkpb2zu7e+X9ysHh0fGJe3rW0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g2n97nfnVGlmRRPZp7QIMZjwSJGsLHS0HVrg1DykZ7H9sqiRW3oVr26twTaJH5BqlCgNXS/BiNJ0pgKQzjWuu97iQkyrAwjnC4qg1TTBJMpHtO+pQLHVAfZMvkCXVllhCKp7BEGLdXfGxmOdZ7NTsbYTPS6l4v/ef3URLdBxkSSGirI6qEo5chIlNeARkxRYvjcEkwUs1kRmWCFibFlVWwJ/vqXN0mnUfe9uv/YqDbvijrKcAGXcA0+3EATHqAFbSAwg2d4hTcnc16cd+djNVpyip1z+APn8wdrq5N5</latexit><latexit sha1_base64="7jzUXQli66ySgDb8yDnC2Lx+tks=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6AFslFsYi0YfURpXjOq1Vx45sp1IV9U9YGECIlT9h429w2gzQciTLR+fcKx+fMOFMG8/7dkpb2zu7e+X9ysHh0fGJe3rW0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g2n97nfnVGlmRRPZp7QIMZjwSJGsLHS0HVrg1DykZ7H9sqiRW3oVr26twTaJH5BqlCgNXS/BiNJ0pgKQzjWuu97iQkyrAwjnC4qg1TTBJMpHtO+pQLHVAfZMvkCXVllhCKp7BEGLdXfGxmOdZ7NTsbYTPS6l4v/ef3URLdBxkSSGirI6qEo5chIlNeARkxRYvjcEkwUs1kRmWCFibFlVWwJ/vqXN0mnUfe9uv/YqDbvijrKcAGXcA0+3EATHqAFbSAwg2d4hTcnc16cd+djNVpyip1z+APn8wdrq5N5</latexit><latexit sha1_base64="7jzUXQli66ySgDb8yDnC2Lx+tks=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6AFslFsYi0YfURpXjOq1Vx45sp1IV9U9YGECIlT9h429w2gzQciTLR+fcKx+fMOFMG8/7dkpb2zu7e+X9ysHh0fGJe3rW0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g2n97nfnVGlmRRPZp7QIMZjwSJGsLHS0HVrg1DykZ7H9sqiRW3oVr26twTaJH5BqlCgNXS/BiNJ0pgKQzjWuu97iQkyrAwjnC4qg1TTBJMpHtO+pQLHVAfZMvkCXVllhCKp7BEGLdXfGxmOdZ7NTsbYTPS6l4v/ef3URLdBxkSSGirI6qEo5chIlNeARkxRYvjcEkwUs1kRmWCFibFlVWwJ/vqXN0mnUfe9uv/YqDbvijrKcAGXcA0+3EATHqAFbSAwg2d4hTcnc16cd+djNVpyip1z+APn8wdrq5N5</latexit><latexit sha1_base64="7jzUXQli66ySgDb8yDnC2Lx+tks=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6AFslFsYi0YfURpXjOq1Vx45sp1IV9U9YGECIlT9h429w2gzQciTLR+fcKx+fMOFMG8/7dkpb2zu7e+X9ysHh0fGJe3rW0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g2n97nfnVGlmRRPZp7QIMZjwSJGsLHS0HVrg1DykZ7H9sqiRW3oVr26twTaJH5BqlCgNXS/BiNJ0pgKQzjWuu97iQkyrAwjnC4qg1TTBJMpHtO+pQLHVAfZMvkCXVllhCKp7BEGLdXfGxmOdZ7NTsbYTPS6l4v/ef3URLdBxkSSGirI6qEo5chIlNeARkxRYvjcEkwUs1kRmWCFibFlVWwJ/vqXN0mnUfe9uv/YqDbvijrKcAGXcA0+3EATHqAFbSAwg2d4hTcnc16cd+djNVpyip1z+APn8wdrq5N5</latexit>

M
<latexit sha1_base64="J6n4operqMkprfV+1S51YHsLY7M=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBFvBVZnpRt0V3LgRKtgHtGPJpJk2NJMMSUYpQ//DjQtF3Pov7vwbM+0stPVA4HDOvdyTE8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyXXmdx6p0kyKezONqR/hkWAhI9hY6aGK+hE2Y4J5ejurDsoVt+bOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XSeeobOrDJEoVT2CYPm6u+NFEdaT6PATmYZ9bKXif95vcSEl37KRJwYKsjiUJhwZCTKKkBDpigxfGoJJorZrIiMscLE2KJKtgRv+curpF2veW7Nu6tXGld5HUU4gVM4Bw8uoAE30IQWEFDwDK/w5jw5L86787EYLTj5zjH8gfP5A5Ohkd4=</latexit><latexit sha1_base64="J6n4operqMkprfV+1S51YHsLY7M=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBFvBVZnpRt0V3LgRKtgHtGPJpJk2NJMMSUYpQ//DjQtF3Pov7vwbM+0stPVA4HDOvdyTE8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyXXmdx6p0kyKezONqR/hkWAhI9hY6aGK+hE2Y4J5ejurDsoVt+bOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XSeeobOrDJEoVT2CYPm6u+NFEdaT6PATmYZ9bKXif95vcSEl37KRJwYKsjiUJhwZCTKKkBDpigxfGoJJorZrIiMscLE2KJKtgRv+curpF2veW7Nu6tXGld5HUU4gVM4Bw8uoAE30IQWEFDwDK/w5jw5L86787EYLTj5zjH8gfP5A5Ohkd4=</latexit><latexit sha1_base64="J6n4operqMkprfV+1S51YHsLY7M=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBFvBVZnpRt0V3LgRKtgHtGPJpJk2NJMMSUYpQ//DjQtF3Pov7vwbM+0stPVA4HDOvdyTE8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyXXmdx6p0kyKezONqR/hkWAhI9hY6aGK+hE2Y4J5ejurDsoVt+bOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XSeeobOrDJEoVT2CYPm6u+NFEdaT6PATmYZ9bKXif95vcSEl37KRJwYKsjiUJhwZCTKKkBDpigxfGoJJorZrIiMscLE2KJKtgRv+curpF2veW7Nu6tXGld5HUU4gVM4Bw8uoAE30IQWEFDwDK/w5jw5L86787EYLTj5zjH8gfP5A5Ohkd4=</latexit><latexit sha1_base64="J6n4operqMkprfV+1S51YHsLY7M=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBFvBVZnpRt0V3LgRKtgHtGPJpJk2NJMMSUYpQ//DjQtF3Pov7vwbM+0stPVA4HDOvdyTE8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyXXmdx6p0kyKezONqR/hkWAhI9hY6aGK+hE2Y4J5ejurDsoVt+bOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XSeeobOrDJEoVT2CYPm6u+NFEdaT6PATmYZ9bKXif95vcSEl37KRJwYKsjiUJhwZCTKKkBDpigxfGoJJorZrIiMscLE2KJKtgRv+curpF2veW7Nu6tXGld5HUU4gVM4Bw8uoAE30IQWEFDwDK/w5jw5L86787EYLTj5zjH8gfP5A5Ohkd4=</latexit> Pd

<latexit sha1_base64="H/fw8Pc1xijqwGdSwGG51bKG2zA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBVUm6UXcFNy4r2Ae0IUwmk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcqZ0o7zbVW2tnd296r7tYPDo+MT+/Ssp5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gel/4/RmViiXiSc9T6sV4LFjECNZG8m27gUYx1hOCed5Z+GHDt+tO01kCbRK3JHUo0fHtr1GYkCymQhOOlRq6Tqq9HEvNCKeL2ihTNMVkisd0aKjAMVVevky+QFdGCVGUSPOERkv190aOY6XmcWAmi5Rq3SvE/7xhpqNbL2cizTQVZHUoyjjSCSpqQCGTlGg+NwQTyUxWRCZYYqJNWTVTgrv+5U3SazVdp+k+turtu7KOKlzAJVyDCzfQhgfoQBcIzOAZXuHNyq0X6936WI1WrHLnHP7A+vwBjFWS6Q==</latexit><latexit sha1_base64="H/fw8Pc1xijqwGdSwGG51bKG2zA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBVUm6UXcFNy4r2Ae0IUwmk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcqZ0o7zbVW2tnd296r7tYPDo+MT+/Ssp5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gel/4/RmViiXiSc9T6sV4LFjECNZG8m27gUYx1hOCed5Z+GHDt+tO01kCbRK3JHUo0fHtr1GYkCymQhOOlRq6Tqq9HEvNCKeL2ihTNMVkisd0aKjAMVVevky+QFdGCVGUSPOERkv190aOY6XmcWAmi5Rq3SvE/7xhpqNbL2cizTQVZHUoyjjSCSpqQCGTlGg+NwQTyUxWRCZYYqJNWTVTgrv+5U3SazVdp+k+turtu7KOKlzAJVyDCzfQhgfoQBcIzOAZXuHNyq0X6936WI1WrHLnHP7A+vwBjFWS6Q==</latexit><latexit sha1_base64="H/fw8Pc1xijqwGdSwGG51bKG2zA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBVUm6UXcFNy4r2Ae0IUwmk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcqZ0o7zbVW2tnd296r7tYPDo+MT+/Ssp5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gel/4/RmViiXiSc9T6sV4LFjECNZG8m27gUYx1hOCed5Z+GHDt+tO01kCbRK3JHUo0fHtr1GYkCymQhOOlRq6Tqq9HEvNCKeL2ihTNMVkisd0aKjAMVVevky+QFdGCVGUSPOERkv190aOY6XmcWAmi5Rq3SvE/7xhpqNbL2cizTQVZHUoyjjSCSpqQCGTlGg+NwQTyUxWRCZYYqJNWTVTgrv+5U3SazVdp+k+turtu7KOKlzAJVyDCzfQhgfoQBcIzOAZXuHNyq0X6936WI1WrHLnHP7A+vwBjFWS6Q==</latexit><latexit sha1_base64="H/fw8Pc1xijqwGdSwGG51bKG2zA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBVUm6UXcFNy4r2Ae0IUwmk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcqZ0o7zbVW2tnd296r7tYPDo+MT+/Ssp5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gel/4/RmViiXiSc9T6sV4LFjECNZG8m27gUYx1hOCed5Z+GHDt+tO01kCbRK3JHUo0fHtr1GYkCymQhOOlRq6Tqq9HEvNCKeL2ihTNMVkisd0aKjAMVVevky+QFdGCVGUSPOERkv190aOY6XmcWAmi5Rq3SvE/7xhpqNbL2cizTQVZHUoyjjSCSpqQCGTlGg+NwQTyUxWRCZYYqJNWTVTgrv+5U3SazVdp+k+turtu7KOKlzAJVyDCzfQhgfoQBcIzOAZXuHNyq0X6936WI1WrHLnHP7A+vwBjFWS6Q==</latexit>

Sd
<latexit sha1_base64="yIUOEW5IMKBp41eBcuJtWkNamDo=">AAAB+XicbVA9T8MwFHwpX6V8BRhZLFokpirpAmyVWBiLoKVSG0WO47RWHSeynUpV1H/CwgBCrPwTNv4NTpsBWk6ydLp7T+98QcqZ0o7zbVU2Nre2d6q7tb39g8Mj+/ikp5JMEtolCU9kP8CKciZoVzPNaT+VFMcBp0/B5Lbwn6ZUKpaIRz1LqRfjkWARI1gbybftBhrGWI8J5vnD3A8bvl13ms4CaJ24JalDiY5vfw3DhGQxFZpwrNTAdVLt5VhqRjid14aZoikmEzyiA0MFjqny8kXyObowSoiiRJonNFqovzdyHCs1iwMzWaRUq14h/ucNMh1dezkTaaapIMtDUcaRTlBRAwqZpETzmSGYSGayIjLGEhNtyqqZEtzVL6+TXqvpOk33vlVv35R1VOEMzuESXLiCNtxBB7pAYArP8ApvVm69WO/Wx3K0YpU7p/AH1ucPkO2S7A==</latexit><latexit sha1_base64="yIUOEW5IMKBp41eBcuJtWkNamDo=">AAAB+XicbVA9T8MwFHwpX6V8BRhZLFokpirpAmyVWBiLoKVSG0WO47RWHSeynUpV1H/CwgBCrPwTNv4NTpsBWk6ydLp7T+98QcqZ0o7zbVU2Nre2d6q7tb39g8Mj+/ikp5JMEtolCU9kP8CKciZoVzPNaT+VFMcBp0/B5Lbwn6ZUKpaIRz1LqRfjkWARI1gbybftBhrGWI8J5vnD3A8bvl13ms4CaJ24JalDiY5vfw3DhGQxFZpwrNTAdVLt5VhqRjid14aZoikmEzyiA0MFjqny8kXyObowSoiiRJonNFqovzdyHCs1iwMzWaRUq14h/ucNMh1dezkTaaapIMtDUcaRTlBRAwqZpETzmSGYSGayIjLGEhNtyqqZEtzVL6+TXqvpOk33vlVv35R1VOEMzuESXLiCNtxBB7pAYArP8ApvVm69WO/Wx3K0YpU7p/AH1ucPkO2S7A==</latexit><latexit sha1_base64="yIUOEW5IMKBp41eBcuJtWkNamDo=">AAAB+XicbVA9T8MwFHwpX6V8BRhZLFokpirpAmyVWBiLoKVSG0WO47RWHSeynUpV1H/CwgBCrPwTNv4NTpsBWk6ydLp7T+98QcqZ0o7zbVU2Nre2d6q7tb39g8Mj+/ikp5JMEtolCU9kP8CKciZoVzPNaT+VFMcBp0/B5Lbwn6ZUKpaIRz1LqRfjkWARI1gbybftBhrGWI8J5vnD3A8bvl13ms4CaJ24JalDiY5vfw3DhGQxFZpwrNTAdVLt5VhqRjid14aZoikmEzyiA0MFjqny8kXyObowSoiiRJonNFqovzdyHCs1iwMzWaRUq14h/ucNMh1dezkTaaapIMtDUcaRTlBRAwqZpETzmSGYSGayIjLGEhNtyqqZEtzVL6+TXqvpOk33vlVv35R1VOEMzuESXLiCNtxBB7pAYArP8ApvVm69WO/Wx3K0YpU7p/AH1ucPkO2S7A==</latexit><latexit sha1_base64="yIUOEW5IMKBp41eBcuJtWkNamDo=">AAAB+XicbVA9T8MwFHwpX6V8BRhZLFokpirpAmyVWBiLoKVSG0WO47RWHSeynUpV1H/CwgBCrPwTNv4NTpsBWk6ydLp7T+98QcqZ0o7zbVU2Nre2d6q7tb39g8Mj+/ikp5JMEtolCU9kP8CKciZoVzPNaT+VFMcBp0/B5Lbwn6ZUKpaIRz1LqRfjkWARI1gbybftBhrGWI8J5vnD3A8bvl13ms4CaJ24JalDiY5vfw3DhGQxFZpwrNTAdVLt5VhqRjid14aZoikmEzyiA0MFjqny8kXyObowSoiiRJonNFqovzdyHCs1iwMzWaRUq14h/ucNMh1dezkTaaapIMtDUcaRTlBRAwqZpETzmSGYSGayIjLGEhNtyqqZEtzVL6+TXqvpOk33vlVv35R1VOEMzuESXLiCNtxBB7pAYArP8ApvVm69WO/Wx3K0YpU7p/AH1ucPkO2S7A==</latexit>

⇢
<latexit sha1_base64="tgvYAW2uC/z/8AlVnOsqP9+6Xag=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxscREwAQuZG+Zgw17u5fdPRNC+BE2Fhpj6++x89+4wBUKvmSSl/dmMjMvSgU31ve/vcLG5tb2TnG3tLd/cHhUPj5pG5Vphi2mhNKPETUouMSW5VbgY6qRJpHATjS+nfudJ9SGK/lgJymGCR1KHnNGrZM6VdLTI1Xtlyt+zV+ArJMgJxXI0eyXv3oDxbIEpWWCGtMN/NSGU6otZwJnpV5mMKVsTIfYdVTSBE04XZw7IxdOGZBYaVfSkoX6e2JKE2MmSeQ6E2pHZtWbi/953czG1+GUyzSzKNlyUZwJYhWZ/04GXCOzYuIIZZq7WwkbUU2ZdQmVXAjB6svrpF2vBX4tuK9XGjd5HEU4g3O4hACuoAF30IQWMBjDM7zCm5d6L96797FsLXj5zCn8gff5AyvnjsI=</latexit><latexit sha1_base64="tgvYAW2uC/z/8AlVnOsqP9+6Xag=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxscREwAQuZG+Zgw17u5fdPRNC+BE2Fhpj6++x89+4wBUKvmSSl/dmMjMvSgU31ve/vcLG5tb2TnG3tLd/cHhUPj5pG5Vphi2mhNKPETUouMSW5VbgY6qRJpHATjS+nfudJ9SGK/lgJymGCR1KHnNGrZM6VdLTI1Xtlyt+zV+ArJMgJxXI0eyXv3oDxbIEpWWCGtMN/NSGU6otZwJnpV5mMKVsTIfYdVTSBE04XZw7IxdOGZBYaVfSkoX6e2JKE2MmSeQ6E2pHZtWbi/953czG1+GUyzSzKNlyUZwJYhWZ/04GXCOzYuIIZZq7WwkbUU2ZdQmVXAjB6svrpF2vBX4tuK9XGjd5HEU4g3O4hACuoAF30IQWMBjDM7zCm5d6L96797FsLXj5zCn8gff5AyvnjsI=</latexit><latexit sha1_base64="tgvYAW2uC/z/8AlVnOsqP9+6Xag=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxscREwAQuZG+Zgw17u5fdPRNC+BE2Fhpj6++x89+4wBUKvmSSl/dmMjMvSgU31ve/vcLG5tb2TnG3tLd/cHhUPj5pG5Vphi2mhNKPETUouMSW5VbgY6qRJpHATjS+nfudJ9SGK/lgJymGCR1KHnNGrZM6VdLTI1Xtlyt+zV+ArJMgJxXI0eyXv3oDxbIEpWWCGtMN/NSGU6otZwJnpV5mMKVsTIfYdVTSBE04XZw7IxdOGZBYaVfSkoX6e2JKE2MmSeQ6E2pHZtWbi/953czG1+GUyzSzKNlyUZwJYhWZ/04GXCOzYuIIZZq7WwkbUU2ZdQmVXAjB6svrpF2vBX4tuK9XGjd5HEU4g3O4hACuoAF30IQWMBjDM7zCm5d6L96797FsLXj5zCn8gff5AyvnjsI=</latexit><latexit sha1_base64="tgvYAW2uC/z/8AlVnOsqP9+6Xag=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxscREwAQuZG+Zgw17u5fdPRNC+BE2Fhpj6++x89+4wBUKvmSSl/dmMjMvSgU31ve/vcLG5tb2TnG3tLd/cHhUPj5pG5Vphi2mhNKPETUouMSW5VbgY6qRJpHATjS+nfudJ9SGK/lgJymGCR1KHnNGrZM6VdLTI1Xtlyt+zV+ArJMgJxXI0eyXv3oDxbIEpWWCGtMN/NSGU6otZwJnpV5mMKVsTIfYdVTSBE04XZw7IxdOGZBYaVfSkoX6e2JKE2MmSeQ6E2pHZtWbi/953czG1+GUyzSzKNlyUZwJYhWZ/04GXCOzYuIIZZq7WwkbUU2ZdQmVXAjB6svrpF2vBX4tuK9XGjd5HEU4g3O4hACuoAF30IQWMBjDM7zCm5d6L96797FsLXj5zCn8gff5AyvnjsI=</latexit>

M1
sa(Cd)

<latexit sha1_base64="4iWFOoG1ClZSZ8N+gaO7x8twFzM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAr1E1JiqDLQjduhAr2AW0aJpNJO3QyCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vv8WJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6k2bmdx+IkDTi92oaEydEI04DipHSkmueVG6HtptKNKsOQqTGnpc2Z0P/ouKaZatmzQFXiZ2TMsjRcs2vgR/hJCRcYYak7NtWrJwUCUUxI7PSIJEkRniCRqSvKUchkU46/2AGz7XiwyASuriCc/X3RIpCKaehpzuzK+Wyl4n/ef1EBddOSnmcKMLxYlGQMKgimMUBfSoIVmyqCcKC6lshHiOBsNKhlXQI9vLLq6RTr9lWzb6rlxuXeRxFcArOQBXY4Ao0wA1ogTbA4BE8g1fwZjwZL8a78bFoLRj5zDH4A+PzBxQ+lfI=</latexit><latexit sha1_base64="4iWFOoG1ClZSZ8N+gaO7x8twFzM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAr1E1JiqDLQjduhAr2AW0aJpNJO3QyCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vv8WJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6k2bmdx+IkDTi92oaEydEI04DipHSkmueVG6HtptKNKsOQqTGnpc2Z0P/ouKaZatmzQFXiZ2TMsjRcs2vgR/hJCRcYYak7NtWrJwUCUUxI7PSIJEkRniCRqSvKUchkU46/2AGz7XiwyASuriCc/X3RIpCKaehpzuzK+Wyl4n/ef1EBddOSnmcKMLxYlGQMKgimMUBfSoIVmyqCcKC6lshHiOBsNKhlXQI9vLLq6RTr9lWzb6rlxuXeRxFcArOQBXY4Ao0wA1ogTbA4BE8g1fwZjwZL8a78bFoLRj5zDH4A+PzBxQ+lfI=</latexit><latexit sha1_base64="4iWFOoG1ClZSZ8N+gaO7x8twFzM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAr1E1JiqDLQjduhAr2AW0aJpNJO3QyCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vv8WJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6k2bmdx+IkDTi92oaEydEI04DipHSkmueVG6HtptKNKsOQqTGnpc2Z0P/ouKaZatmzQFXiZ2TMsjRcs2vgR/hJCRcYYak7NtWrJwUCUUxI7PSIJEkRniCRqSvKUchkU46/2AGz7XiwyASuriCc/X3RIpCKaehpzuzK+Wyl4n/ef1EBddOSnmcKMLxYlGQMKgimMUBfSoIVmyqCcKC6lshHiOBsNKhlXQI9vLLq6RTr9lWzb6rlxuXeRxFcArOQBXY4Ao0wA1ogTbA4BE8g1fwZjwZL8a78bFoLRj5zDH4A+PzBxQ+lfI=</latexit><latexit sha1_base64="4iWFOoG1ClZSZ8N+gaO7x8twFzM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAr1E1JiqDLQjduhAr2AW0aJpNJO3QyCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vv8WJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6k2bmdx+IkDTi92oaEydEI04DipHSkmueVG6HtptKNKsOQqTGnpc2Z0P/ouKaZatmzQFXiZ2TMsjRcs2vgR/hJCRcYYak7NtWrJwUCUUxI7PSIJEkRniCRqSvKUchkU46/2AGz7XiwyASuriCc/X3RIpCKaehpzuzK+Wyl4n/ef1EBddOSnmcKMLxYlGQMKgimMUBfSoIVmyqCcKC6lshHiOBsNKhlXQI9vLLq6RTr9lWzb6rlxuXeRxFcArOQBXY4Ao0wA1ogTbA4BE8g1fwZjwZL8a78bFoLRj5zDH4A+PzBxQ+lfI=</latexit>

Ld
<latexit sha1_base64="Hi2kUtXuKln86pUssr7lP6eQ3QY=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSBF0W3LhwUcE+oA1hMpm0QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPDBzOuZd75vgJZ0rb9rdV2tjc2t4p71b29g8Oq7Wj456KU0lol8Q8lgMfK8qZoF3NNKeDRFIc+Zz2/elN7vcfqVQsFg96llA3wmPBQkawNpJXqzZGEdYTgnl2N/eChler2017AbROnILUoUDHq32NgpikERWacKzU0LET7WZYakY4nVdGqaIJJlM8pkNDBY6ocrNF8Dk6N0qAwliaJzRaqL83MhwpNYt8M5mnVKteLv7nDVMdXrsZE0mqqSDLQ2HKkY5R3gIKmKRE85khmEhmsiIywRITbbqqmBKc1S+vk16r6dhN575Vb18WdZThFM7gAhy4gjbcQge6QCCFZ3iFN+vJerHerY/laMkqdk7gD6zPHy0xkrY=</latexit><latexit sha1_base64="Hi2kUtXuKln86pUssr7lP6eQ3QY=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSBF0W3LhwUcE+oA1hMpm0QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPDBzOuZd75vgJZ0rb9rdV2tjc2t4p71b29g8Oq7Wj456KU0lol8Q8lgMfK8qZoF3NNKeDRFIc+Zz2/elN7vcfqVQsFg96llA3wmPBQkawNpJXqzZGEdYTgnl2N/eChler2017AbROnILUoUDHq32NgpikERWacKzU0LET7WZYakY4nVdGqaIJJlM8pkNDBY6ocrNF8Dk6N0qAwliaJzRaqL83MhwpNYt8M5mnVKteLv7nDVMdXrsZE0mqqSDLQ2HKkY5R3gIKmKRE85khmEhmsiIywRITbbqqmBKc1S+vk16r6dhN575Vb18WdZThFM7gAhy4gjbcQge6QCCFZ3iFN+vJerHerY/laMkqdk7gD6zPHy0xkrY=</latexit><latexit sha1_base64="Hi2kUtXuKln86pUssr7lP6eQ3QY=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSBF0W3LhwUcE+oA1hMpm0QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPDBzOuZd75vgJZ0rb9rdV2tjc2t4p71b29g8Oq7Wj456KU0lol8Q8lgMfK8qZoF3NNKeDRFIc+Zz2/elN7vcfqVQsFg96llA3wmPBQkawNpJXqzZGEdYTgnl2N/eChler2017AbROnILUoUDHq32NgpikERWacKzU0LET7WZYakY4nVdGqaIJJlM8pkNDBY6ocrNF8Dk6N0qAwliaJzRaqL83MhwpNYt8M5mnVKteLv7nDVMdXrsZE0mqqSDLQ2HKkY5R3gIKmKRE85khmEhmsiIywRITbbqqmBKc1S+vk16r6dhN575Vb18WdZThFM7gAhy4gjbcQge6QCCFZ3iFN+vJerHerY/laMkqdk7gD6zPHy0xkrY=</latexit><latexit sha1_base64="Hi2kUtXuKln86pUssr7lP6eQ3QY=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSBF0W3LhwUcE+oA1hMpm0QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPDBzOuZd75vgJZ0rb9rdV2tjc2t4p71b29g8Oq7Wj456KU0lol8Q8lgMfK8qZoF3NNKeDRFIc+Zz2/elN7vcfqVQsFg96llA3wmPBQkawNpJXqzZGEdYTgnl2N/eChler2017AbROnILUoUDHq32NgpikERWacKzU0LET7WZYakY4nVdGqaIJJlM8pkNDBY6ocrNF8Dk6N0qAwliaJzRaqL83MhwpNYt8M5mnVKteLv7nDVMdXrsZE0mqqSDLQ2HKkY5R3gIKmKRE85khmEhmsiIywRITbbqqmBKc1S+vk16r6dhN575Vb18WdZThFM7gAhy4gjbcQge6QCCFZ3iFN+vJerHerY/laMkqdk7gD6zPHy0xkrY=</latexit>

Rp
<latexit sha1_base64="uZi1PhpVK6EL11V55ZITRUly68Q=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkG7pQkO327RdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzqB5Ewb1/12CmvrG5tbxe3Szu7e/kH58Kit40QR2iIxj9VDgDXlTNCWYYbTB6kojgJOO8HkOvM7j1RpFot7M5XUj/BIsJARbKzUr/YibMZBkN7N+rI6KFfcmjsHWiVeTiqQozkof/WGMUkiKgzhWOuu50rjp1gZRjidlXqJphKTCR7RrqUCR1T76Tz1DJ1ZZYjCWNknDJqrvzdSHGk9jQI7mYXUy14m/ud1ExNe+ikTMjFUkMWhMOHIxCirAA2ZosTwqSWYKGazIjLGChNjiyrZErzlL6+Sdr3muTXvtl5pXOV1FOEETuEcPLiABtxAE1pAQMEzvMKb8+S8OO/Ox2K04OQ7x/AHzucPBWSSLg==</latexit><latexit sha1_base64="uZi1PhpVK6EL11V55ZITRUly68Q=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkG7pQkO327RdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzqB5Ewb1/12CmvrG5tbxe3Szu7e/kH58Kit40QR2iIxj9VDgDXlTNCWYYbTB6kojgJOO8HkOvM7j1RpFot7M5XUj/BIsJARbKzUr/YibMZBkN7N+rI6KFfcmjsHWiVeTiqQozkof/WGMUkiKgzhWOuu50rjp1gZRjidlXqJphKTCR7RrqUCR1T76Tz1DJ1ZZYjCWNknDJqrvzdSHGk9jQI7mYXUy14m/ud1ExNe+ikTMjFUkMWhMOHIxCirAA2ZosTwqSWYKGazIjLGChNjiyrZErzlL6+Sdr3muTXvtl5pXOV1FOEETuEcPLiABtxAE1pAQMEzvMKb8+S8OO/Ox2K04OQ7x/AHzucPBWSSLg==</latexit><latexit sha1_base64="uZi1PhpVK6EL11V55ZITRUly68Q=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkG7pQkO327RdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzqB5Ewb1/12CmvrG5tbxe3Szu7e/kH58Kit40QR2iIxj9VDgDXlTNCWYYbTB6kojgJOO8HkOvM7j1RpFot7M5XUj/BIsJARbKzUr/YibMZBkN7N+rI6KFfcmjsHWiVeTiqQozkof/WGMUkiKgzhWOuu50rjp1gZRjidlXqJphKTCR7RrqUCR1T76Tz1DJ1ZZYjCWNknDJqrvzdSHGk9jQI7mYXUy14m/ud1ExNe+ikTMjFUkMWhMOHIxCirAA2ZosTwqSWYKGazIjLGChNjiyrZErzlL6+Sdr3muTXvtl5pXOV1FOEETuEcPLiABtxAE1pAQMEzvMKb8+S8OO/Ox2K04OQ7x/AHzucPBWSSLg==</latexit><latexit sha1_base64="uZi1PhpVK6EL11V55ZITRUly68Q=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkG7pQkO327RdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzqB5Ewb1/12CmvrG5tbxe3Szu7e/kH58Kit40QR2iIxj9VDgDXlTNCWYYbTB6kojgJOO8HkOvM7j1RpFot7M5XUj/BIsJARbKzUr/YibMZBkN7N+rI6KFfcmjsHWiVeTiqQozkof/WGMUkiKgzhWOuu50rjp1gZRjidlXqJphKTCR7RrqUCR1T76Tz1DJ1ZZYjCWNknDJqrvzdSHGk9jQI7mYXUy14m/ud1ExNe+ikTMjFUkMWhMOHIxCirAA2ZosTwqSWYKGazIjLGChNjiyrZErzlL6+Sdr3muTXvtl5pXOV1FOEETuEcPLiABtxAE1pAQMEzvMKb8+S8OO/Ox2K04OQ7x/AHzucPBWSSLg==</latexit>

P⇢
<latexit sha1_base64="1q0cUaJE2rvXTqDRXuP8tbjvTW0=">AAACGnicbVC7TsMwFHV4lvJKYWSxaJGYqqQLjBUsjEWiD6mpIsdxWquOHdlOoYr6J7DCf7AhVhZ+gy/AaTPQliNZOjrn3uujEySMKu0439bG5tb2zm5pr7x/cHh0bFdOOkqkEpM2FkzIXoAUYZSTtqaakV4iCYoDRrrB+Db3uxMiFRX8QU8TMojRkNOIYqSN5NuVmhcjPQqCrDXzPTkSNd+uOnVnDrhO3IJUQYGWb/94ocBpTLjGDCnVd51EDzIkNcWMzMpeqkiC8BgNSd9QjmKiBtk8+gxeGCWEkZDmcQ3n6t+NDMVKTePATOY51aqXi/95/VRH14OM8iTVhOPFR1HKoBYw7wGGVBKs2dQQhCU1WSEeIYmwNm0tXQonNFFF6qdF7LIpyV2tZJ10GnXX8PtGtXlT1FUCZ+AcXAIXXIEmuAMt0AYYPIIX8ArerGfr3fqwPhejG1axcwqWYH39ApTNoXE=</latexit><latexit sha1_base64="1q0cUaJE2rvXTqDRXuP8tbjvTW0=">AAACGnicbVC7TsMwFHV4lvJKYWSxaJGYqqQLjBUsjEWiD6mpIsdxWquOHdlOoYr6J7DCf7AhVhZ+gy/AaTPQliNZOjrn3uujEySMKu0439bG5tb2zm5pr7x/cHh0bFdOOkqkEpM2FkzIXoAUYZSTtqaakV4iCYoDRrrB+Db3uxMiFRX8QU8TMojRkNOIYqSN5NuVmhcjPQqCrDXzPTkSNd+uOnVnDrhO3IJUQYGWb/94ocBpTLjGDCnVd51EDzIkNcWMzMpeqkiC8BgNSd9QjmKiBtk8+gxeGCWEkZDmcQ3n6t+NDMVKTePATOY51aqXi/95/VRH14OM8iTVhOPFR1HKoBYw7wGGVBKs2dQQhCU1WSEeIYmwNm0tXQonNFFF6qdF7LIpyV2tZJ10GnXX8PtGtXlT1FUCZ+AcXAIXXIEmuAMt0AYYPIIX8ArerGfr3fqwPhejG1axcwqWYH39ApTNoXE=</latexit><latexit sha1_base64="1q0cUaJE2rvXTqDRXuP8tbjvTW0=">AAACGnicbVC7TsMwFHV4lvJKYWSxaJGYqqQLjBUsjEWiD6mpIsdxWquOHdlOoYr6J7DCf7AhVhZ+gy/AaTPQliNZOjrn3uujEySMKu0439bG5tb2zm5pr7x/cHh0bFdOOkqkEpM2FkzIXoAUYZSTtqaakV4iCYoDRrrB+Db3uxMiFRX8QU8TMojRkNOIYqSN5NuVmhcjPQqCrDXzPTkSNd+uOnVnDrhO3IJUQYGWb/94ocBpTLjGDCnVd51EDzIkNcWMzMpeqkiC8BgNSd9QjmKiBtk8+gxeGCWEkZDmcQ3n6t+NDMVKTePATOY51aqXi/95/VRH14OM8iTVhOPFR1HKoBYw7wGGVBKs2dQQhCU1WSEeIYmwNm0tXQonNFFF6qdF7LIpyV2tZJ10GnXX8PtGtXlT1FUCZ+AcXAIXXIEmuAMt0AYYPIIX8ArerGfr3fqwPhejG1axcwqWYH39ApTNoXE=</latexit><latexit sha1_base64="1q0cUaJE2rvXTqDRXuP8tbjvTW0=">AAACGnicbVC7TsMwFHV4lvJKYWSxaJGYqqQLjBUsjEWiD6mpIsdxWquOHdlOoYr6J7DCf7AhVhZ+gy/AaTPQliNZOjrn3uujEySMKu0439bG5tb2zm5pr7x/cHh0bFdOOkqkEpM2FkzIXoAUYZSTtqaakV4iCYoDRrrB+Db3uxMiFRX8QU8TMojRkNOIYqSN5NuVmhcjPQqCrDXzPTkSNd+uOnVnDrhO3IJUQYGWb/94ocBpTLjGDCnVd51EDzIkNcWMzMpeqkiC8BgNSd9QjmKiBtk8+gxeGCWEkZDmcQ3n6t+NDMVKTePATOY51aqXi/95/VRH14OM8iTVhOPFR1HKoBYw7wGGVBKs2dQQhCU1WSEeIYmwNm0tXQonNFFF6qdF7LIpyV2tZJ10GnXX8PtGtXlT1FUCZ+AcXAIXXIEmuAMt0AYYPIIX8ArerGfr3fqwPhejG1axcwqWYH39ApTNoXE=</latexit>

Measurement with outcomes {1, . . . , p} as a direct map: M : Msa(Cd)→ Rp

M : ρ 7→ Pρ
Pρ(X = i) = 〈vi|ρ|vi〉,

∑
i
|vi〉〈vi| = 1

Measurement data: i.i.d. samples X1, . . . , Xn ∈ {1, . . . , p} from Pρ

Empirical frequencies vector f = (f(1), . . . , f(p))

f(a) =
]{i : Xi = a}

n

Estimator: recipe for ‘projecting’ f to a ‘distribution’ P̂ =M(ρ̂)



Example: spin / two-level ion / qubit tomography

Any state on C2 is parametrized by a 3-D Bloch vector r = (rx, ry , rz) with ‖r‖ ≤ 1

ρr = 1
2

(
1 + rz rx − iry
rx + iry 1− rz

) z

y

x

r

Thursday, 19 February 15

3 standard measurement bases corresponding to s = x, y, z spin observables

|e±
x 〉 =

1
√

2

(
1
±1

)
︸ ︷︷ ︸

s=x

|e±
y 〉 =

1
√

2

(
1
±i

)
︸ ︷︷ ︸

s=y

|e+
z 〉 =

(
1
0

)
, |e−

z 〉 =
(

0
1

)
︸ ︷︷ ︸

s=z

Probability distributions: P(o = ±|s) = 1±rs
2 −→ rs = P(+|s)− P(−|s)

n measurement repetitions −→ count frequencies f = {f(±|x), f(±|y), f(±|z)}

Estimator: r̂x,y,z := f(+|x, y, z)− f(−|x, y, z) −→ ρ̂ := ρr̂,
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Measuring (correlated) states of multiple qubits

Measurement M 
given by settings

Qubits prepared in 
joint state 

Random Meas. 
Outcome X

S1<latexit sha1_base64="6w3Oc6wshOH3O6rsZrp5fk8yVQI=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGD0jgQvaWOdiwt3fZ3TMhhN9gY6Extv4gO/+NC1yh4Jts8uSdmezMG6aCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2Ob+f19hMqzRP5aCYpBjEdSh5xRo21/OpD36v2yxW35i5E1sHLoQK5mv3yV2+QsCxGaZigWnc9NzXBlCrDmcBZqZdpTCkb0yF2LUoaow6mi2Vn5MI6AxIlyj5pyML9PTGlsdaTOLSdMTUjvVqbm//VupmJroMpl2lmULLlR1EmiEnI/HIy4AqZERMLlCludyVsRBVlxuZTsiF4qyevQ6te8yzf1yuNmzyOIpzBOVyCB1fQgDtogg8MODzDK7w50nlx3p2PZWvByWdO4Y+czx+LGY3V</latexit><latexit sha1_base64="6w3Oc6wshOH3O6rsZrp5fk8yVQI=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGD0jgQvaWOdiwt3fZ3TMhhN9gY6Extv4gO/+NC1yh4Jts8uSdmezMG6aCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2Ob+f19hMqzRP5aCYpBjEdSh5xRo21/OpD36v2yxW35i5E1sHLoQK5mv3yV2+QsCxGaZigWnc9NzXBlCrDmcBZqZdpTCkb0yF2LUoaow6mi2Vn5MI6AxIlyj5pyML9PTGlsdaTOLSdMTUjvVqbm//VupmJroMpl2lmULLlR1EmiEnI/HIy4AqZERMLlCludyVsRBVlxuZTsiF4qyevQ6te8yzf1yuNmzyOIpzBOVyCB1fQgDtogg8MODzDK7w50nlx3p2PZWvByWdO4Y+czx+LGY3V</latexit><latexit sha1_base64="6w3Oc6wshOH3O6rsZrp5fk8yVQI=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGD0jgQvaWOdiwt3fZ3TMhhN9gY6Extv4gO/+NC1yh4Jts8uSdmezMG6aCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2Ob+f19hMqzRP5aCYpBjEdSh5xRo21/OpD36v2yxW35i5E1sHLoQK5mv3yV2+QsCxGaZigWnc9NzXBlCrDmcBZqZdpTCkb0yF2LUoaow6mi2Vn5MI6AxIlyj5pyML9PTGlsdaTOLSdMTUjvVqbm//VupmJroMpl2lmULLlR1EmiEnI/HIy4AqZERMLlCludyVsRBVlxuZTsiF4qyevQ6te8yzf1yuNmzyOIpzBOVyCB1fQgDtogg8MODzDK7w50nlx3p2PZWvByWdO4Y+czx+LGY3V</latexit><latexit sha1_base64="6w3Oc6wshOH3O6rsZrp5fk8yVQI=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGD0jgQvaWOdiwt3fZ3TMhhN9gY6Extv4gO/+NC1yh4Jts8uSdmezMG6aCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHSSKYY+S0SiOiHVKLhE33AjsJMqpHEosB2Ob+f19hMqzRP5aCYpBjEdSh5xRo21/OpD36v2yxW35i5E1sHLoQK5mv3yV2+QsCxGaZigWnc9NzXBlCrDmcBZqZdpTCkb0yF2LUoaow6mi2Vn5MI6AxIlyj5pyML9PTGlsdaTOLSdMTUjvVqbm//VupmJroMpl2lmULLlR1EmiEnI/HIy4AqZERMLlCludyVsRBVlxuZTsiF4qyevQ6te8yzf1yuNmzyOIpzBOVyCB1fQgDtogg8MODzDK7w50nlx3p2PZWvByWdO4Y+czx+LGY3V</latexit>

S2<latexit sha1_base64="QcPrx1Y7eb/MFWOkf32X6YNCr7Y=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGD0jgQvaWPdiwt3fZnTMhhN9gY6Extv4gO/+NC1yh4Jts8uSdmezMG6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDuvt5+4NiJRjzhJeRDToRKRYBSt5Vcf+vVqv1xxa+5CZB28HCqQq9kvf/UGCctirpBJakzXc1MMplSjYJLPSr3M8JSyMR3yrkVFY26C6WLZGbmwzoBEibZPIVm4vyemNDZmEoe2M6Y4Mqu1uflfrZthdB1MhUoz5IotP4oySTAh88vJQGjOUE4sUKaF3ZWwEdWUoc2nZEPwVk9eh1a95lm+r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh85nz+Mno3W</latexit><latexit sha1_base64="QcPrx1Y7eb/MFWOkf32X6YNCr7Y=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGD0jgQvaWPdiwt3fZnTMhhN9gY6Extv4gO/+NC1yh4Jts8uSdmezMG6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDuvt5+4NiJRjzhJeRDToRKRYBSt5Vcf+vVqv1xxa+5CZB28HCqQq9kvf/UGCctirpBJakzXc1MMplSjYJLPSr3M8JSyMR3yrkVFY26C6WLZGbmwzoBEibZPIVm4vyemNDZmEoe2M6Y4Mqu1uflfrZthdB1MhUoz5IotP4oySTAh88vJQGjOUE4sUKaF3ZWwEdWUoc2nZEPwVk9eh1a95lm+r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh85nz+Mno3W</latexit><latexit sha1_base64="QcPrx1Y7eb/MFWOkf32X6YNCr7Y=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGD0jgQvaWPdiwt3fZnTMhhN9gY6Extv4gO/+NC1yh4Jts8uSdmezMG6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDuvt5+4NiJRjzhJeRDToRKRYBSt5Vcf+vVqv1xxa+5CZB28HCqQq9kvf/UGCctirpBJakzXc1MMplSjYJLPSr3M8JSyMR3yrkVFY26C6WLZGbmwzoBEibZPIVm4vyemNDZmEoe2M6Y4Mqu1uflfrZthdB1MhUoz5IotP4oySTAh88vJQGjOUE4sUKaF3ZWwEdWUoc2nZEPwVk9eh1a95lm+r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh85nz+Mno3W</latexit><latexit sha1_base64="QcPrx1Y7eb/MFWOkf32X6YNCr7Y=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijSVGD0jgQvaWPdiwt3fZnTMhhN9gY6Extv4gO/+NC1yh4Jts8uSdmezMG6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDuvt5+4NiJRjzhJeRDToRKRYBSt5Vcf+vVqv1xxa+5CZB28HCqQq9kvf/UGCctirpBJakzXc1MMplSjYJLPSr3M8JSyMR3yrkVFY26C6WLZGbmwzoBEibZPIVm4vyemNDZmEoe2M6Y4Mqu1uflfrZthdB1MhUoz5IotP4oySTAh88vJQGjOUE4sUKaF3ZWwEdWUoc2nZEPwVk9eh1a95lm+r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh85nz+Mno3W</latexit>

S3<latexit sha1_base64="GDTk2uXmzXqdd0ySfztWfhq4sNU=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuQOCy2JNpYYPSSBC9lb5mDD3t5ld8+EEH6DjYXG2PqD7Pw3LnCFgm+yyZN3ZrIzb5gKro3rfjuFtfWNza3idmlnd2//oHx41NJJphj6LBGJaodUo+ASfcONwHaqkMahwMdwdDOrPz6h0jyRD2acYhDTgeQRZ9RYy6/e9y6qvXLFrblzkVXwcqhArmav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHYuSxqiDyXzZKTmzTp9EibJPGjJ3f09MaKz1OA5tZ0zNUC/XZuZ/tU5moqtgwmWaGZRs8VGUCWISMruc9LlCZsTYAmWK210JG1JFmbH5lGwI3vLJq9Cq1zzLd/VK4zqPowgncArn4MElNOAWmuADAw7P8ApvjnRenHfnY9FacPKZY/gj5/MHjiON1w==</latexit><latexit sha1_base64="GDTk2uXmzXqdd0ySfztWfhq4sNU=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuQOCy2JNpYYPSSBC9lb5mDD3t5ld8+EEH6DjYXG2PqD7Pw3LnCFgm+yyZN3ZrIzb5gKro3rfjuFtfWNza3idmlnd2//oHx41NJJphj6LBGJaodUo+ASfcONwHaqkMahwMdwdDOrPz6h0jyRD2acYhDTgeQRZ9RYy6/e9y6qvXLFrblzkVXwcqhArmav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHYuSxqiDyXzZKTmzTp9EibJPGjJ3f09MaKz1OA5tZ0zNUC/XZuZ/tU5moqtgwmWaGZRs8VGUCWISMruc9LlCZsTYAmWK210JG1JFmbH5lGwI3vLJq9Cq1zzLd/VK4zqPowgncArn4MElNOAWmuADAw7P8ApvjnRenHfnY9FacPKZY/gj5/MHjiON1w==</latexit><latexit sha1_base64="GDTk2uXmzXqdd0ySfztWfhq4sNU=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuQOCy2JNpYYPSSBC9lb5mDD3t5ld8+EEH6DjYXG2PqD7Pw3LnCFgm+yyZN3ZrIzb5gKro3rfjuFtfWNza3idmlnd2//oHx41NJJphj6LBGJaodUo+ASfcONwHaqkMahwMdwdDOrPz6h0jyRD2acYhDTgeQRZ9RYy6/e9y6qvXLFrblzkVXwcqhArmav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHYuSxqiDyXzZKTmzTp9EibJPGjJ3f09MaKz1OA5tZ0zNUC/XZuZ/tU5moqtgwmWaGZRs8VGUCWISMruc9LlCZsTYAmWK210JG1JFmbH5lGwI3vLJq9Cq1zzLd/VK4zqPowgncArn4MElNOAWmuADAw7P8ApvjnRenHfnY9FacPKZY/gj5/MHjiON1w==</latexit><latexit sha1_base64="GDTk2uXmzXqdd0ySfztWfhq4sNU=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuQOCy2JNpYYPSSBC9lb5mDD3t5ld8+EEH6DjYXG2PqD7Pw3LnCFgm+yyZN3ZrIzb5gKro3rfjuFtfWNza3idmlnd2//oHx41NJJphj6LBGJaodUo+ASfcONwHaqkMahwMdwdDOrPz6h0jyRD2acYhDTgeQRZ9RYy6/e9y6qvXLFrblzkVXwcqhArmav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHYuSxqiDyXzZKTmzTp9EibJPGjJ3f09MaKz1OA5tZ0zNUC/XZuZ/tU5moqtgwmWaGZRs8VGUCWISMruc9LlCZsTYAmWK210JG1JFmbH5lGwI3vLJq9Cq1zzLd/VK4zqPowgncArn4MElNOAWmuADAw7P8ApvjnRenHfnY9FacPKZY/gj5/MHjiON1w==</latexit>

⇢
<latexit sha1_base64="cOgTl9smuMwhIisgVna5Pp2yNno=">AAACH3icbVC7TsMwFHXKq5RXAImFJaJFYqqSLjBWsDAWQR9SE1WO47RWHTuynYoq5GNghf9gQ6z9Db4AN81AW450paNzX0fHjymRyrZnRmljc2t7p7xb2ds/ODwyj086kicC4TbilIueDyWmhOG2IoriXiwwjHyKu/74bt7vTrCQhLMnNY2xF8EhIyFBUGlpYJ7VUje/kj5CGnGWuWLEs9rArNp1O4e1TpyCVEGB1sD8cQOOkggzhSiUsu/YsfJSKBRBFGcVN5E4hmgMh7ivKYMRll6af86sS60EVsiFLqasXP27kcJIymnk68kIqpFc7c3F/3r9RIU3XkpYnCjM0OJRmFBLcWsehhUQgZGiU00gEkR7tdAICoiUjmzpUjAhsSxcPy9sV3RIzmok66TTqDuaPzSqzdsirjI4BxfgCjjgGjTBPWiBNkDgBbyBd/BhvBqfxpfxvRgtGcXOKViCMfsFZCCkBw==</latexit><latexit sha1_base64="cOgTl9smuMwhIisgVna5Pp2yNno=">AAACH3icbVC7TsMwFHXKq5RXAImFJaJFYqqSLjBWsDAWQR9SE1WO47RWHTuynYoq5GNghf9gQ6z9Db4AN81AW450paNzX0fHjymRyrZnRmljc2t7p7xb2ds/ODwyj086kicC4TbilIueDyWmhOG2IoriXiwwjHyKu/74bt7vTrCQhLMnNY2xF8EhIyFBUGlpYJ7VUje/kj5CGnGWuWLEs9rArNp1O4e1TpyCVEGB1sD8cQOOkggzhSiUsu/YsfJSKBRBFGcVN5E4hmgMh7ivKYMRll6af86sS60EVsiFLqasXP27kcJIymnk68kIqpFc7c3F/3r9RIU3XkpYnCjM0OJRmFBLcWsehhUQgZGiU00gEkR7tdAICoiUjmzpUjAhsSxcPy9sV3RIzmok66TTqDuaPzSqzdsirjI4BxfgCjjgGjTBPWiBNkDgBbyBd/BhvBqfxpfxvRgtGcXOKViCMfsFZCCkBw==</latexit><latexit sha1_base64="cOgTl9smuMwhIisgVna5Pp2yNno=">AAACH3icbVC7TsMwFHXKq5RXAImFJaJFYqqSLjBWsDAWQR9SE1WO47RWHTuynYoq5GNghf9gQ6z9Db4AN81AW450paNzX0fHjymRyrZnRmljc2t7p7xb2ds/ODwyj086kicC4TbilIueDyWmhOG2IoriXiwwjHyKu/74bt7vTrCQhLMnNY2xF8EhIyFBUGlpYJ7VUje/kj5CGnGWuWLEs9rArNp1O4e1TpyCVEGB1sD8cQOOkggzhSiUsu/YsfJSKBRBFGcVN5E4hmgMh7ivKYMRll6af86sS60EVsiFLqasXP27kcJIymnk68kIqpFc7c3F/3r9RIU3XkpYnCjM0OJRmFBLcWsehhUQgZGiU00gEkR7tdAICoiUjmzpUjAhsSxcPy9sV3RIzmok66TTqDuaPzSqzdsirjI4BxfgCjjgGjTBPWiBNkDgBbyBd/BhvBqfxpfxvRgtGcXOKViCMfsFZCCkBw==</latexit><latexit sha1_base64="cOgTl9smuMwhIisgVna5Pp2yNno=">AAACH3icbVC7TsMwFHXKq5RXAImFJaJFYqqSLjBWsDAWQR9SE1WO47RWHTuynYoq5GNghf9gQ6z9Db4AN81AW450paNzX0fHjymRyrZnRmljc2t7p7xb2ds/ODwyj086kicC4TbilIueDyWmhOG2IoriXiwwjHyKu/74bt7vTrCQhLMnNY2xF8EhIyFBUGlpYJ7VUje/kj5CGnGWuWLEs9rArNp1O4e1TpyCVEGB1sD8cQOOkggzhSiUsu/YsfJSKBRBFGcVN5E4hmgMh7ivKYMRll6af86sS60EVsiFLqasXP27kcJIymnk68kIqpFc7c3F/3r9RIU3XkpYnCjM0OJRmFBLcWsehhUQgZGiU00gEkR7tdAICoiUjmzpUjAhsSxcPy9sV3RIzmok66TTqDuaPzSqzdsirjI4BxfgCjjgGjTBPWiBNkDgBbyBd/BhvBqfxpfxvRgtGcXOKViCMfsFZCCkBw==</latexit>

O1<latexit sha1_base64="uCY1rE1D0gKfi26kWg3EaJ+NM74=">AAACDHicbVDNTgIxGPwW/xD/UI9eGsHEE9nlokeiF29i4gIJbEi324WGbnfTdolkwyvoVd/Dm/HqO/gaPoEF9iDgJE0mM9/XTsdPOFPatr+twsbm1vZOcbe0t39weFQ+PmmpOJWEuiTmsez4WFHOBHU105x2Eklx5HPa9ke3M789plKxWDzqSUK9CA8ECxnB2khu9b7vVPvlil2z50DrxMlJBXI0++WfXhCTNKJCE46V6jp2or0MS80Ip9NSL1U0wWSEB7RrqMARVV42DztFF0YJUBhLc4RGc/XvRoYjpSaRbyYjrIdq1ZuJ/3ndVIfXXsZEkmoqyOKhMOVIx2j2cxQwSYnmE0MwkcxkRWSIJSba9LN0UzBmicpTPy1il0xJzmol66RVrzmGP9QrjZu8riKcwTlcggNX0IA7aIILBBi8wCu8Wc/Wu/VhfS5GC1a+cwpLsL5+AZzmm5E=</latexit><latexit sha1_base64="uCY1rE1D0gKfi26kWg3EaJ+NM74=">AAACDHicbVDNTgIxGPwW/xD/UI9eGsHEE9nlokeiF29i4gIJbEi324WGbnfTdolkwyvoVd/Dm/HqO/gaPoEF9iDgJE0mM9/XTsdPOFPatr+twsbm1vZOcbe0t39weFQ+PmmpOJWEuiTmsez4WFHOBHU105x2Eklx5HPa9ke3M789plKxWDzqSUK9CA8ECxnB2khu9b7vVPvlil2z50DrxMlJBXI0++WfXhCTNKJCE46V6jp2or0MS80Ip9NSL1U0wWSEB7RrqMARVV42DztFF0YJUBhLc4RGc/XvRoYjpSaRbyYjrIdq1ZuJ/3ndVIfXXsZEkmoqyOKhMOVIx2j2cxQwSYnmE0MwkcxkRWSIJSba9LN0UzBmicpTPy1il0xJzmol66RVrzmGP9QrjZu8riKcwTlcggNX0IA7aIILBBi8wCu8Wc/Wu/VhfS5GC1a+cwpLsL5+AZzmm5E=</latexit><latexit sha1_base64="uCY1rE1D0gKfi26kWg3EaJ+NM74=">AAACDHicbVDNTgIxGPwW/xD/UI9eGsHEE9nlokeiF29i4gIJbEi324WGbnfTdolkwyvoVd/Dm/HqO/gaPoEF9iDgJE0mM9/XTsdPOFPatr+twsbm1vZOcbe0t39weFQ+PmmpOJWEuiTmsez4WFHOBHU105x2Eklx5HPa9ke3M789plKxWDzqSUK9CA8ECxnB2khu9b7vVPvlil2z50DrxMlJBXI0++WfXhCTNKJCE46V6jp2or0MS80Ip9NSL1U0wWSEB7RrqMARVV42DztFF0YJUBhLc4RGc/XvRoYjpSaRbyYjrIdq1ZuJ/3ndVIfXXsZEkmoqyOKhMOVIx2j2cxQwSYnmE0MwkcxkRWSIJSba9LN0UzBmicpTPy1il0xJzmol66RVrzmGP9QrjZu8riKcwTlcggNX0IA7aIILBBi8wCu8Wc/Wu/VhfS5GC1a+cwpLsL5+AZzmm5E=</latexit><latexit sha1_base64="uCY1rE1D0gKfi26kWg3EaJ+NM74=">AAACDHicbVDNTgIxGPwW/xD/UI9eGsHEE9nlokeiF29i4gIJbEi324WGbnfTdolkwyvoVd/Dm/HqO/gaPoEF9iDgJE0mM9/XTsdPOFPatr+twsbm1vZOcbe0t39weFQ+PmmpOJWEuiTmsez4WFHOBHU105x2Eklx5HPa9ke3M789plKxWDzqSUK9CA8ECxnB2khu9b7vVPvlil2z50DrxMlJBXI0++WfXhCTNKJCE46V6jp2or0MS80Ip9NSL1U0wWSEB7RrqMARVV42DztFF0YJUBhLc4RGc/XvRoYjpSaRbyYjrIdq1ZuJ/3ndVIfXXsZEkmoqyOKhMOVIx2j2cxQwSYnmE0MwkcxkRWSIJSba9LN0UzBmicpTPy1il0xJzmol66RVrzmGP9QrjZu8riKcwTlcggNX0IA7aIILBBi8wCu8Wc/Wu/VhfS5GC1a+cwpLsL5+AZzmm5E=</latexit>

O2<latexit sha1_base64="yPkrUvJTp6v6mV26qWLJA5w1oHQ=">AAACDHicbVDNTgIxGPwW/xD/UI9eGsHEE9nlokeiF29i4gIJbEi324WGbnfTdolkwyvoVd/Dm/HqO/gaPoEF9iDgJE0mM9/XTsdPOFPatr+twsbm1vZOcbe0t39weFQ+PmmpOJWEuiTmsez4WFHOBHU105x2Eklx5HPa9ke3M789plKxWDzqSUK9CA8ECxnB2khu9b5fr/bLFbtmz4HWiZOTCuRo9ss/vSAmaUSFJhwr1XXsRHsZlpoRTqelXqpogskID2jXUIEjqrxsHnaKLowSoDCW5giN5urfjQxHSk0i30xGWA/VqjcT//O6qQ6vvYyJJNVUkMVDYcqRjtHs5yhgkhLNJ4ZgIpnJisgQS0y06WfppmDMEpWnflrELpmSnNVK1kmrXnMMf6hXGjd5XUU4g3O4BAeuoAF30AQXCDB4gVd4s56td+vD+lyMFqx85xSWYH39Ap6Lm5I=</latexit><latexit sha1_base64="yPkrUvJTp6v6mV26qWLJA5w1oHQ=">AAACDHicbVDNTgIxGPwW/xD/UI9eGsHEE9nlokeiF29i4gIJbEi324WGbnfTdolkwyvoVd/Dm/HqO/gaPoEF9iDgJE0mM9/XTsdPOFPatr+twsbm1vZOcbe0t39weFQ+PmmpOJWEuiTmsez4WFHOBHU105x2Eklx5HPa9ke3M789plKxWDzqSUK9CA8ECxnB2khu9b5fr/bLFbtmz4HWiZOTCuRo9ss/vSAmaUSFJhwr1XXsRHsZlpoRTqelXqpogskID2jXUIEjqrxsHnaKLowSoDCW5giN5urfjQxHSk0i30xGWA/VqjcT//O6qQ6vvYyJJNVUkMVDYcqRjtHs5yhgkhLNJ4ZgIpnJisgQS0y06WfppmDMEpWnflrELpmSnNVK1kmrXnMMf6hXGjd5XUU4g3O4BAeuoAF30AQXCDB4gVd4s56td+vD+lyMFqx85xSWYH39Ap6Lm5I=</latexit><latexit sha1_base64="yPkrUvJTp6v6mV26qWLJA5w1oHQ=">AAACDHicbVDNTgIxGPwW/xD/UI9eGsHEE9nlokeiF29i4gIJbEi324WGbnfTdolkwyvoVd/Dm/HqO/gaPoEF9iDgJE0mM9/XTsdPOFPatr+twsbm1vZOcbe0t39weFQ+PmmpOJWEuiTmsez4WFHOBHU105x2Eklx5HPa9ke3M789plKxWDzqSUK9CA8ECxnB2khu9b5fr/bLFbtmz4HWiZOTCuRo9ss/vSAmaUSFJhwr1XXsRHsZlpoRTqelXqpogskID2jXUIEjqrxsHnaKLowSoDCW5giN5urfjQxHSk0i30xGWA/VqjcT//O6qQ6vvYyJJNVUkMVDYcqRjtHs5yhgkhLNJ4ZgIpnJisgQS0y06WfppmDMEpWnflrELpmSnNVK1kmrXnMMf6hXGjd5XUU4g3O4BAeuoAF30AQXCDB4gVd4s56td+vD+lyMFqx85xSWYH39Ap6Lm5I=</latexit><latexit sha1_base64="yPkrUvJTp6v6mV26qWLJA5w1oHQ=">AAACDHicbVDNTgIxGPwW/xD/UI9eGsHEE9nlokeiF29i4gIJbEi324WGbnfTdolkwyvoVd/Dm/HqO/gaPoEF9iDgJE0mM9/XTsdPOFPatr+twsbm1vZOcbe0t39weFQ+PmmpOJWEuiTmsez4WFHOBHU105x2Eklx5HPa9ke3M789plKxWDzqSUK9CA8ECxnB2khu9b5fr/bLFbtmz4HWiZOTCuRo9ss/vSAmaUSFJhwr1XXsRHsZlpoRTqelXqpogskID2jXUIEjqrxsHnaKLowSoDCW5giN5urfjQxHSk0i30xGWA/VqjcT//O6qQ6vvYyJJNVUkMVDYcqRjtHs5yhgkhLNJ4ZgIpnJisgQS0y06WfppmDMEpWnflrELpmSnNVK1kmrXnMMf6hXGjd5XUU4g3O4BAeuoAF30AQXCDB4gVd4s56td+vD+lyMFqx85xSWYH39Ap6Lm5I=</latexit>

O3<latexit sha1_base64="DQM+3VBKQkvwOqbYrBSe0IgGRqM=">AAACDHicbVDNTgIxGPwW/xD/UI9eGsHEE9nFgx6JXryJiQsksCHdbhcaut1N2yWSDa+gV30Pb8ar7+Br+AQW2IOCkzSZzHxfOx0/4Uxp2/6yCmvrG5tbxe3Szu7e/kH58Kil4lQS6pKYx7LjY0U5E9TVTHPaSSTFkc9p2x/dzPz2mErFYvGgJwn1IjwQLGQEayO51bv+RbVfrtg1ew60SpycVCBHs1/+7gUxSSMqNOFYqa5jJ9rLsNSMcDot9VJFE0xGeEC7hgocUeVl87BTdGaUAIWxNEdoNFd/b2Q4UmoS+WYywnqolr2Z+J/XTXV45WVMJKmmgiweClOOdIxmP0cBk5RoPjEEE8lMVkSGWGKiTT9/bgrGLFF56sdF7JIpyVmuZJW06jXH8Pt6pXGd11WEEziFc3DgEhpwC01wgQCDZ3iBV+vJerPerY/FaMHKd47hD6zPH6Awm5M=</latexit><latexit sha1_base64="DQM+3VBKQkvwOqbYrBSe0IgGRqM=">AAACDHicbVDNTgIxGPwW/xD/UI9eGsHEE9nFgx6JXryJiQsksCHdbhcaut1N2yWSDa+gV30Pb8ar7+Br+AQW2IOCkzSZzHxfOx0/4Uxp2/6yCmvrG5tbxe3Szu7e/kH58Kil4lQS6pKYx7LjY0U5E9TVTHPaSSTFkc9p2x/dzPz2mErFYvGgJwn1IjwQLGQEayO51bv+RbVfrtg1ew60SpycVCBHs1/+7gUxSSMqNOFYqa5jJ9rLsNSMcDot9VJFE0xGeEC7hgocUeVl87BTdGaUAIWxNEdoNFd/b2Q4UmoS+WYywnqolr2Z+J/XTXV45WVMJKmmgiweClOOdIxmP0cBk5RoPjEEE8lMVkSGWGKiTT9/bgrGLFF56sdF7JIpyVmuZJW06jXH8Pt6pXGd11WEEziFc3DgEhpwC01wgQCDZ3iBV+vJerPerY/FaMHKd47hD6zPH6Awm5M=</latexit><latexit sha1_base64="DQM+3VBKQkvwOqbYrBSe0IgGRqM=">AAACDHicbVDNTgIxGPwW/xD/UI9eGsHEE9nFgx6JXryJiQsksCHdbhcaut1N2yWSDa+gV30Pb8ar7+Br+AQW2IOCkzSZzHxfOx0/4Uxp2/6yCmvrG5tbxe3Szu7e/kH58Kil4lQS6pKYx7LjY0U5E9TVTHPaSSTFkc9p2x/dzPz2mErFYvGgJwn1IjwQLGQEayO51bv+RbVfrtg1ew60SpycVCBHs1/+7gUxSSMqNOFYqa5jJ9rLsNSMcDot9VJFE0xGeEC7hgocUeVl87BTdGaUAIWxNEdoNFd/b2Q4UmoS+WYywnqolr2Z+J/XTXV45WVMJKmmgiweClOOdIxmP0cBk5RoPjEEE8lMVkSGWGKiTT9/bgrGLFF56sdF7JIpyVmuZJW06jXH8Pt6pXGd11WEEziFc3DgEhpwC01wgQCDZ3iBV+vJerPerY/FaMHKd47hD6zPH6Awm5M=</latexit><latexit sha1_base64="DQM+3VBKQkvwOqbYrBSe0IgGRqM=">AAACDHicbVDNTgIxGPwW/xD/UI9eGsHEE9nFgx6JXryJiQsksCHdbhcaut1N2yWSDa+gV30Pb8ar7+Br+AQW2IOCkzSZzHxfOx0/4Uxp2/6yCmvrG5tbxe3Szu7e/kH58Kil4lQS6pKYx7LjY0U5E9TVTHPaSSTFkc9p2x/dzPz2mErFYvGgJwn1IjwQLGQEayO51bv+RbVfrtg1ew60SpycVCBHs1/+7gUxSSMqNOFYqa5jJ9rLsNSMcDot9VJFE0xGeEC7hgocUeVl87BTdGaUAIWxNEdoNFd/b2Q4UmoS+WYywnqolr2Z+J/XTXV45WVMJKmmgiweClOOdIxmP0cBk5RoPjEEE8lMVkSGWGKiTT9/bgrGLFF56sdF7JIpyVmuZJW06jXH8Pt6pXGd11WEEziFc3DgEhpwC01wgQCDZ3iBV+vJerPerY/FaMHKd47hD6zPH6Awm5M=</latexit>

O4<latexit sha1_base64="dXN/LpvMK3elKUjwInF7oJkUQA8=">AAACDHicbVDNTgIxGPwW/xD/UI9eGsHEE9klJnokevEmJi6QwIZ0u11o6HY3bZdINryCXvU9vBmvvoOv4RNYYA8KTtJkMvN97XT8hDOlbfvLKqytb2xuFbdLO7t7+wflw6OWilNJqEtiHsuOjxXlTFBXM81pJ5EURz6nbX90M/PbYyoVi8WDniTUi/BAsJARrI3kVu/6F9V+uWLX7DnQKnFyUoEczX75uxfEJI2o0IRjpbqOnWgvw1Izwum01EsVTTAZ4QHtGipwRJWXzcNO0ZlRAhTG0hyh0Vz9vZHhSKlJ5JvJCOuhWvZm4n9eN9XhlZcxkaSaCrJ4KEw50jGa/RwFTFKi+cQQTCQzWREZYomJNv38uSkYs0TlqR8XsUumJGe5klXSqtccw+/rlcZ1XlcRTuAUzsGBS2jALTTBBQIMnuEFXq0n6816tz4WowUr3zmGP7A+fwCh1ZuU</latexit><latexit sha1_base64="dXN/LpvMK3elKUjwInF7oJkUQA8=">AAACDHicbVDNTgIxGPwW/xD/UI9eGsHEE9klJnokevEmJi6QwIZ0u11o6HY3bZdINryCXvU9vBmvvoOv4RNYYA8KTtJkMvN97XT8hDOlbfvLKqytb2xuFbdLO7t7+wflw6OWilNJqEtiHsuOjxXlTFBXM81pJ5EURz6nbX90M/PbYyoVi8WDniTUi/BAsJARrI3kVu/6F9V+uWLX7DnQKnFyUoEczX75uxfEJI2o0IRjpbqOnWgvw1Izwum01EsVTTAZ4QHtGipwRJWXzcNO0ZlRAhTG0hyh0Vz9vZHhSKlJ5JvJCOuhWvZm4n9eN9XhlZcxkaSaCrJ4KEw50jGa/RwFTFKi+cQQTCQzWREZYomJNv38uSkYs0TlqR8XsUumJGe5klXSqtccw+/rlcZ1XlcRTuAUzsGBS2jALTTBBQIMnuEFXq0n6816tz4WowUr3zmGP7A+fwCh1ZuU</latexit><latexit sha1_base64="dXN/LpvMK3elKUjwInF7oJkUQA8=">AAACDHicbVDNTgIxGPwW/xD/UI9eGsHEE9klJnokevEmJi6QwIZ0u11o6HY3bZdINryCXvU9vBmvvoOv4RNYYA8KTtJkMvN97XT8hDOlbfvLKqytb2xuFbdLO7t7+wflw6OWilNJqEtiHsuOjxXlTFBXM81pJ5EURz6nbX90M/PbYyoVi8WDniTUi/BAsJARrI3kVu/6F9V+uWLX7DnQKnFyUoEczX75uxfEJI2o0IRjpbqOnWgvw1Izwum01EsVTTAZ4QHtGipwRJWXzcNO0ZlRAhTG0hyh0Vz9vZHhSKlJ5JvJCOuhWvZm4n9eN9XhlZcxkaSaCrJ4KEw50jGa/RwFTFKi+cQQTCQzWREZYomJNv38uSkYs0TlqR8XsUumJGe5klXSqtccw+/rlcZ1XlcRTuAUzsGBS2jALTTBBQIMnuEFXq0n6816tz4WowUr3zmGP7A+fwCh1ZuU</latexit><latexit sha1_base64="dXN/LpvMK3elKUjwInF7oJkUQA8=">AAACDHicbVDNTgIxGPwW/xD/UI9eGsHEE9klJnokevEmJi6QwIZ0u11o6HY3bZdINryCXvU9vBmvvoOv4RNYYA8KTtJkMvN97XT8hDOlbfvLKqytb2xuFbdLO7t7+wflw6OWilNJqEtiHsuOjxXlTFBXM81pJ5EURz6nbX90M/PbYyoVi8WDniTUi/BAsJARrI3kVu/6F9V+uWLX7DnQKnFyUoEczX75uxfEJI2o0IRjpbqOnWgvw1Izwum01EsVTTAZ4QHtGipwRJWXzcNO0ZlRAhTG0hyh0Vz9vZHhSKlJ5JvJCOuhWvZm4n9eN9XhlZcxkaSaCrJ4KEw50jGa/RwFTFKi+cQQTCQzWREZYomJNv38uSkYs0TlqR8XsUumJGe5klXSqtccw+/rlcZ1XlcRTuAUzsGBS2jALTTBBQIMnuEFXq0n6816tz4WowUr3zmGP7A+fwCh1ZuU</latexit>

S4<latexit sha1_base64="+wrNZVSMH9CcK52peZ5ulbKyOBo=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRjDxRHbRRI9ELx4xukACG9ItXWjotpu2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mklCgxgPBYsYwcZKfvWhf1ntlytuzZ0DrRIvJxXI0eyXv3oDSdKYCkM41rrruYkJMqwMI5xOS71U0wSTMR7SrqUCx1QH2fzYKTqzygBFUtkSBs3V3xMZjrWexKHtjLEZ6WVvJv7ndVMTXQcZE0lqqCCLRVHKkZFo9jkaMEWJ4RNLMFHM3orICCtMjM2nZEPwll9eJa16zbuouff1SuMmj6MIJ3AK5+DBFTTgDprgAwEGz/AKb45wXpx352PRWnDymWP4A+fzB5BQjdo=</latexit>

k qubits system: C2 ⊗ · · · ⊗ C2 ∼= C2k = Cd

Simultaneous, separate spin measurements on each qubit:
I 3k settings s = (s1, . . . , sk) ∈ {x, y, z}k

I 2k outcomes o = (o1, . . . , ok) ∈ {+1,−1}k

I product basis vectors |vo
s 〉 := |vo1

s1 ⊗ · · · ⊗ v
ok
sk 〉

I probabilities Pρ(X = o | s) = 〈vo
s |ρ|vo

s 〉

Measure n times in each setting: counts {No,s} −→ frequencies f ∈ R2k×3k

pρ
(
{N(o|s) : o ∈ {1,−1}k}, s ∈ {x, y, z}k

)
=
∏

s

n!∏
o N(o|s)!

∏
X=o

Pρ(o|s)N(o|s)

︸ ︷︷ ︸
multinomial distribution



Measurement data

3k columns of length 2k

one column for each measurement setting

each column contains the counts totalling n = 100, of the 2k = 16 possible outcomes

Total set of 3k × 2k � 4k projections is highly overcomplete in M(C2k )!

[Dataset 4 ions (from Blatt group, Innsbruck)]



2-design measurements

Definition
A measurementM given by {|vi〉〈vi|}pi=1 is called a projective 2-design if∑

i

〈vi|A|vi〉k = d
∫
〈ψ|A|ψ〉kµ(dψ), k = 1, 2

where µ(dψ) is the Haar measure on the unit ball of Cd

Symmetrically informationally complete measurement:

|〈vi|vj〉|2 =
1

d2(d+ 1)
, 1 ≤ i 6= j ≤ p = d2

Mutually unbiased bases: d+ 1 ONBs {|v(a)
i 〉} with∣∣∣〈v(a)

i

∣∣∣ v(b)
j

〉∣∣∣2 =
1
d
, a 6= b

Covariant measurement: continuous set of projections

M(dv) = d |v〉〈v|µ(dv)

stabiliser states....



Outline

States, measurements, data

Least Squares estimator

Projected Least Squares estimator

Asymptotic rates

Compressed sensing tomography



Least squares estimator

f
<latexit sha1_base64="7jzUXQli66ySgDb8yDnC2Lx+tks=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6AFslFsYi0YfURpXjOq1Vx45sp1IV9U9YGECIlT9h429w2gzQciTLR+fcKx+fMOFMG8/7dkpb2zu7e+X9ysHh0fGJe3rW0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g2n97nfnVGlmRRPZp7QIMZjwSJGsLHS0HVrg1DykZ7H9sqiRW3oVr26twTaJH5BqlCgNXS/BiNJ0pgKQzjWuu97iQkyrAwjnC4qg1TTBJMpHtO+pQLHVAfZMvkCXVllhCKp7BEGLdXfGxmOdZ7NTsbYTPS6l4v/ef3URLdBxkSSGirI6qEo5chIlNeARkxRYvjcEkwUs1kRmWCFibFlVWwJ/vqXN0mnUfe9uv/YqDbvijrKcAGXcA0+3EATHqAFbSAwg2d4hTcnc16cd+djNVpyip1z+APn8wdrq5N5</latexit><latexit sha1_base64="7jzUXQli66ySgDb8yDnC2Lx+tks=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6AFslFsYi0YfURpXjOq1Vx45sp1IV9U9YGECIlT9h429w2gzQciTLR+fcKx+fMOFMG8/7dkpb2zu7e+X9ysHh0fGJe3rW0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g2n97nfnVGlmRRPZp7QIMZjwSJGsLHS0HVrg1DykZ7H9sqiRW3oVr26twTaJH5BqlCgNXS/BiNJ0pgKQzjWuu97iQkyrAwjnC4qg1TTBJMpHtO+pQLHVAfZMvkCXVllhCKp7BEGLdXfGxmOdZ7NTsbYTPS6l4v/ef3URLdBxkSSGirI6qEo5chIlNeARkxRYvjcEkwUs1kRmWCFibFlVWwJ/vqXN0mnUfe9uv/YqDbvijrKcAGXcA0+3EATHqAFbSAwg2d4hTcnc16cd+djNVpyip1z+APn8wdrq5N5</latexit><latexit sha1_base64="7jzUXQli66ySgDb8yDnC2Lx+tks=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6AFslFsYi0YfURpXjOq1Vx45sp1IV9U9YGECIlT9h429w2gzQciTLR+fcKx+fMOFMG8/7dkpb2zu7e+X9ysHh0fGJe3rW0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g2n97nfnVGlmRRPZp7QIMZjwSJGsLHS0HVrg1DykZ7H9sqiRW3oVr26twTaJH5BqlCgNXS/BiNJ0pgKQzjWuu97iQkyrAwjnC4qg1TTBJMpHtO+pQLHVAfZMvkCXVllhCKp7BEGLdXfGxmOdZ7NTsbYTPS6l4v/ef3URLdBxkSSGirI6qEo5chIlNeARkxRYvjcEkwUs1kRmWCFibFlVWwJ/vqXN0mnUfe9uv/YqDbvijrKcAGXcA0+3EATHqAFbSAwg2d4hTcnc16cd+djNVpyip1z+APn8wdrq5N5</latexit><latexit sha1_base64="7jzUXQli66ySgDb8yDnC2Lx+tks=">AAAB+XicbVC7TsMwFL0pr1JeAUYWixaJqUq6AFslFsYi0YfURpXjOq1Vx45sp1IV9U9YGECIlT9h429w2gzQciTLR+fcKx+fMOFMG8/7dkpb2zu7e+X9ysHh0fGJe3rW0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g2n97nfnVGlmRRPZp7QIMZjwSJGsLHS0HVrg1DykZ7H9sqiRW3oVr26twTaJH5BqlCgNXS/BiNJ0pgKQzjWuu97iQkyrAwjnC4qg1TTBJMpHtO+pQLHVAfZMvkCXVllhCKp7BEGLdXfGxmOdZ7NTsbYTPS6l4v/ef3URLdBxkSSGirI6qEo5chIlNeARkxRYvjcEkwUs1kRmWCFibFlVWwJ/vqXN0mnUfe9uv/YqDbvijrKcAGXcA0+3EATHqAFbSAwg2d4hTcnc16cd+djNVpyip1z+APn8wdrq5N5</latexit>

M
<latexit sha1_base64="J6n4operqMkprfV+1S51YHsLY7M=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBFvBVZnpRt0V3LgRKtgHtGPJpJk2NJMMSUYpQ//DjQtF3Pov7vwbM+0stPVA4HDOvdyTE8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyXXmdx6p0kyKezONqR/hkWAhI9hY6aGK+hE2Y4J5ejurDsoVt+bOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XSeeobOrDJEoVT2CYPm6u+NFEdaT6PATmYZ9bKXif95vcSEl37KRJwYKsjiUJhwZCTKKkBDpigxfGoJJorZrIiMscLE2KJKtgRv+curpF2veW7Nu6tXGld5HUU4gVM4Bw8uoAE30IQWEFDwDK/w5jw5L86787EYLTj5zjH8gfP5A5Ohkd4=</latexit><latexit sha1_base64="J6n4operqMkprfV+1S51YHsLY7M=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBFvBVZnpRt0V3LgRKtgHtGPJpJk2NJMMSUYpQ//DjQtF3Pov7vwbM+0stPVA4HDOvdyTE8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyXXmdx6p0kyKezONqR/hkWAhI9hY6aGK+hE2Y4J5ejurDsoVt+bOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XSeeobOrDJEoVT2CYPm6u+NFEdaT6PATmYZ9bKXif95vcSEl37KRJwYKsjiUJhwZCTKKkBDpigxfGoJJorZrIiMscLE2KJKtgRv+curpF2veW7Nu6tXGld5HUU4gVM4Bw8uoAE30IQWEFDwDK/w5jw5L86787EYLTj5zjH8gfP5A5Ohkd4=</latexit><latexit sha1_base64="J6n4operqMkprfV+1S51YHsLY7M=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBFvBVZnpRt0V3LgRKtgHtGPJpJk2NJMMSUYpQ//DjQtF3Pov7vwbM+0stPVA4HDOvdyTE8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyXXmdx6p0kyKezONqR/hkWAhI9hY6aGK+hE2Y4J5ejurDsoVt+bOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XSeeobOrDJEoVT2CYPm6u+NFEdaT6PATmYZ9bKXif95vcSEl37KRJwYKsjiUJhwZCTKKkBDpigxfGoJJorZrIiMscLE2KJKtgRv+curpF2veW7Nu6tXGld5HUU4gVM4Bw8uoAE30IQWEFDwDK/w5jw5L86787EYLTj5zjH8gfP5A5Ohkd4=</latexit><latexit sha1_base64="J6n4operqMkprfV+1S51YHsLY7M=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBFvBVZnpRt0V3LgRKtgHtGPJpJk2NJMMSUYpQ//DjQtF3Pov7vwbM+0stPVA4HDOvdyTE8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyXXmdx6p0kyKezONqR/hkWAhI9hY6aGK+hE2Y4J5ejurDsoVt+bOgVaJl5MK5GgOyl/9oSRJRIUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SgSOq/XSeeobOrDJEoVT2CYPm6u+NFEdaT6PATmYZ9bKXif95vcSEl37KRJwYKsjiUJhwZCTKKkBDpigxfGoJJorZrIiMscLE2KJKtgRv+curpF2veW7Nu6tXGld5HUU4gVM4Bw8uoAE30IQWEFDwDK/w5jw5L86787EYLTj5zjH8gfP5A5Ohkd4=</latexit>

Pd
<latexit sha1_base64="H/fw8Pc1xijqwGdSwGG51bKG2zA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBVUm6UXcFNy4r2Ae0IUwmk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcqZ0o7zbVW2tnd296r7tYPDo+MT+/Ssp5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gel/4/RmViiXiSc9T6sV4LFjECNZG8m27gUYx1hOCed5Z+GHDt+tO01kCbRK3JHUo0fHtr1GYkCymQhOOlRq6Tqq9HEvNCKeL2ihTNMVkisd0aKjAMVVevky+QFdGCVGUSPOERkv190aOY6XmcWAmi5Rq3SvE/7xhpqNbL2cizTQVZHUoyjjSCSpqQCGTlGg+NwQTyUxWRCZYYqJNWTVTgrv+5U3SazVdp+k+turtu7KOKlzAJVyDCzfQhgfoQBcIzOAZXuHNyq0X6936WI1WrHLnHP7A+vwBjFWS6Q==</latexit><latexit sha1_base64="H/fw8Pc1xijqwGdSwGG51bKG2zA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBVUm6UXcFNy4r2Ae0IUwmk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcqZ0o7zbVW2tnd296r7tYPDo+MT+/Ssp5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gel/4/RmViiXiSc9T6sV4LFjECNZG8m27gUYx1hOCed5Z+GHDt+tO01kCbRK3JHUo0fHtr1GYkCymQhOOlRq6Tqq9HEvNCKeL2ihTNMVkisd0aKjAMVVevky+QFdGCVGUSPOERkv190aOY6XmcWAmi5Rq3SvE/7xhpqNbL2cizTQVZHUoyjjSCSpqQCGTlGg+NwQTyUxWRCZYYqJNWTVTgrv+5U3SazVdp+k+turtu7KOKlzAJVyDCzfQhgfoQBcIzOAZXuHNyq0X6936WI1WrHLnHP7A+vwBjFWS6Q==</latexit><latexit sha1_base64="H/fw8Pc1xijqwGdSwGG51bKG2zA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBVUm6UXcFNy4r2Ae0IUwmk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcqZ0o7zbVW2tnd296r7tYPDo+MT+/Ssp5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gel/4/RmViiXiSc9T6sV4LFjECNZG8m27gUYx1hOCed5Z+GHDt+tO01kCbRK3JHUo0fHtr1GYkCymQhOOlRq6Tqq9HEvNCKeL2ihTNMVkisd0aKjAMVVevky+QFdGCVGUSPOERkv190aOY6XmcWAmi5Rq3SvE/7xhpqNbL2cizTQVZHUoyjjSCSpqQCGTlGg+NwQTyUxWRCZYYqJNWTVTgrv+5U3SazVdp+k+turtu7KOKlzAJVyDCzfQhgfoQBcIzOAZXuHNyq0X6936WI1WrHLnHP7A+vwBjFWS6Q==</latexit><latexit sha1_base64="H/fw8Pc1xijqwGdSwGG51bKG2zA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBVUm6UXcFNy4r2Ae0IUwmk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcqZ0o7zbVW2tnd296r7tYPDo+MT+/Ssp5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gel/4/RmViiXiSc9T6sV4LFjECNZG8m27gUYx1hOCed5Z+GHDt+tO01kCbRK3JHUo0fHtr1GYkCymQhOOlRq6Tqq9HEvNCKeL2ihTNMVkisd0aKjAMVVevky+QFdGCVGUSPOERkv190aOY6XmcWAmi5Rq3SvE/7xhpqNbL2cizTQVZHUoyjjSCSpqQCGTlGg+NwQTyUxWRCZYYqJNWTVTgrv+5U3SazVdp+k+turtu7KOKlzAJVyDCzfQhgfoQBcIzOAZXuHNyq0X6936WI1WrHLnHP7A+vwBjFWS6Q==</latexit>

Sd
<latexit sha1_base64="yIUOEW5IMKBp41eBcuJtWkNamDo=">AAAB+XicbVA9T8MwFHwpX6V8BRhZLFokpirpAmyVWBiLoKVSG0WO47RWHSeynUpV1H/CwgBCrPwTNv4NTpsBWk6ydLp7T+98QcqZ0o7zbVU2Nre2d6q7tb39g8Mj+/ikp5JMEtolCU9kP8CKciZoVzPNaT+VFMcBp0/B5Lbwn6ZUKpaIRz1LqRfjkWARI1gbybftBhrGWI8J5vnD3A8bvl13ms4CaJ24JalDiY5vfw3DhGQxFZpwrNTAdVLt5VhqRjid14aZoikmEzyiA0MFjqny8kXyObowSoiiRJonNFqovzdyHCs1iwMzWaRUq14h/ucNMh1dezkTaaapIMtDUcaRTlBRAwqZpETzmSGYSGayIjLGEhNtyqqZEtzVL6+TXqvpOk33vlVv35R1VOEMzuESXLiCNtxBB7pAYArP8ApvVm69WO/Wx3K0YpU7p/AH1ucPkO2S7A==</latexit><latexit sha1_base64="yIUOEW5IMKBp41eBcuJtWkNamDo=">AAAB+XicbVA9T8MwFHwpX6V8BRhZLFokpirpAmyVWBiLoKVSG0WO47RWHSeynUpV1H/CwgBCrPwTNv4NTpsBWk6ydLp7T+98QcqZ0o7zbVU2Nre2d6q7tb39g8Mj+/ikp5JMEtolCU9kP8CKciZoVzPNaT+VFMcBp0/B5Lbwn6ZUKpaIRz1LqRfjkWARI1gbybftBhrGWI8J5vnD3A8bvl13ms4CaJ24JalDiY5vfw3DhGQxFZpwrNTAdVLt5VhqRjid14aZoikmEzyiA0MFjqny8kXyObowSoiiRJonNFqovzdyHCs1iwMzWaRUq14h/ucNMh1dezkTaaapIMtDUcaRTlBRAwqZpETzmSGYSGayIjLGEhNtyqqZEtzVL6+TXqvpOk33vlVv35R1VOEMzuESXLiCNtxBB7pAYArP8ApvVm69WO/Wx3K0YpU7p/AH1ucPkO2S7A==</latexit><latexit sha1_base64="yIUOEW5IMKBp41eBcuJtWkNamDo=">AAAB+XicbVA9T8MwFHwpX6V8BRhZLFokpirpAmyVWBiLoKVSG0WO47RWHSeynUpV1H/CwgBCrPwTNv4NTpsBWk6ydLp7T+98QcqZ0o7zbVU2Nre2d6q7tb39g8Mj+/ikp5JMEtolCU9kP8CKciZoVzPNaT+VFMcBp0/B5Lbwn6ZUKpaIRz1LqRfjkWARI1gbybftBhrGWI8J5vnD3A8bvl13ms4CaJ24JalDiY5vfw3DhGQxFZpwrNTAdVLt5VhqRjid14aZoikmEzyiA0MFjqny8kXyObowSoiiRJonNFqovzdyHCs1iwMzWaRUq14h/ucNMh1dezkTaaapIMtDUcaRTlBRAwqZpETzmSGYSGayIjLGEhNtyqqZEtzVL6+TXqvpOk33vlVv35R1VOEMzuESXLiCNtxBB7pAYArP8ApvVm69WO/Wx3K0YpU7p/AH1ucPkO2S7A==</latexit><latexit sha1_base64="yIUOEW5IMKBp41eBcuJtWkNamDo=">AAAB+XicbVA9T8MwFHwpX6V8BRhZLFokpirpAmyVWBiLoKVSG0WO47RWHSeynUpV1H/CwgBCrPwTNv4NTpsBWk6ydLp7T+98QcqZ0o7zbVU2Nre2d6q7tb39g8Mj+/ikp5JMEtolCU9kP8CKciZoVzPNaT+VFMcBp0/B5Lbwn6ZUKpaIRz1LqRfjkWARI1gbybftBhrGWI8J5vnD3A8bvl13ms4CaJ24JalDiY5vfw3DhGQxFZpwrNTAdVLt5VhqRjid14aZoikmEzyiA0MFjqny8kXyObowSoiiRJonNFqovzdyHCs1iwMzWaRUq14h/ucNMh1dezkTaaapIMtDUcaRTlBRAwqZpETzmSGYSGayIjLGEhNtyqqZEtzVL6+TXqvpOk33vlVv35R1VOEMzuESXLiCNtxBB7pAYArP8ApvVm69WO/Wx3K0YpU7p/AH1ucPkO2S7A==</latexit>

⇢
<latexit sha1_base64="tgvYAW2uC/z/8AlVnOsqP9+6Xag=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxscREwAQuZG+Zgw17u5fdPRNC+BE2Fhpj6++x89+4wBUKvmSSl/dmMjMvSgU31ve/vcLG5tb2TnG3tLd/cHhUPj5pG5Vphi2mhNKPETUouMSW5VbgY6qRJpHATjS+nfudJ9SGK/lgJymGCR1KHnNGrZM6VdLTI1Xtlyt+zV+ArJMgJxXI0eyXv3oDxbIEpWWCGtMN/NSGU6otZwJnpV5mMKVsTIfYdVTSBE04XZw7IxdOGZBYaVfSkoX6e2JKE2MmSeQ6E2pHZtWbi/953czG1+GUyzSzKNlyUZwJYhWZ/04GXCOzYuIIZZq7WwkbUU2ZdQmVXAjB6svrpF2vBX4tuK9XGjd5HEU4g3O4hACuoAF30IQWMBjDM7zCm5d6L96797FsLXj5zCn8gff5AyvnjsI=</latexit><latexit sha1_base64="tgvYAW2uC/z/8AlVnOsqP9+6Xag=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxscREwAQuZG+Zgw17u5fdPRNC+BE2Fhpj6++x89+4wBUKvmSSl/dmMjMvSgU31ve/vcLG5tb2TnG3tLd/cHhUPj5pG5Vphi2mhNKPETUouMSW5VbgY6qRJpHATjS+nfudJ9SGK/lgJymGCR1KHnNGrZM6VdLTI1Xtlyt+zV+ArJMgJxXI0eyXv3oDxbIEpWWCGtMN/NSGU6otZwJnpV5mMKVsTIfYdVTSBE04XZw7IxdOGZBYaVfSkoX6e2JKE2MmSeQ6E2pHZtWbi/953czG1+GUyzSzKNlyUZwJYhWZ/04GXCOzYuIIZZq7WwkbUU2ZdQmVXAjB6svrpF2vBX4tuK9XGjd5HEU4g3O4hACuoAF30IQWMBjDM7zCm5d6L96797FsLXj5zCn8gff5AyvnjsI=</latexit><latexit sha1_base64="tgvYAW2uC/z/8AlVnOsqP9+6Xag=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxscREwAQuZG+Zgw17u5fdPRNC+BE2Fhpj6++x89+4wBUKvmSSl/dmMjMvSgU31ve/vcLG5tb2TnG3tLd/cHhUPj5pG5Vphi2mhNKPETUouMSW5VbgY6qRJpHATjS+nfudJ9SGK/lgJymGCR1KHnNGrZM6VdLTI1Xtlyt+zV+ArJMgJxXI0eyXv3oDxbIEpWWCGtMN/NSGU6otZwJnpV5mMKVsTIfYdVTSBE04XZw7IxdOGZBYaVfSkoX6e2JKE2MmSeQ6E2pHZtWbi/953czG1+GUyzSzKNlyUZwJYhWZ/04GXCOzYuIIZZq7WwkbUU2ZdQmVXAjB6svrpF2vBX4tuK9XGjd5HEU4g3O4hACuoAF30IQWMBjDM7zCm5d6L96797FsLXj5zCn8gff5AyvnjsI=</latexit><latexit sha1_base64="tgvYAW2uC/z/8AlVnOsqP9+6Xag=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsatSOxscREwAQuZG+Zgw17u5fdPRNC+BE2Fhpj6++x89+4wBUKvmSSl/dmMjMvSgU31ve/vcLG5tb2TnG3tLd/cHhUPj5pG5Vphi2mhNKPETUouMSW5VbgY6qRJpHATjS+nfudJ9SGK/lgJymGCR1KHnNGrZM6VdLTI1Xtlyt+zV+ArJMgJxXI0eyXv3oDxbIEpWWCGtMN/NSGU6otZwJnpV5mMKVsTIfYdVTSBE04XZw7IxdOGZBYaVfSkoX6e2JKE2MmSeQ6E2pHZtWbi/953czG1+GUyzSzKNlyUZwJYhWZ/04GXCOzYuIIZZq7WwkbUU2ZdQmVXAjB6svrpF2vBX4tuK9XGjd5HEU4g3O4hACuoAF30IQWMBjDM7zCm5d6L96797FsLXj5zCn8gff5AyvnjsI=</latexit>

M1
sa(Cd)

<latexit sha1_base64="4iWFOoG1ClZSZ8N+gaO7x8twFzM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAr1E1JiqDLQjduhAr2AW0aJpNJO3QyCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vv8WJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6k2bmdx+IkDTi92oaEydEI04DipHSkmueVG6HtptKNKsOQqTGnpc2Z0P/ouKaZatmzQFXiZ2TMsjRcs2vgR/hJCRcYYak7NtWrJwUCUUxI7PSIJEkRniCRqSvKUchkU46/2AGz7XiwyASuriCc/X3RIpCKaehpzuzK+Wyl4n/ef1EBddOSnmcKMLxYlGQMKgimMUBfSoIVmyqCcKC6lshHiOBsNKhlXQI9vLLq6RTr9lWzb6rlxuXeRxFcArOQBXY4Ao0wA1ogTbA4BE8g1fwZjwZL8a78bFoLRj5zDH4A+PzBxQ+lfI=</latexit><latexit sha1_base64="4iWFOoG1ClZSZ8N+gaO7x8twFzM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAr1E1JiqDLQjduhAr2AW0aJpNJO3QyCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vv8WJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6k2bmdx+IkDTi92oaEydEI04DipHSkmueVG6HtptKNKsOQqTGnpc2Z0P/ouKaZatmzQFXiZ2TMsjRcs2vgR/hJCRcYYak7NtWrJwUCUUxI7PSIJEkRniCRqSvKUchkU46/2AGz7XiwyASuriCc/X3RIpCKaehpzuzK+Wyl4n/ef1EBddOSnmcKMLxYlGQMKgimMUBfSoIVmyqCcKC6lshHiOBsNKhlXQI9vLLq6RTr9lWzb6rlxuXeRxFcArOQBXY4Ao0wA1ogTbA4BE8g1fwZjwZL8a78bFoLRj5zDH4A+PzBxQ+lfI=</latexit><latexit sha1_base64="4iWFOoG1ClZSZ8N+gaO7x8twFzM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAr1E1JiqDLQjduhAr2AW0aJpNJO3QyCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vv8WJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6k2bmdx+IkDTi92oaEydEI04DipHSkmueVG6HtptKNKsOQqTGnpc2Z0P/ouKaZatmzQFXiZ2TMsjRcs2vgR/hJCRcYYak7NtWrJwUCUUxI7PSIJEkRniCRqSvKUchkU46/2AGz7XiwyASuriCc/X3RIpCKaehpzuzK+Wyl4n/ef1EBddOSnmcKMLxYlGQMKgimMUBfSoIVmyqCcKC6lshHiOBsNKhlXQI9vLLq6RTr9lWzb6rlxuXeRxFcArOQBXY4Ao0wA1ogTbA4BE8g1fwZjwZL8a78bFoLRj5zDH4A+PzBxQ+lfI=</latexit><latexit sha1_base64="4iWFOoG1ClZSZ8N+gaO7x8twFzM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAr1E1JiqDLQjduhAr2AW0aJpNJO3QyCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vv8WJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6k2bmdx+IkDTi92oaEydEI04DipHSkmueVG6HtptKNKsOQqTGnpc2Z0P/ouKaZatmzQFXiZ2TMsjRcs2vgR/hJCRcYYak7NtWrJwUCUUxI7PSIJEkRniCRqSvKUchkU46/2AGz7XiwyASuriCc/X3RIpCKaehpzuzK+Wyl4n/ef1EBddOSnmcKMLxYlGQMKgimMUBfSoIVmyqCcKC6lshHiOBsNKhlXQI9vLLq6RTr9lWzb6rlxuXeRxFcArOQBXY4Ao0wA1ogTbA4BE8g1fwZjwZL8a78bFoLRj5zDH4A+PzBxQ+lfI=</latexit>

Ld
<latexit sha1_base64="Hi2kUtXuKln86pUssr7lP6eQ3QY=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSBF0W3LhwUcE+oA1hMpm0QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPDBzOuZd75vgJZ0rb9rdV2tjc2t4p71b29g8Oq7Wj456KU0lol8Q8lgMfK8qZoF3NNKeDRFIc+Zz2/elN7vcfqVQsFg96llA3wmPBQkawNpJXqzZGEdYTgnl2N/eChler2017AbROnILUoUDHq32NgpikERWacKzU0LET7WZYakY4nVdGqaIJJlM8pkNDBY6ocrNF8Dk6N0qAwliaJzRaqL83MhwpNYt8M5mnVKteLv7nDVMdXrsZE0mqqSDLQ2HKkY5R3gIKmKRE85khmEhmsiIywRITbbqqmBKc1S+vk16r6dhN575Vb18WdZThFM7gAhy4gjbcQge6QCCFZ3iFN+vJerHerY/laMkqdk7gD6zPHy0xkrY=</latexit><latexit sha1_base64="Hi2kUtXuKln86pUssr7lP6eQ3QY=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSBF0W3LhwUcE+oA1hMpm0QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPDBzOuZd75vgJZ0rb9rdV2tjc2t4p71b29g8Oq7Wj456KU0lol8Q8lgMfK8qZoF3NNKeDRFIc+Zz2/elN7vcfqVQsFg96llA3wmPBQkawNpJXqzZGEdYTgnl2N/eChler2017AbROnILUoUDHq32NgpikERWacKzU0LET7WZYakY4nVdGqaIJJlM8pkNDBY6ocrNF8Dk6N0qAwliaJzRaqL83MhwpNYt8M5mnVKteLv7nDVMdXrsZE0mqqSDLQ2HKkY5R3gIKmKRE85khmEhmsiIywRITbbqqmBKc1S+vk16r6dhN575Vb18WdZThFM7gAhy4gjbcQge6QCCFZ3iFN+vJerHerY/laMkqdk7gD6zPHy0xkrY=</latexit><latexit sha1_base64="Hi2kUtXuKln86pUssr7lP6eQ3QY=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSBF0W3LhwUcE+oA1hMpm0QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPDBzOuZd75vgJZ0rb9rdV2tjc2t4p71b29g8Oq7Wj456KU0lol8Q8lgMfK8qZoF3NNKeDRFIc+Zz2/elN7vcfqVQsFg96llA3wmPBQkawNpJXqzZGEdYTgnl2N/eChler2017AbROnILUoUDHq32NgpikERWacKzU0LET7WZYakY4nVdGqaIJJlM8pkNDBY6ocrNF8Dk6N0qAwliaJzRaqL83MhwpNYt8M5mnVKteLv7nDVMdXrsZE0mqqSDLQ2HKkY5R3gIKmKRE85khmEhmsiIywRITbbqqmBKc1S+vk16r6dhN575Vb18WdZThFM7gAhy4gjbcQge6QCCFZ3iFN+vJerHerY/laMkqdk7gD6zPHy0xkrY=</latexit><latexit sha1_base64="Hi2kUtXuKln86pUssr7lP6eQ3QY=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSBF0W3LhwUcE+oA1hMpm0QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPDBzOuZd75vgJZ0rb9rdV2tjc2t4p71b29g8Oq7Wj456KU0lol8Q8lgMfK8qZoF3NNKeDRFIc+Zz2/elN7vcfqVQsFg96llA3wmPBQkawNpJXqzZGEdYTgnl2N/eChler2017AbROnILUoUDHq32NgpikERWacKzU0LET7WZYakY4nVdGqaIJJlM8pkNDBY6ocrNF8Dk6N0qAwliaJzRaqL83MhwpNYt8M5mnVKteLv7nDVMdXrsZE0mqqSDLQ2HKkY5R3gIKmKRE85khmEhmsiIywRITbbqqmBKc1S+vk16r6dhN575Vb18WdZThFM7gAhy4gjbcQge6QCCFZ3iFN+vJerHerY/laMkqdk7gD6zPHy0xkrY=</latexit>

Rp
<latexit sha1_base64="uZi1PhpVK6EL11V55ZITRUly68Q=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkG7pQkO327RdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzqB5Ewb1/12CmvrG5tbxe3Szu7e/kH58Kit40QR2iIxj9VDgDXlTNCWYYbTB6kojgJOO8HkOvM7j1RpFot7M5XUj/BIsJARbKzUr/YibMZBkN7N+rI6KFfcmjsHWiVeTiqQozkof/WGMUkiKgzhWOuu50rjp1gZRjidlXqJphKTCR7RrqUCR1T76Tz1DJ1ZZYjCWNknDJqrvzdSHGk9jQI7mYXUy14m/ud1ExNe+ikTMjFUkMWhMOHIxCirAA2ZosTwqSWYKGazIjLGChNjiyrZErzlL6+Sdr3muTXvtl5pXOV1FOEETuEcPLiABtxAE1pAQMEzvMKb8+S8OO/Ox2K04OQ7x/AHzucPBWSSLg==</latexit><latexit sha1_base64="uZi1PhpVK6EL11V55ZITRUly68Q=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkG7pQkO327RdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzqB5Ewb1/12CmvrG5tbxe3Szu7e/kH58Kit40QR2iIxj9VDgDXlTNCWYYbTB6kojgJOO8HkOvM7j1RpFot7M5XUj/BIsJARbKzUr/YibMZBkN7N+rI6KFfcmjsHWiVeTiqQozkof/WGMUkiKgzhWOuu50rjp1gZRjidlXqJphKTCR7RrqUCR1T76Tz1DJ1ZZYjCWNknDJqrvzdSHGk9jQI7mYXUy14m/ud1ExNe+ikTMjFUkMWhMOHIxCirAA2ZosTwqSWYKGazIjLGChNjiyrZErzlL6+Sdr3muTXvtl5pXOV1FOEETuEcPLiABtxAE1pAQMEzvMKb8+S8OO/Ox2K04OQ7x/AHzucPBWSSLg==</latexit><latexit sha1_base64="uZi1PhpVK6EL11V55ZITRUly68Q=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkG7pQkO327RdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzqB5Ewb1/12CmvrG5tbxe3Szu7e/kH58Kit40QR2iIxj9VDgDXlTNCWYYbTB6kojgJOO8HkOvM7j1RpFot7M5XUj/BIsJARbKzUr/YibMZBkN7N+rI6KFfcmjsHWiVeTiqQozkof/WGMUkiKgzhWOuu50rjp1gZRjidlXqJphKTCR7RrqUCR1T76Tz1DJ1ZZYjCWNknDJqrvzdSHGk9jQI7mYXUy14m/ud1ExNe+ikTMjFUkMWhMOHIxCirAA2ZosTwqSWYKGazIjLGChNjiyrZErzlL6+Sdr3muTXvtl5pXOV1FOEETuEcPLiABtxAE1pAQMEzvMKb8+S8OO/Ox2K04OQ7x/AHzucPBWSSLg==</latexit><latexit sha1_base64="uZi1PhpVK6EL11V55ZITRUly68Q=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkG7pQkO327RdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzqB5Ewb1/12CmvrG5tbxe3Szu7e/kH58Kit40QR2iIxj9VDgDXlTNCWYYbTB6kojgJOO8HkOvM7j1RpFot7M5XUj/BIsJARbKzUr/YibMZBkN7N+rI6KFfcmjsHWiVeTiqQozkof/WGMUkiKgzhWOuu50rjp1gZRjidlXqJphKTCR7RrqUCR1T76Tz1DJ1ZZYjCWNknDJqrvzdSHGk9jQI7mYXUy14m/ud1ExNe+ikTMjFUkMWhMOHIxCirAA2ZosTwqSWYKGazIjLGChNjiyrZErzlL6+Sdr3muTXvtl5pXOV1FOEETuEcPLiABtxAE1pAQMEzvMKb8+S8OO/Ox2K04OQ7x/AHzucPBWSSLg==</latexit>

P⇢
<latexit sha1_base64="1q0cUaJE2rvXTqDRXuP8tbjvTW0=">AAACGnicbVC7TsMwFHV4lvJKYWSxaJGYqqQLjBUsjEWiD6mpIsdxWquOHdlOoYr6J7DCf7AhVhZ+gy/AaTPQliNZOjrn3uujEySMKu0439bG5tb2zm5pr7x/cHh0bFdOOkqkEpM2FkzIXoAUYZSTtqaakV4iCYoDRrrB+Db3uxMiFRX8QU8TMojRkNOIYqSN5NuVmhcjPQqCrDXzPTkSNd+uOnVnDrhO3IJUQYGWb/94ocBpTLjGDCnVd51EDzIkNcWMzMpeqkiC8BgNSd9QjmKiBtk8+gxeGCWEkZDmcQ3n6t+NDMVKTePATOY51aqXi/95/VRH14OM8iTVhOPFR1HKoBYw7wGGVBKs2dQQhCU1WSEeIYmwNm0tXQonNFFF6qdF7LIpyV2tZJ10GnXX8PtGtXlT1FUCZ+AcXAIXXIEmuAMt0AYYPIIX8ArerGfr3fqwPhejG1axcwqWYH39ApTNoXE=</latexit><latexit sha1_base64="1q0cUaJE2rvXTqDRXuP8tbjvTW0=">AAACGnicbVC7TsMwFHV4lvJKYWSxaJGYqqQLjBUsjEWiD6mpIsdxWquOHdlOoYr6J7DCf7AhVhZ+gy/AaTPQliNZOjrn3uujEySMKu0439bG5tb2zm5pr7x/cHh0bFdOOkqkEpM2FkzIXoAUYZSTtqaakV4iCYoDRrrB+Db3uxMiFRX8QU8TMojRkNOIYqSN5NuVmhcjPQqCrDXzPTkSNd+uOnVnDrhO3IJUQYGWb/94ocBpTLjGDCnVd51EDzIkNcWMzMpeqkiC8BgNSd9QjmKiBtk8+gxeGCWEkZDmcQ3n6t+NDMVKTePATOY51aqXi/95/VRH14OM8iTVhOPFR1HKoBYw7wGGVBKs2dQQhCU1WSEeIYmwNm0tXQonNFFF6qdF7LIpyV2tZJ10GnXX8PtGtXlT1FUCZ+AcXAIXXIEmuAMt0AYYPIIX8ArerGfr3fqwPhejG1axcwqWYH39ApTNoXE=</latexit><latexit sha1_base64="1q0cUaJE2rvXTqDRXuP8tbjvTW0=">AAACGnicbVC7TsMwFHV4lvJKYWSxaJGYqqQLjBUsjEWiD6mpIsdxWquOHdlOoYr6J7DCf7AhVhZ+gy/AaTPQliNZOjrn3uujEySMKu0439bG5tb2zm5pr7x/cHh0bFdOOkqkEpM2FkzIXoAUYZSTtqaakV4iCYoDRrrB+Db3uxMiFRX8QU8TMojRkNOIYqSN5NuVmhcjPQqCrDXzPTkSNd+uOnVnDrhO3IJUQYGWb/94ocBpTLjGDCnVd51EDzIkNcWMzMpeqkiC8BgNSd9QjmKiBtk8+gxeGCWEkZDmcQ3n6t+NDMVKTePATOY51aqXi/95/VRH14OM8iTVhOPFR1HKoBYw7wGGVBKs2dQQhCU1WSEeIYmwNm0tXQonNFFF6qdF7LIpyV2tZJ10GnXX8PtGtXlT1FUCZ+AcXAIXXIEmuAMt0AYYPIIX8ArerGfr3fqwPhejG1axcwqWYH39ApTNoXE=</latexit><latexit sha1_base64="1q0cUaJE2rvXTqDRXuP8tbjvTW0=">AAACGnicbVC7TsMwFHV4lvJKYWSxaJGYqqQLjBUsjEWiD6mpIsdxWquOHdlOoYr6J7DCf7AhVhZ+gy/AaTPQliNZOjrn3uujEySMKu0439bG5tb2zm5pr7x/cHh0bFdOOkqkEpM2FkzIXoAUYZSTtqaakV4iCYoDRrrB+Db3uxMiFRX8QU8TMojRkNOIYqSN5NuVmhcjPQqCrDXzPTkSNd+uOnVnDrhO3IJUQYGWb/94ocBpTLjGDCnVd51EDzIkNcWMzMpeqkiC8BgNSd9QjmKiBtk8+gxeGCWEkZDmcQ3n6t+NDMVKTePATOY51aqXi/95/VRH14OM8iTVhOPFR1HKoBYw7wGGVBKs2dQQhCU1WSEeIYmwNm0tXQonNFFF6qdF7LIpyV2tZJ10GnXX8PtGtXlT1FUCZ+AcXAIXXIEmuAMt0AYYPIIX8ArerGfr3fqwPhejG1axcwqWYH39ApTNoXE=</latexit>

P̂LS
<latexit sha1_base64="AbaIrgf3vYweaRGoTk9W47qMnQc=">AAACJHicbVC9TsMwGHT4LeUvwNjFokViqpIuMFawMDAUQX+kJoocx2mt2klkOxVVlIGXgRXegw0xsPAQPAFum4G2nGTpdPd99vn8hFGpLOvLWFvf2NzaLu2Ud/f2Dw7No+OOjFOBSRvHLBY9H0nCaETaiipGeokgiPuMdP3R9dTvjomQNI4e1CQhLkeDiIYUI6Ulz6zUnCFSmcORGvp+1spzL3MEh7f3ec0zq1bdmgGuErsgVVCg5Zk/ThDjlJNIYYak7NtWotwMCUUxI3nZSSVJEB6hAelrGiFOpJvNPpHDM60EMIyFPpGCM/XvRoa4lBPu68lpWLnsTcX/vH6qwks3o1GSKhLh+UNhyqCK4bQRGFBBsGITTRAWVGeFeIgEwkr3tnBTMKaJLFI/zmOXdUn2ciWrpNOo25rfNarNq6KuEqiAU3AObHABmuAGtEAbYPAEXsAreDOejXfjw/icj64Zxc4JWIDx/Qu3wqWz</latexit><latexit sha1_base64="AbaIrgf3vYweaRGoTk9W47qMnQc=">AAACJHicbVC9TsMwGHT4LeUvwNjFokViqpIuMFawMDAUQX+kJoocx2mt2klkOxVVlIGXgRXegw0xsPAQPAFum4G2nGTpdPd99vn8hFGpLOvLWFvf2NzaLu2Ud/f2Dw7No+OOjFOBSRvHLBY9H0nCaETaiipGeokgiPuMdP3R9dTvjomQNI4e1CQhLkeDiIYUI6Ulz6zUnCFSmcORGvp+1spzL3MEh7f3ec0zq1bdmgGuErsgVVCg5Zk/ThDjlJNIYYak7NtWotwMCUUxI3nZSSVJEB6hAelrGiFOpJvNPpHDM60EMIyFPpGCM/XvRoa4lBPu68lpWLnsTcX/vH6qwks3o1GSKhLh+UNhyqCK4bQRGFBBsGITTRAWVGeFeIgEwkr3tnBTMKaJLFI/zmOXdUn2ciWrpNOo25rfNarNq6KuEqiAU3AObHABmuAGtEAbYPAEXsAreDOejXfjw/icj64Zxc4JWIDx/Qu3wqWz</latexit><latexit sha1_base64="AbaIrgf3vYweaRGoTk9W47qMnQc=">AAACJHicbVC9TsMwGHT4LeUvwNjFokViqpIuMFawMDAUQX+kJoocx2mt2klkOxVVlIGXgRXegw0xsPAQPAFum4G2nGTpdPd99vn8hFGpLOvLWFvf2NzaLu2Ud/f2Dw7No+OOjFOBSRvHLBY9H0nCaETaiipGeokgiPuMdP3R9dTvjomQNI4e1CQhLkeDiIYUI6Ulz6zUnCFSmcORGvp+1spzL3MEh7f3ec0zq1bdmgGuErsgVVCg5Zk/ThDjlJNIYYak7NtWotwMCUUxI3nZSSVJEB6hAelrGiFOpJvNPpHDM60EMIyFPpGCM/XvRoa4lBPu68lpWLnsTcX/vH6qwks3o1GSKhLh+UNhyqCK4bQRGFBBsGITTRAWVGeFeIgEwkr3tnBTMKaJLFI/zmOXdUn2ciWrpNOo25rfNarNq6KuEqiAU3AObHABmuAGtEAbYPAEXsAreDOejXfjw/icj64Zxc4JWIDx/Qu3wqWz</latexit><latexit sha1_base64="AbaIrgf3vYweaRGoTk9W47qMnQc=">AAACJHicbVC9TsMwGHT4LeUvwNjFokViqpIuMFawMDAUQX+kJoocx2mt2klkOxVVlIGXgRXegw0xsPAQPAFum4G2nGTpdPd99vn8hFGpLOvLWFvf2NzaLu2Ud/f2Dw7No+OOjFOBSRvHLBY9H0nCaETaiipGeokgiPuMdP3R9dTvjomQNI4e1CQhLkeDiIYUI6Ulz6zUnCFSmcORGvp+1spzL3MEh7f3ec0zq1bdmgGuErsgVVCg5Zk/ThDjlJNIYYak7NtWotwMCUUxI3nZSSVJEB6hAelrGiFOpJvNPpHDM60EMIyFPpGCM/XvRoa4lBPu68lpWLnsTcX/vH6qwks3o1GSKhLh+UNhyqCK4bQRGFBBsGITTRAWVGeFeIgEwkr3tnBTMKaJLFI/zmOXdUn2ciWrpNOo25rfNarNq6KuEqiAU3AObHABmuAGtEAbYPAEXsAreDOejXfjw/icj64Zxc4JWIDx/Qu3wqWz</latexit>⇢̂LS

<latexit sha1_base64="8aUg4vv0klY+R3doJ5PrLdgZB+o=">AAACHnicbVC9TsMwGHTKXyl/AcTEYtEiMVVJFxgrWBgYiqA/UhNFjuO0Vu0ksp2KKsq7wArvwYZY4TV4Atw2A205yfLp7vvs0/kJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo46MU4FJG8csFj0fScJoRNqKKkZ6iSCI+4x0/dHN1O+OiZA0jh7VJCEuR4OIhhQjpSXPPKk5Q6QyRwzj3NMXh3cPec0zq1bdmgGuErsgVVCg5Zk/ThDjlJNIYYak7NtWotwMCUUxI3nFSSVJEB6hAelrGiFOpJvN4ufwXCsBDGOhT6TgTP27kSEu5YT7epIjNZTL3lT8z+unKrxyMxolqSIRnn8UpgyqGE67gAEVBCs20QRhQXVWiIdIIKx0YwsvBWOayCL10zx2RZdkL1eySjqNuq35faPavC7qKoNTcAYugA0uQRPcghZoAwwy8AJewZvxbLwbH8bnfLRkFDvHYAHG1y+lJaMK</latexit><latexit sha1_base64="8aUg4vv0klY+R3doJ5PrLdgZB+o=">AAACHnicbVC9TsMwGHTKXyl/AcTEYtEiMVVJFxgrWBgYiqA/UhNFjuO0Vu0ksp2KKsq7wArvwYZY4TV4Atw2A205yfLp7vvs0/kJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo46MU4FJG8csFj0fScJoRNqKKkZ6iSCI+4x0/dHN1O+OiZA0jh7VJCEuR4OIhhQjpSXPPKk5Q6QyRwzj3NMXh3cPec0zq1bdmgGuErsgVVCg5Zk/ThDjlJNIYYak7NtWotwMCUUxI3nFSSVJEB6hAelrGiFOpJvN4ufwXCsBDGOhT6TgTP27kSEu5YT7epIjNZTL3lT8z+unKrxyMxolqSIRnn8UpgyqGE67gAEVBCs20QRhQXVWiIdIIKx0YwsvBWOayCL10zx2RZdkL1eySjqNuq35faPavC7qKoNTcAYugA0uQRPcghZoAwwy8AJewZvxbLwbH8bnfLRkFDvHYAHG1y+lJaMK</latexit><latexit sha1_base64="8aUg4vv0klY+R3doJ5PrLdgZB+o=">AAACHnicbVC9TsMwGHTKXyl/AcTEYtEiMVVJFxgrWBgYiqA/UhNFjuO0Vu0ksp2KKsq7wArvwYZY4TV4Atw2A205yfLp7vvs0/kJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo46MU4FJG8csFj0fScJoRNqKKkZ6iSCI+4x0/dHN1O+OiZA0jh7VJCEuR4OIhhQjpSXPPKk5Q6QyRwzj3NMXh3cPec0zq1bdmgGuErsgVVCg5Zk/ThDjlJNIYYak7NtWotwMCUUxI3nFSSVJEB6hAelrGiFOpJvN4ufwXCsBDGOhT6TgTP27kSEu5YT7epIjNZTL3lT8z+unKrxyMxolqSIRnn8UpgyqGE67gAEVBCs20QRhQXVWiIdIIKx0YwsvBWOayCL10zx2RZdkL1eySjqNuq35faPavC7qKoNTcAYugA0uQRPcghZoAwwy8AJewZvxbLwbH8bnfLRkFDvHYAHG1y+lJaMK</latexit><latexit sha1_base64="8aUg4vv0klY+R3doJ5PrLdgZB+o=">AAACHnicbVC9TsMwGHTKXyl/AcTEYtEiMVVJFxgrWBgYiqA/UhNFjuO0Vu0ksp2KKsq7wArvwYZY4TV4Atw2A205yfLp7vvs0/kJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo46MU4FJG8csFj0fScJoRNqKKkZ6iSCI+4x0/dHN1O+OiZA0jh7VJCEuR4OIhhQjpSXPPKk5Q6QyRwzj3NMXh3cPec0zq1bdmgGuErsgVVCg5Zk/ThDjlJNIYYak7NtWotwMCUUxI3nFSSVJEB6hAelrGiFOpJvN4ufwXCsBDGOhT6TgTP27kSEu5YT7epIjNZTL3lT8z+unKrxyMxolqSIRnn8UpgyqGE67gAEVBCs20QRhQXVWiIdIIKx0YwsvBWOayCL10zx2RZdkL1eySjqNuq35faPavC7qKoNTcAYugA0uQRPcghZoAwwy8AJewZvxbLwbH8bnfLRkFDvHYAHG1y+lJaMK</latexit>

Tomography as ‘linear regression’ problem

f = Pρ + ε =Mρ+ ε

Least squares estimator

ρ̂LS = argmin
τ∈M(Cd)

‖M(τ)− f‖ =
(
M†M

)−1
M†(f)

Disadvantages
I Least squares estimator is not a density matrix (not positive and trace one)
I Least squares estimator is too "noisy" for low rank states
I Least squares estimator minimises prediction rather than estimation error E‖ρ̂− ρ‖2

2



Norm-error concentration bound for the least squares estimator1 2

operator-norm distance ‖ρ− τ‖ = |λmax(∆)|, ∆ := ρ− τ

trace-norm distance ‖ρ− τ‖1 =
∑

i
|λi(∆)| ≤ d · ‖ρ− τ‖ (*)

Theorem
The following concentration bound holds

P [‖ρ̂LS − ρ‖ ≥ ε] ≤ de−
3nε2
8g(d)

where

g(d) = 2d for 2-design measurements
g(d) ' d1.6 for Pauli bases measurements

Concentration inequality and (∗) give upper bound for the trace-norm error

2-design measurements: E‖ρ− ρ̂LS‖1 ≤ c1log(d) d·
√
d√
n

Pauli bases measurements: E‖ρ− ρ̂LS‖1 ≤ C1log(d) d·d
0.8
√
n

1C. Butucea, M.G. and T. Kypraios, New Journal of Physics, 17, 113050 (2015)
2M. G., J. Kahn, R. Kueng, J. A. Tropp, arXiv:1809.11162v1



Idea of the proof

Write

ρ̂LS − ρ =
1
n

n∑
i=1

Ai

where Ai are i.i.d. centred random matrices

Use matrix Bernstein inequality3 for i.i.d. d× d Hermitian matrices

P

(∥∥∥∥∥ 1
n

n∑
i=1

Ai

∥∥∥∥∥ ≥ ε
)
≤ 2d exp

(
−

nε2/2
W + εV/3

)
.

where ‖Aj‖ ≤ V and ‖E(A2
j )‖ ≤W

3J. A. Tropp, Found Comput Math 12 389-434 (2012)



Simulation: trace-norm error of LS vs ML for Pauli measurements

Trace-norm mean errors of LS (green) and ML (red) for rank-r states of 4 atoms, with Pauli bases measurement



Simulation: trace-norm error of LS vs ML for random bases measurements

Trace-norm mean errors of LS (green) and ML (red) for rank-r states of 4 atoms, with 200 random bases measurement



Outline

States, measurements, data

Least Squares estimator

Projected Least Squares estimator

Asymptotic rates

Compressed sensing tomography



Projected Least squares estimator
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M1
sa(Cd)

<latexit sha1_base64="4iWFOoG1ClZSZ8N+gaO7x8twFzM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAr1E1JiqDLQjduhAr2AW0aJpNJO3QyCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vv8WJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6k2bmdx+IkDTi92oaEydEI04DipHSkmueVG6HtptKNKsOQqTGnpc2Z0P/ouKaZatmzQFXiZ2TMsjRcs2vgR/hJCRcYYak7NtWrJwUCUUxI7PSIJEkRniCRqSvKUchkU46/2AGz7XiwyASuriCc/X3RIpCKaehpzuzK+Wyl4n/ef1EBddOSnmcKMLxYlGQMKgimMUBfSoIVmyqCcKC6lshHiOBsNKhlXQI9vLLq6RTr9lWzb6rlxuXeRxFcArOQBXY4Ao0wA1ogTbA4BE8g1fwZjwZL8a78bFoLRj5zDH4A+PzBxQ+lfI=</latexit><latexit sha1_base64="4iWFOoG1ClZSZ8N+gaO7x8twFzM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAr1E1JiqDLQjduhAr2AW0aJpNJO3QyCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vv8WJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6k2bmdx+IkDTi92oaEydEI04DipHSkmueVG6HtptKNKsOQqTGnpc2Z0P/ouKaZatmzQFXiZ2TMsjRcs2vgR/hJCRcYYak7NtWrJwUCUUxI7PSIJEkRniCRqSvKUchkU46/2AGz7XiwyASuriCc/X3RIpCKaehpzuzK+Wyl4n/ef1EBddOSnmcKMLxYlGQMKgimMUBfSoIVmyqCcKC6lshHiOBsNKhlXQI9vLLq6RTr9lWzb6rlxuXeRxFcArOQBXY4Ao0wA1ogTbA4BE8g1fwZjwZL8a78bFoLRj5zDH4A+PzBxQ+lfI=</latexit><latexit sha1_base64="4iWFOoG1ClZSZ8N+gaO7x8twFzM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAr1E1JiqDLQjduhAr2AW0aJpNJO3QyCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vv8WJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6k2bmdx+IkDTi92oaEydEI04DipHSkmueVG6HtptKNKsOQqTGnpc2Z0P/ouKaZatmzQFXiZ2TMsjRcs2vgR/hJCRcYYak7NtWrJwUCUUxI7PSIJEkRniCRqSvKUchkU46/2AGz7XiwyASuriCc/X3RIpCKaehpzuzK+Wyl4n/ef1EBddOSnmcKMLxYlGQMKgimMUBfSoIVmyqCcKC6lshHiOBsNKhlXQI9vLLq6RTr9lWzb6rlxuXeRxFcArOQBXY4Ao0wA1ogTbA4BE8g1fwZjwZL8a78bFoLRj5zDH4A+PzBxQ+lfI=</latexit><latexit sha1_base64="4iWFOoG1ClZSZ8N+gaO7x8twFzM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAr1E1JiqDLQjduhAr2AW0aJpNJO3QyCTMToYS68VfcuFDErX/hzr9x0mahrQcuHM65l3vv8WJGpbKsb6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6k2bmdx+IkDTi92oaEydEI04DipHSkmueVG6HtptKNKsOQqTGnpc2Z0P/ouKaZatmzQFXiZ2TMsjRcs2vgR/hJCRcYYak7NtWrJwUCUUxI7PSIJEkRniCRqSvKUchkU46/2AGz7XiwyASuriCc/X3RIpCKaehpzuzK+Wyl4n/ef1EBddOSnmcKMLxYlGQMKgimMUBfSoIVmyqCcKC6lshHiOBsNKhlXQI9vLLq6RTr9lWzb6rlxuXeRxFcArOQBXY4Ao0wA1ogTbA4BE8g1fwZjwZL8a78bFoLRj5zDH4A+PzBxQ+lfI=</latexit>

Ld
<latexit sha1_base64="Hi2kUtXuKln86pUssr7lP6eQ3QY=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSBF0W3LhwUcE+oA1hMpm0QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPDBzOuZd75vgJZ0rb9rdV2tjc2t4p71b29g8Oq7Wj456KU0lol8Q8lgMfK8qZoF3NNKeDRFIc+Zz2/elN7vcfqVQsFg96llA3wmPBQkawNpJXqzZGEdYTgnl2N/eChler2017AbROnILUoUDHq32NgpikERWacKzU0LET7WZYakY4nVdGqaIJJlM8pkNDBY6ocrNF8Dk6N0qAwliaJzRaqL83MhwpNYt8M5mnVKteLv7nDVMdXrsZE0mqqSDLQ2HKkY5R3gIKmKRE85khmEhmsiIywRITbbqqmBKc1S+vk16r6dhN575Vb18WdZThFM7gAhy4gjbcQge6QCCFZ3iFN+vJerHerY/laMkqdk7gD6zPHy0xkrY=</latexit><latexit sha1_base64="Hi2kUtXuKln86pUssr7lP6eQ3QY=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSBF0W3LhwUcE+oA1hMpm0QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPDBzOuZd75vgJZ0rb9rdV2tjc2t4p71b29g8Oq7Wj456KU0lol8Q8lgMfK8qZoF3NNKeDRFIc+Zz2/elN7vcfqVQsFg96llA3wmPBQkawNpJXqzZGEdYTgnl2N/eChler2017AbROnILUoUDHq32NgpikERWacKzU0LET7WZYakY4nVdGqaIJJlM8pkNDBY6ocrNF8Dk6N0qAwliaJzRaqL83MhwpNYt8M5mnVKteLv7nDVMdXrsZE0mqqSDLQ2HKkY5R3gIKmKRE85khmEhmsiIywRITbbqqmBKc1S+vk16r6dhN575Vb18WdZThFM7gAhy4gjbcQge6QCCFZ3iFN+vJerHerY/laMkqdk7gD6zPHy0xkrY=</latexit><latexit sha1_base64="Hi2kUtXuKln86pUssr7lP6eQ3QY=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSBF0W3LhwUcE+oA1hMpm0QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPDBzOuZd75vgJZ0rb9rdV2tjc2t4p71b29g8Oq7Wj456KU0lol8Q8lgMfK8qZoF3NNKeDRFIc+Zz2/elN7vcfqVQsFg96llA3wmPBQkawNpJXqzZGEdYTgnl2N/eChler2017AbROnILUoUDHq32NgpikERWacKzU0LET7WZYakY4nVdGqaIJJlM8pkNDBY6ocrNF8Dk6N0qAwliaJzRaqL83MhwpNYt8M5mnVKteLv7nDVMdXrsZE0mqqSDLQ2HKkY5R3gIKmKRE85khmEhmsiIywRITbbqqmBKc1S+vk16r6dhN575Vb18WdZThFM7gAhy4gjbcQge6QCCFZ3iFN+vJerHerY/laMkqdk7gD6zPHy0xkrY=</latexit><latexit sha1_base64="Hi2kUtXuKln86pUssr7lP6eQ3QY=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M9gKrkpSBF0W3LhwUcE+oA1hMpm0QyeTMDMRauiXuHGhiFs/xZ1/46TNQlsPDBzOuZd75vgJZ0rb9rdV2tjc2t4p71b29g8Oq7Wj456KU0lol8Q8lgMfK8qZoF3NNKeDRFIc+Zz2/elN7vcfqVQsFg96llA3wmPBQkawNpJXqzZGEdYTgnl2N/eChler2017AbROnILUoUDHq32NgpikERWacKzU0LET7WZYakY4nVdGqaIJJlM8pkNDBY6ocrNF8Dk6N0qAwliaJzRaqL83MhwpNYt8M5mnVKteLv7nDVMdXrsZE0mqqSDLQ2HKkY5R3gIKmKRE85khmEhmsiIywRITbbqqmBKc1S+vk16r6dhN575Vb18WdZThFM7gAhy4gjbcQge6QCCFZ3iFN+vJerHerY/laMkqdk7gD6zPHy0xkrY=</latexit>

Rp
<latexit sha1_base64="uZi1PhpVK6EL11V55ZITRUly68Q=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkG7pQkO327RdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzqB5Ewb1/12CmvrG5tbxe3Szu7e/kH58Kit40QR2iIxj9VDgDXlTNCWYYbTB6kojgJOO8HkOvM7j1RpFot7M5XUj/BIsJARbKzUr/YibMZBkN7N+rI6KFfcmjsHWiVeTiqQozkof/WGMUkiKgzhWOuu50rjp1gZRjidlXqJphKTCR7RrqUCR1T76Tz1DJ1ZZYjCWNknDJqrvzdSHGk9jQI7mYXUy14m/ud1ExNe+ikTMjFUkMWhMOHIxCirAA2ZosTwqSWYKGazIjLGChNjiyrZErzlL6+Sdr3muTXvtl5pXOV1FOEETuEcPLiABtxAE1pAQMEzvMKb8+S8OO/Ox2K04OQ7x/AHzucPBWSSLg==</latexit><latexit sha1_base64="uZi1PhpVK6EL11V55ZITRUly68Q=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkG7pQkO327RdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzqB5Ewb1/12CmvrG5tbxe3Szu7e/kH58Kit40QR2iIxj9VDgDXlTNCWYYbTB6kojgJOO8HkOvM7j1RpFot7M5XUj/BIsJARbKzUr/YibMZBkN7N+rI6KFfcmjsHWiVeTiqQozkof/WGMUkiKgzhWOuu50rjp1gZRjidlXqJphKTCR7RrqUCR1T76Tz1DJ1ZZYjCWNknDJqrvzdSHGk9jQI7mYXUy14m/ud1ExNe+ikTMjFUkMWhMOHIxCirAA2ZosTwqSWYKGazIjLGChNjiyrZErzlL6+Sdr3muTXvtl5pXOV1FOEETuEcPLiABtxAE1pAQMEzvMKb8+S8OO/Ox2K04OQ7x/AHzucPBWSSLg==</latexit><latexit sha1_base64="uZi1PhpVK6EL11V55ZITRUly68Q=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkG7pQkO327RdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzqB5Ewb1/12CmvrG5tbxe3Szu7e/kH58Kit40QR2iIxj9VDgDXlTNCWYYbTB6kojgJOO8HkOvM7j1RpFot7M5XUj/BIsJARbKzUr/YibMZBkN7N+rI6KFfcmjsHWiVeTiqQozkof/WGMUkiKgzhWOuu50rjp1gZRjidlXqJphKTCR7RrqUCR1T76Tz1DJ1ZZYjCWNknDJqrvzdSHGk9jQI7mYXUy14m/ud1ExNe+ikTMjFUkMWhMOHIxCirAA2ZosTwqSWYKGazIjLGChNjiyrZErzlL6+Sdr3muTXvtl5pXOV1FOEETuEcPLiABtxAE1pAQMEzvMKb8+S8OO/Ox2K04OQ7x/AHzucPBWSSLg==</latexit><latexit sha1_base64="uZi1PhpVK6EL11V55ZITRUly68Q=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0c0AiawkG7pQkO327RdDdnwP7x40Biv/hdv/hu7sAcFJ2kymXkvbzqB5Ewb1/12CmvrG5tbxe3Szu7e/kH58Kit40QR2iIxj9VDgDXlTNCWYYbTB6kojgJOO8HkOvM7j1RpFot7M5XUj/BIsJARbKzUr/YibMZBkN7N+rI6KFfcmjsHWiVeTiqQozkof/WGMUkiKgzhWOuu50rjp1gZRjidlXqJphKTCR7RrqUCR1T76Tz1DJ1ZZYjCWNknDJqrvzdSHGk9jQI7mYXUy14m/ud1ExNe+ikTMjFUkMWhMOHIxCirAA2ZosTwqSWYKGazIjLGChNjiyrZErzlL6+Sdr3muTXvtl5pXOV1FOEETuEcPLiABtxAE1pAQMEzvMKb8+S8OO/Ox2K04OQ7x/AHzucPBWSSLg==</latexit>

P⇢
<latexit sha1_base64="1q0cUaJE2rvXTqDRXuP8tbjvTW0=">AAACGnicbVC7TsMwFHV4lvJKYWSxaJGYqqQLjBUsjEWiD6mpIsdxWquOHdlOoYr6J7DCf7AhVhZ+gy/AaTPQliNZOjrn3uujEySMKu0439bG5tb2zm5pr7x/cHh0bFdOOkqkEpM2FkzIXoAUYZSTtqaakV4iCYoDRrrB+Db3uxMiFRX8QU8TMojRkNOIYqSN5NuVmhcjPQqCrDXzPTkSNd+uOnVnDrhO3IJUQYGWb/94ocBpTLjGDCnVd51EDzIkNcWMzMpeqkiC8BgNSd9QjmKiBtk8+gxeGCWEkZDmcQ3n6t+NDMVKTePATOY51aqXi/95/VRH14OM8iTVhOPFR1HKoBYw7wGGVBKs2dQQhCU1WSEeIYmwNm0tXQonNFFF6qdF7LIpyV2tZJ10GnXX8PtGtXlT1FUCZ+AcXAIXXIEmuAMt0AYYPIIX8ArerGfr3fqwPhejG1axcwqWYH39ApTNoXE=</latexit><latexit sha1_base64="1q0cUaJE2rvXTqDRXuP8tbjvTW0=">AAACGnicbVC7TsMwFHV4lvJKYWSxaJGYqqQLjBUsjEWiD6mpIsdxWquOHdlOoYr6J7DCf7AhVhZ+gy/AaTPQliNZOjrn3uujEySMKu0439bG5tb2zm5pr7x/cHh0bFdOOkqkEpM2FkzIXoAUYZSTtqaakV4iCYoDRrrB+Db3uxMiFRX8QU8TMojRkNOIYqSN5NuVmhcjPQqCrDXzPTkSNd+uOnVnDrhO3IJUQYGWb/94ocBpTLjGDCnVd51EDzIkNcWMzMpeqkiC8BgNSd9QjmKiBtk8+gxeGCWEkZDmcQ3n6t+NDMVKTePATOY51aqXi/95/VRH14OM8iTVhOPFR1HKoBYw7wGGVBKs2dQQhCU1WSEeIYmwNm0tXQonNFFF6qdF7LIpyV2tZJ10GnXX8PtGtXlT1FUCZ+AcXAIXXIEmuAMt0AYYPIIX8ArerGfr3fqwPhejG1axcwqWYH39ApTNoXE=</latexit><latexit sha1_base64="1q0cUaJE2rvXTqDRXuP8tbjvTW0=">AAACGnicbVC7TsMwFHV4lvJKYWSxaJGYqqQLjBUsjEWiD6mpIsdxWquOHdlOoYr6J7DCf7AhVhZ+gy/AaTPQliNZOjrn3uujEySMKu0439bG5tb2zm5pr7x/cHh0bFdOOkqkEpM2FkzIXoAUYZSTtqaakV4iCYoDRrrB+Db3uxMiFRX8QU8TMojRkNOIYqSN5NuVmhcjPQqCrDXzPTkSNd+uOnVnDrhO3IJUQYGWb/94ocBpTLjGDCnVd51EDzIkNcWMzMpeqkiC8BgNSd9QjmKiBtk8+gxeGCWEkZDmcQ3n6t+NDMVKTePATOY51aqXi/95/VRH14OM8iTVhOPFR1HKoBYw7wGGVBKs2dQQhCU1WSEeIYmwNm0tXQonNFFF6qdF7LIpyV2tZJ10GnXX8PtGtXlT1FUCZ+AcXAIXXIEmuAMt0AYYPIIX8ArerGfr3fqwPhejG1axcwqWYH39ApTNoXE=</latexit><latexit sha1_base64="1q0cUaJE2rvXTqDRXuP8tbjvTW0=">AAACGnicbVC7TsMwFHV4lvJKYWSxaJGYqqQLjBUsjEWiD6mpIsdxWquOHdlOoYr6J7DCf7AhVhZ+gy/AaTPQliNZOjrn3uujEySMKu0439bG5tb2zm5pr7x/cHh0bFdOOkqkEpM2FkzIXoAUYZSTtqaakV4iCYoDRrrB+Db3uxMiFRX8QU8TMojRkNOIYqSN5NuVmhcjPQqCrDXzPTkSNd+uOnVnDrhO3IJUQYGWb/94ocBpTLjGDCnVd51EDzIkNcWMzMpeqkiC8BgNSd9QjmKiBtk8+gxeGCWEkZDmcQ3n6t+NDMVKTePATOY51aqXi/95/VRH14OM8iTVhOPFR1HKoBYw7wGGVBKs2dQQhCU1WSEeIYmwNm0tXQonNFFF6qdF7LIpyV2tZJ10GnXX8PtGtXlT1FUCZ+AcXAIXXIEmuAMt0AYYPIIX8ArerGfr3fqwPhejG1axcwqWYH39ApTNoXE=</latexit>

P̂LS
<latexit sha1_base64="AbaIrgf3vYweaRGoTk9W47qMnQc=">AAACJHicbVC9TsMwGHT4LeUvwNjFokViqpIuMFawMDAUQX+kJoocx2mt2klkOxVVlIGXgRXegw0xsPAQPAFum4G2nGTpdPd99vn8hFGpLOvLWFvf2NzaLu2Ud/f2Dw7No+OOjFOBSRvHLBY9H0nCaETaiipGeokgiPuMdP3R9dTvjomQNI4e1CQhLkeDiIYUI6Ulz6zUnCFSmcORGvp+1spzL3MEh7f3ec0zq1bdmgGuErsgVVCg5Zk/ThDjlJNIYYak7NtWotwMCUUxI3nZSSVJEB6hAelrGiFOpJvNPpHDM60EMIyFPpGCM/XvRoa4lBPu68lpWLnsTcX/vH6qwks3o1GSKhLh+UNhyqCK4bQRGFBBsGITTRAWVGeFeIgEwkr3tnBTMKaJLFI/zmOXdUn2ciWrpNOo25rfNarNq6KuEqiAU3AObHABmuAGtEAbYPAEXsAreDOejXfjw/icj64Zxc4JWIDx/Qu3wqWz</latexit><latexit sha1_base64="AbaIrgf3vYweaRGoTk9W47qMnQc=">AAACJHicbVC9TsMwGHT4LeUvwNjFokViqpIuMFawMDAUQX+kJoocx2mt2klkOxVVlIGXgRXegw0xsPAQPAFum4G2nGTpdPd99vn8hFGpLOvLWFvf2NzaLu2Ud/f2Dw7No+OOjFOBSRvHLBY9H0nCaETaiipGeokgiPuMdP3R9dTvjomQNI4e1CQhLkeDiIYUI6Ulz6zUnCFSmcORGvp+1spzL3MEh7f3ec0zq1bdmgGuErsgVVCg5Zk/ThDjlJNIYYak7NtWotwMCUUxI3nZSSVJEB6hAelrGiFOpJvNPpHDM60EMIyFPpGCM/XvRoa4lBPu68lpWLnsTcX/vH6qwks3o1GSKhLh+UNhyqCK4bQRGFBBsGITTRAWVGeFeIgEwkr3tnBTMKaJLFI/zmOXdUn2ciWrpNOo25rfNarNq6KuEqiAU3AObHABmuAGtEAbYPAEXsAreDOejXfjw/icj64Zxc4JWIDx/Qu3wqWz</latexit><latexit sha1_base64="AbaIrgf3vYweaRGoTk9W47qMnQc=">AAACJHicbVC9TsMwGHT4LeUvwNjFokViqpIuMFawMDAUQX+kJoocx2mt2klkOxVVlIGXgRXegw0xsPAQPAFum4G2nGTpdPd99vn8hFGpLOvLWFvf2NzaLu2Ud/f2Dw7No+OOjFOBSRvHLBY9H0nCaETaiipGeokgiPuMdP3R9dTvjomQNI4e1CQhLkeDiIYUI6Ulz6zUnCFSmcORGvp+1spzL3MEh7f3ec0zq1bdmgGuErsgVVCg5Zk/ThDjlJNIYYak7NtWotwMCUUxI3nZSSVJEB6hAelrGiFOpJvNPpHDM60EMIyFPpGCM/XvRoa4lBPu68lpWLnsTcX/vH6qwks3o1GSKhLh+UNhyqCK4bQRGFBBsGITTRAWVGeFeIgEwkr3tnBTMKaJLFI/zmOXdUn2ciWrpNOo25rfNarNq6KuEqiAU3AObHABmuAGtEAbYPAEXsAreDOejXfjw/icj64Zxc4JWIDx/Qu3wqWz</latexit><latexit sha1_base64="AbaIrgf3vYweaRGoTk9W47qMnQc=">AAACJHicbVC9TsMwGHT4LeUvwNjFokViqpIuMFawMDAUQX+kJoocx2mt2klkOxVVlIGXgRXegw0xsPAQPAFum4G2nGTpdPd99vn8hFGpLOvLWFvf2NzaLu2Ud/f2Dw7No+OOjFOBSRvHLBY9H0nCaETaiipGeokgiPuMdP3R9dTvjomQNI4e1CQhLkeDiIYUI6Ulz6zUnCFSmcORGvp+1spzL3MEh7f3ec0zq1bdmgGuErsgVVCg5Zk/ThDjlJNIYYak7NtWotwMCUUxI3nZSSVJEB6hAelrGiFOpJvNPpHDM60EMIyFPpGCM/XvRoa4lBPu68lpWLnsTcX/vH6qwks3o1GSKhLh+UNhyqCK4bQRGFBBsGITTRAWVGeFeIgEwkr3tnBTMKaJLFI/zmOXdUn2ciWrpNOo25rfNarNq6KuEqiAU3AObHABmuAGtEAbYPAEXsAreDOejXfjw/icj64Zxc4JWIDx/Qu3wqWz</latexit>⇢̂LS

<latexit sha1_base64="8aUg4vv0klY+R3doJ5PrLdgZB+o=">AAACHnicbVC9TsMwGHTKXyl/AcTEYtEiMVVJFxgrWBgYiqA/UhNFjuO0Vu0ksp2KKsq7wArvwYZY4TV4Atw2A205yfLp7vvs0/kJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo46MU4FJG8csFj0fScJoRNqKKkZ6iSCI+4x0/dHN1O+OiZA0jh7VJCEuR4OIhhQjpSXPPKk5Q6QyRwzj3NMXh3cPec0zq1bdmgGuErsgVVCg5Zk/ThDjlJNIYYak7NtWotwMCUUxI3nFSSVJEB6hAelrGiFOpJvN4ufwXCsBDGOhT6TgTP27kSEu5YT7epIjNZTL3lT8z+unKrxyMxolqSIRnn8UpgyqGE67gAEVBCs20QRhQXVWiIdIIKx0YwsvBWOayCL10zx2RZdkL1eySjqNuq35faPavC7qKoNTcAYugA0uQRPcghZoAwwy8AJewZvxbLwbH8bnfLRkFDvHYAHG1y+lJaMK</latexit><latexit sha1_base64="8aUg4vv0klY+R3doJ5PrLdgZB+o=">AAACHnicbVC9TsMwGHTKXyl/AcTEYtEiMVVJFxgrWBgYiqA/UhNFjuO0Vu0ksp2KKsq7wArvwYZY4TV4Atw2A205yfLp7vvs0/kJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo46MU4FJG8csFj0fScJoRNqKKkZ6iSCI+4x0/dHN1O+OiZA0jh7VJCEuR4OIhhQjpSXPPKk5Q6QyRwzj3NMXh3cPec0zq1bdmgGuErsgVVCg5Zk/ThDjlJNIYYak7NtWotwMCUUxI3nFSSVJEB6hAelrGiFOpJvN4ufwXCsBDGOhT6TgTP27kSEu5YT7epIjNZTL3lT8z+unKrxyMxolqSIRnn8UpgyqGE67gAEVBCs20QRhQXVWiIdIIKx0YwsvBWOayCL10zx2RZdkL1eySjqNuq35faPavC7qKoNTcAYugA0uQRPcghZoAwwy8AJewZvxbLwbH8bnfLRkFDvHYAHG1y+lJaMK</latexit><latexit sha1_base64="8aUg4vv0klY+R3doJ5PrLdgZB+o=">AAACHnicbVC9TsMwGHTKXyl/AcTEYtEiMVVJFxgrWBgYiqA/UhNFjuO0Vu0ksp2KKsq7wArvwYZY4TV4Atw2A205yfLp7vvs0/kJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo46MU4FJG8csFj0fScJoRNqKKkZ6iSCI+4x0/dHN1O+OiZA0jh7VJCEuR4OIhhQjpSXPPKk5Q6QyRwzj3NMXh3cPec0zq1bdmgGuErsgVVCg5Zk/ThDjlJNIYYak7NtWotwMCUUxI3nFSSVJEB6hAelrGiFOpJvN4ufwXCsBDGOhT6TgTP27kSEu5YT7epIjNZTL3lT8z+unKrxyMxolqSIRnn8UpgyqGE67gAEVBCs20QRhQXVWiIdIIKx0YwsvBWOayCL10zx2RZdkL1eySjqNuq35faPavC7qKoNTcAYugA0uQRPcghZoAwwy8AJewZvxbLwbH8bnfLRkFDvHYAHG1y+lJaMK</latexit><latexit sha1_base64="8aUg4vv0klY+R3doJ5PrLdgZB+o=">AAACHnicbVC9TsMwGHTKXyl/AcTEYtEiMVVJFxgrWBgYiqA/UhNFjuO0Vu0ksp2KKsq7wArvwYZY4TV4Atw2A205yfLp7vvs0/kJo1JZ1rdRWlvf2Nwqb1d2dvf2D8zDo46MU4FJG8csFj0fScJoRNqKKkZ6iSCI+4x0/dHN1O+OiZA0jh7VJCEuR4OIhhQjpSXPPKk5Q6QyRwzj3NMXh3cPec0zq1bdmgGuErsgVVCg5Zk/ThDjlJNIYYak7NtWotwMCUUxI3nFSSVJEB6hAelrGiFOpJvN4ufwXCsBDGOhT6TgTP27kSEu5YT7epIjNZTL3lT8z+unKrxyMxolqSIRnn8UpgyqGE67gAEVBCs20QRhQXVWiIdIIKx0YwsvBWOayCL10zx2RZdkL1eySjqNuq35faPavC7qKoNTcAYugA0uQRPcghZoAwwy8AJewZvxbLwbH8bnfLRkFDvHYAHG1y+lJaMK</latexit>

P̂PLS<latexit sha1_base64="IOrUN06JB0axEBhVPT/dmUmmr80=">AAACBXicbZC7TsMwFIadcivlFmCEwaJFYqqSLsBWiYWBIQh6kZooclyntWonke0gVVEWFl6FhQGEWHkHNt4Gp80ALb9k6dN/zpHP+YOEUaks69uorKyurW9UN2tb2zu7e+b+QVfGqcCkg2MWi36AJGE0Ih1FFSP9RBDEA0Z6weSqqPceiJA0ju7VNCEeR6OIhhQjpS3fPG64Y6QylyM1DoLMyXM/cwWHzs1d3vDNutW0ZoLLYJdQB6Uc3/xyhzFOOYkUZkjKgW0lysuQUBQzktfcVJIE4QkakYHGCHEivWx2RQ5PtTOEYSz0ixScub8nMsSlnPJAdxbbysVaYf5XG6QqvPAyGiWpIhGefxSmDKoYFpHAIRUEKzbVgLCgeleIx0ggrHRwNR2CvXjyMnRbTVvzbavevizjqIIjcALOgA3OQRtcAwd0AAaP4Bm8gjfjyXgx3o2PeWvFKGcOwR8Znz8cl5hE</latexit><latexit sha1_base64="IOrUN06JB0axEBhVPT/dmUmmr80=">AAACBXicbZC7TsMwFIadcivlFmCEwaJFYqqSLsBWiYWBIQh6kZooclyntWonke0gVVEWFl6FhQGEWHkHNt4Gp80ALb9k6dN/zpHP+YOEUaks69uorKyurW9UN2tb2zu7e+b+QVfGqcCkg2MWi36AJGE0Ih1FFSP9RBDEA0Z6weSqqPceiJA0ju7VNCEeR6OIhhQjpS3fPG64Y6QylyM1DoLMyXM/cwWHzs1d3vDNutW0ZoLLYJdQB6Uc3/xyhzFOOYkUZkjKgW0lysuQUBQzktfcVJIE4QkakYHGCHEivWx2RQ5PtTOEYSz0ixScub8nMsSlnPJAdxbbysVaYf5XG6QqvPAyGiWpIhGefxSmDKoYFpHAIRUEKzbVgLCgeleIx0ggrHRwNR2CvXjyMnRbTVvzbavevizjqIIjcALOgA3OQRtcAwd0AAaP4Bm8gjfjyXgx3o2PeWvFKGcOwR8Znz8cl5hE</latexit><latexit sha1_base64="IOrUN06JB0axEBhVPT/dmUmmr80=">AAACBXicbZC7TsMwFIadcivlFmCEwaJFYqqSLsBWiYWBIQh6kZooclyntWonke0gVVEWFl6FhQGEWHkHNt4Gp80ALb9k6dN/zpHP+YOEUaks69uorKyurW9UN2tb2zu7e+b+QVfGqcCkg2MWi36AJGE0Ih1FFSP9RBDEA0Z6weSqqPceiJA0ju7VNCEeR6OIhhQjpS3fPG64Y6QylyM1DoLMyXM/cwWHzs1d3vDNutW0ZoLLYJdQB6Uc3/xyhzFOOYkUZkjKgW0lysuQUBQzktfcVJIE4QkakYHGCHEivWx2RQ5PtTOEYSz0ixScub8nMsSlnPJAdxbbysVaYf5XG6QqvPAyGiWpIhGefxSmDKoYFpHAIRUEKzbVgLCgeleIx0ggrHRwNR2CvXjyMnRbTVvzbavevizjqIIjcALOgA3OQRtcAwd0AAaP4Bm8gjfjyXgx3o2PeWvFKGcOwR8Znz8cl5hE</latexit><latexit sha1_base64="IOrUN06JB0axEBhVPT/dmUmmr80=">AAACBXicbZC7TsMwFIadcivlFmCEwaJFYqqSLsBWiYWBIQh6kZooclyntWonke0gVVEWFl6FhQGEWHkHNt4Gp80ALb9k6dN/zpHP+YOEUaks69uorKyurW9UN2tb2zu7e+b+QVfGqcCkg2MWi36AJGE0Ih1FFSP9RBDEA0Z6weSqqPceiJA0ju7VNCEeR6OIhhQjpS3fPG64Y6QylyM1DoLMyXM/cwWHzs1d3vDNutW0ZoLLYJdQB6Uc3/xyhzFOOYkUZkjKgW0lysuQUBQzktfcVJIE4QkakYHGCHEivWx2RQ5PtTOEYSz0ixScub8nMsSlnPJAdxbbysVaYf5XG6QqvPAyGiWpIhGefxSmDKoYFpHAIRUEKzbVgLCgeleIx0ggrHRwNR2CvXjyMnRbTVvzbavevizjqIIjcALOgA3OQRtcAwd0AAaP4Bm8gjfjyXgx3o2PeWvFKGcOwR8Znz8cl5hE</latexit>⇢̂PLS
<latexit sha1_base64="5kpH00NlybpaYfqDS7S9qA9A7V4=">AAAB/3icbZC7TsMwFIadcivlFkBiYbFokZiqpAuwVWJhYCiCXqQmihzXaa3aTmQ7SFXIwKuwMIAQK6/Bxtvgthmg5UiWP/3/OfLxHyaMKu0431ZpZXVtfaO8Wdna3tnds/cPOipOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG46up330gUtFY3OtJQnyOhoJGFCNtpMA+qnkjpDNPjuI8MBeHrZu7vBbYVafuzAoug1tAFRTVCuwvbxDjlBOhMUNK9V0n0X6GpKaYkbzipYokCI/RkPQNCsSJ8rPZ/jk8NcoARrE0R2g4U39PZIgrNeGh6eRIj9SiNxX/8/qpji78jIok1UTg+UNRyqCO4TQMOKCSYM0mBhCW1OwK8QhJhLWJrGJCcBe/vAydRt01fNuoNi+LOMrgGJyAM+CCc9AE16AF2gCDR/AMXsGb9WS9WO/Wx7y1ZBUzh+BPWZ8/VeGVmw==</latexit><latexit sha1_base64="5kpH00NlybpaYfqDS7S9qA9A7V4=">AAAB/3icbZC7TsMwFIadcivlFkBiYbFokZiqpAuwVWJhYCiCXqQmihzXaa3aTmQ7SFXIwKuwMIAQK6/Bxtvgthmg5UiWP/3/OfLxHyaMKu0431ZpZXVtfaO8Wdna3tnds/cPOipOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG46up330gUtFY3OtJQnyOhoJGFCNtpMA+qnkjpDNPjuI8MBeHrZu7vBbYVafuzAoug1tAFRTVCuwvbxDjlBOhMUNK9V0n0X6GpKaYkbzipYokCI/RkPQNCsSJ8rPZ/jk8NcoARrE0R2g4U39PZIgrNeGh6eRIj9SiNxX/8/qpji78jIok1UTg+UNRyqCO4TQMOKCSYM0mBhCW1OwK8QhJhLWJrGJCcBe/vAydRt01fNuoNi+LOMrgGJyAM+CCc9AE16AF2gCDR/AMXsGb9WS9WO/Wx7y1ZBUzh+BPWZ8/VeGVmw==</latexit><latexit sha1_base64="5kpH00NlybpaYfqDS7S9qA9A7V4=">AAAB/3icbZC7TsMwFIadcivlFkBiYbFokZiqpAuwVWJhYCiCXqQmihzXaa3aTmQ7SFXIwKuwMIAQK6/Bxtvgthmg5UiWP/3/OfLxHyaMKu0431ZpZXVtfaO8Wdna3tnds/cPOipOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG46up330gUtFY3OtJQnyOhoJGFCNtpMA+qnkjpDNPjuI8MBeHrZu7vBbYVafuzAoug1tAFRTVCuwvbxDjlBOhMUNK9V0n0X6GpKaYkbzipYokCI/RkPQNCsSJ8rPZ/jk8NcoARrE0R2g4U39PZIgrNeGh6eRIj9SiNxX/8/qpji78jIok1UTg+UNRyqCO4TQMOKCSYM0mBhCW1OwK8QhJhLWJrGJCcBe/vAydRt01fNuoNi+LOMrgGJyAM+CCc9AE16AF2gCDR/AMXsGb9WS9WO/Wx7y1ZBUzh+BPWZ8/VeGVmw==</latexit><latexit sha1_base64="5kpH00NlybpaYfqDS7S9qA9A7V4=">AAAB/3icbZC7TsMwFIadcivlFkBiYbFokZiqpAuwVWJhYCiCXqQmihzXaa3aTmQ7SFXIwKuwMIAQK6/Bxtvgthmg5UiWP/3/OfLxHyaMKu0431ZpZXVtfaO8Wdna3tnds/cPOipOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG46up330gUtFY3OtJQnyOhoJGFCNtpMA+qnkjpDNPjuI8MBeHrZu7vBbYVafuzAoug1tAFRTVCuwvbxDjlBOhMUNK9V0n0X6GpKaYkbzipYokCI/RkPQNCsSJ8rPZ/jk8NcoARrE0R2g4U39PZIgrNeGh6eRIj9SiNxX/8/qpji78jIok1UTg+UNRyqCO4TQMOKCSYM0mBhCW1OwK8QhJhLWJrGJCcBe/vAydRt01fNuoNi+LOMrgGJyAM+CCc9AE16AF2gCDR/AMXsGb9WS9WO/Wx7y1ZBUzh+BPWZ8/VeGVmw==</latexit>

Projected least squares estimator: closest state to the LS estimator

ρ̂PLS = argmin
σ∈Sd

‖σ − ρ̂LS‖2
2 = argmin

σ∈Sd
Tr
[
(σ − ρ̂LS)2

]
Solution ρ̂PLS has the same eigenvectors as ρ̂LS

ρ̂LS =
∑
i

λ̂i|ψ̂i〉〈ψ̂i| =⇒ ρ̂PLS =
∑
i

λ̃i|ψ̂i〉〈ψ̂i|

Simple algorithm for ‘adjusting’ the eigenvalues



Projection algorithm

Repeat until all eigenvalues are positive:

I truncate negative eigenvalues: λ̂i < 0 −→ λ̂i = 0

I shift remaining eigenvalues so that
∑

i
λ̂i = 1 : λ̂i ≥ 0 −→ λ̂i − c
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Eigenvalues of true state ρ (blue circles) versus LS (red triangles) and the PLS estimator (rose)

for a rank 2 state with n = 20 repetitions



Projected Least Squares: concentration bounds4

Theorem
Let ρ be a state of unknown rank r.

The following concentration bound holds

P
[
‖ρ̂PLS − ρ‖1 ≥ ε

]
≤ de

− 3nε2
128g(d)r2

where

g(d) = 2d for 2-design measurements
g(d) ' d1.6 for Pauli bases measurements

The concentration inequality implies the upper bound for the trace-norm error

2-design measurements: E‖ρ− ρ̂PLS‖1 ≤ c1 log(d) r
√
d√
n

Pauli bases measurements: E‖ρ− ρ̂PLS‖1 ≤ C1 log(d) rd
0.8
√
n

4M. G., J. Kahn, R. Kueng, J. A. Tropp, arXiv:1809.11162v1



Proof idea

1) Using rank r assumption

‖ρ̂PLS − ρ‖1 ≤ 2r‖ρ̂PLS − ρ‖

2) Using definition of PLS as projection

‖ρ̂PLS − ρ‖ ≤ ‖ρ̂PLS − ρ̂LS‖+ ‖ρ̂LS − ρ‖ ≤ 2‖ρ̂LS − ρ‖

3) Concentration bound for LS

Pr [‖ρ̂LS − ρ‖ ≥ τ ] ≤ de−
3nτ2
8g(d) τ ∈ [0, 1] .

1) + 2) + 3) =⇒ ‖ρ̂PLS − ρ‖1 ≤ 4r‖ρ̂LS − ρ‖ =⇒ concentration bound for PLS

P
[
‖ρ̂PLS − ρ‖1 ≥ ε

]
≤ de

− 3nε2
128g(d)r2



PLS + covariant measurement = optimal

Theorem
Let ρ be a state of unknown rank r.

The following concentration bound holds for covariant measurements

P
[
‖ρ̂PLS − ρ‖1 ≥ ε

]
≤ e2.2d− nε2

480r2

Concentration inequality implies the upper bound for the trace-norm error

E‖ρ̂PLS − ρ‖1 ≤ c2
r
√
d

√
n

Universal lower bound 5

E‖ρ− ρ̂‖1 ≥ C
r
√
d

√
n

=⇒ PLS is optimal (up to constant)

5J. Haah et al, IEEE Trans. Inform. Theory (2017)



Proof technique

Improve the concentration bound for the LS estimator
P(‖ρ̂LS − ρ‖ ≥ ε) ≤ ??

Operator norm as max
‖A‖ = max

y∈Sd
|〈y|A|y〉|

Discretization by a covering net: replace the maximization over unit sphere Sd by a
maximization over a finite point set N = {|y1〉, . . . |ym〉} , |N | =≈ 32d

‖A‖ ≤ 2 max
i
|〈yi|A|yi〉|

Classical concentration bound for 〈y|ρ̂LS − ρ|y〉 = 1
n

∑n

i=1〈y|Ai|y〉

P(|〈y|ρ̂LS − ρ|y〉| ≥ t) ≤ 2e−
nt2
120

Union bound

P(‖ρ̂LS − ρ‖ ≥ ε) ≤ P
(

max
i
|〈yi|ρ̂LS − ρ|yi〉| ≥

ε

2

)
≤ 2 · 32d · e−

nε2
480



Trace-norm error of LS vs PLS vs ML for Pauli bases measurements

Trace-norm mean errors of LS (green), PLS(blue), ML (red) for rank-r states of 4 atoms, with Pauli bases measurement



Trace-norm error of LS vs PLS vs ML for random bases measurements

Trace-norm mean errors of LS (green), PLS(blue), ML (red) for rank-r states of 4 atoms, with 200 random bases measurement



Outline

States, measurements, data

Least Squares estimator

Projected Least Squares estimator

Asymptotic rates

Compressed sensing tomography



LS asymptotics for covariant measurements

State ρ of low rank r � d with eigenvalues ( 1
r
, . . . , 1

r
, 0 . . . , 0)

LS estimator
ρ̂LS = ρ+

1
√
n

∆ =
1
r

(
I 0
0 0

)
+

1
√
n

(
A B
B∗ C

)
For large n the ‘error matrix’ ∆ becomes Gaussian (approximately GUE)

For large d (and low r) the eigenvalues of ∆ (and C) follow a Wigner semicircle law

Asymptotic rates: E‖ρ̂LS − ρ‖2
2 ≈

d2

n
, E‖ρ̂LS − ρ‖1 ≈ 2

√
d√
n



PLS asymptotics

top r  
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Thresholding cut-off point q can be computed deterministically
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n
− x2 dx

Asymptotic rates: E‖ρ̂PLS − ρ‖2
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n



PLS asymptotics

top r  
eigenvalues} <latexit sha1_base64="eU0+4h/Jb6jBOKbWDEPhHVwPZMQ=">AAACInicbVDLSsNAFJ3UV62vqCtxE2wFVyXpRt0V3bisYB/QhDKZ3LRDJw9mJsUSgj+jW/0Pd+JK8Cv8AqdpFrb1wIXDua/DcWNGhTTNL620tr6xuVXeruzs7u0f6IdHHRElnECbRCziPRcLYDSEtqSSQS/mgAOXQdcd38763QlwQaPwQU5jcAI8DKlPCZZKGugntdTOr6QtHhEQ4oYlkNlZVhvoVbNu5jBWiVWQKirQGug/theRJIBQEoaF6FtmLJ0Uc0kJg6xiJwJiTMZ4CH1FQxyAcNL8eWacK8Uz/IirCqWRq383UhwIMQ1cNRlgORLLvZn4X6+fSP/KSWkYJxJCMn/kJ8yQkTHLw/AoByLZVBFMOFVeDTLCHBOpUlu45E1oLArXj3PbFRWStRzJKuk06pbi941q87qIq4xO0Rm6QBa6RE10h1qojQh6Qi/oFb1pz9q79qF9zkdLWrFzjBagff8C4TulTQ==</latexit><latexit sha1_base64="eU0+4h/Jb6jBOKbWDEPhHVwPZMQ=">AAACInicbVDLSsNAFJ3UV62vqCtxE2wFVyXpRt0V3bisYB/QhDKZ3LRDJw9mJsUSgj+jW/0Pd+JK8Cv8AqdpFrb1wIXDua/DcWNGhTTNL620tr6xuVXeruzs7u0f6IdHHRElnECbRCziPRcLYDSEtqSSQS/mgAOXQdcd38763QlwQaPwQU5jcAI8DKlPCZZKGugntdTOr6QtHhEQ4oYlkNlZVhvoVbNu5jBWiVWQKirQGug/theRJIBQEoaF6FtmLJ0Uc0kJg6xiJwJiTMZ4CH1FQxyAcNL8eWacK8Uz/IirCqWRq383UhwIMQ1cNRlgORLLvZn4X6+fSP/KSWkYJxJCMn/kJ8yQkTHLw/AoByLZVBFMOFVeDTLCHBOpUlu45E1oLArXj3PbFRWStRzJKuk06pbi941q87qIq4xO0Rm6QBa6RE10h1qojQh6Qi/oFb1pz9q79qF9zkdLWrFzjBagff8C4TulTQ==</latexit><latexit sha1_base64="eU0+4h/Jb6jBOKbWDEPhHVwPZMQ=">AAACInicbVDLSsNAFJ3UV62vqCtxE2wFVyXpRt0V3bisYB/QhDKZ3LRDJw9mJsUSgj+jW/0Pd+JK8Cv8AqdpFrb1wIXDua/DcWNGhTTNL620tr6xuVXeruzs7u0f6IdHHRElnECbRCziPRcLYDSEtqSSQS/mgAOXQdcd38763QlwQaPwQU5jcAI8DKlPCZZKGugntdTOr6QtHhEQ4oYlkNlZVhvoVbNu5jBWiVWQKirQGug/theRJIBQEoaF6FtmLJ0Uc0kJg6xiJwJiTMZ4CH1FQxyAcNL8eWacK8Uz/IirCqWRq383UhwIMQ1cNRlgORLLvZn4X6+fSP/KSWkYJxJCMn/kJ8yQkTHLw/AoByLZVBFMOFVeDTLCHBOpUlu45E1oLArXj3PbFRWStRzJKuk06pbi941q87qIq4xO0Rm6QBa6RE10h1qojQh6Qi/oFb1pz9q79qF9zkdLWrFzjBagff8C4TulTQ==</latexit><latexit sha1_base64="eU0+4h/Jb6jBOKbWDEPhHVwPZMQ=">AAACInicbVDLSsNAFJ3UV62vqCtxE2wFVyXpRt0V3bisYB/QhDKZ3LRDJw9mJsUSgj+jW/0Pd+JK8Cv8AqdpFrb1wIXDua/DcWNGhTTNL620tr6xuVXeruzs7u0f6IdHHRElnECbRCziPRcLYDSEtqSSQS/mgAOXQdcd38763QlwQaPwQU5jcAI8DKlPCZZKGugntdTOr6QtHhEQ4oYlkNlZVhvoVbNu5jBWiVWQKirQGug/theRJIBQEoaF6FtmLJ0Uc0kJg6xiJwJiTMZ4CH1FQxyAcNL8eWacK8Uz/IirCqWRq383UhwIMQ1cNRlgORLLvZn4X6+fSP/KSWkYJxJCMn/kJ8yQkTHLw/AoByLZVBFMOFVeDTLCHBOpUlu45E1oLArXj3PbFRWStRzJKuk06pbi941q87qIq4xO0Rm6QBa6RE10h1qojQh6Qi/oFb1pz9q79qF9zkdLWrFzjBagff8C4TulTQ==</latexit>

1/r

For n� d� 1 =⇒ LS has 2 well separated groups of eigenvalues

Thresholding cut-off point q can be computed deterministically

rq =

∫
q

2
√

d−r
n (x− q)

n

2π

√
4(d− r)

n
− x2 dx

Asymptotic rates: E‖ρ̂PLS − ρ‖2
2 ≈

6·r·d
n

, EdB(ρ̂PLS, ρ) ≈ r·q(r,d)√
n



PLS asymptotics

q

Shift by q
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Simulations: Frobenius and Bures errors vs asymptotic expressions

Frobenius error for LS (red) PLS (blue) 5 atoms Frobenius error for LS (red) PLS (blue) 6 atoms

Bures error for LS (red) PLS (blue) 5 atoms Bures error for LS (red) PLS (blue) 6 atoms



Online quantum tomography tools

select estimators / states (or uploaded data ) / error functions

https://shiny.maths.nottingham.ac.uk/shiny/qt_dashboard/



Outline

States, measurements, data

Least Squares estimator

Projected Least Squares estimator

Asymptotic rates

Compressed sensing tomography



Can we estimate low rank states with reduced measurement settings ?6

Counting parameters: rank r state −→ r · d parameters −→ ≈ r settings (� 3k)

Random measurement design:
choose m random settings S := {s1, . . . , sm} and measure each setting n = N

m
times

Mean square error of MLE is stable for a large range of number of settings m

Mean square error E‖ρ̂(ml) − ρ‖2
2 for 4 ions states of ranks 1-5 and randomly chosen settings

6similar to “compressed sensing" D. Gross, et al, Phys. Rev. Lett. (2010) but uses “raw" rather than “coarse grained" data



Concentration for Fisher information matrix7

More randomness helps: consider measurements w.r.t. random bases (Haar measure)

Asymptotics: for large n mean square error of ML estimator scales as in Cramér-Rao bound

‖ρ̂(ml) − ρ‖2
2 ≈

1
N

Tr(I(ρ|S)−1G(ρ))

Fisher information matrix (per setting) converges to average

I(ρ|S) =
1
m

m∑
i=1

I(ρ|si) −→ Ī(ρ) =
∫

I(ρ|s)ds

Theorem (Fisher info & MSE concentrate with r · log rd settings)
Let ρ be rank r state with spectrum (1/r, . . . , 1/r, 0, . . . , 0).

If m = C(r + 1) log(2(2rd− r2 − 1)/δε2) then the bounds hold with probability 1− δ

(1− ε)I(ρ) ≤ I(ρ|S) ≤ (1 + ε)I(ρ)

(1− ε)Tr
[
I(ρ)−1G(ρ)

]
≤ Tr

[
I(ρ|S)−1G(ρ)

]
≤ (1 + ε)Tr

[
I(ρ)−1G(ρ)

]
7A. Acharya, T. Kypraios, M.G., New Journal of Physics (2016)



Eigenvalues and MSE concentration

Concentration of the eigenvalues of Fisher information matrix and the MSE for 4 ions states of ranks 1,2,3



Proof

Matrix Chernoff bound8

(1− ε)I(ρ) ≤ I(ρ|S) ≤ (1 + ε)I(ρ)

Number of settings required (up to log factors)

m ≈
λmax

λmin
:=

maxs λmaxI(ρ|s)
λmin(Ī)

Ī can be computed explicitly −→ λmin(Ī) = r/(r + 1)

Quantum Cramér-Rao bound

I(ρ|s) ≤ F (ρ) −→ λmaxI(ρ|s) ≤ λmaxF (ρ) = 2r

8Ahlswede R. and Winter A., IEEE Transactions Information Theory 48 569-579 (2002)



Log factors may not be necessary

Relative error w.r.t. asymptotic MSE for random settings, and pure states of 3-6 qubits.



Outlook

PLS is faster than ML and has (almost) optimal rates for 2-design measuremens

PLS achieves fundamental lower bound for covariant measurements

Wigner semicircle used for computing asymptotic risk of PLS

r · log rd random settings are enough to optimally estimate rank r state

Future / ongoing work

Confidence regions for PLS

Can PLS be extended to other statistical models (eg MPS)

Extend PLS to PGLS with adaptive measurements


