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Quantum tomography

M1
<latexit sha1_base64="ToaREfrBZ/SQkTU96PfGBXz24NA=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXOwYW/vsrtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnpJFMMfZaIRHVCqlFwib7hRmAnVUjjUGA7HN/O6+0nVJon8tFMUgxiOpQ84owaa/nV+75X7Zcrbs1diKyDl0MFcjX75a/eIGFZjNIwQbXuem5qgilVhjOBs1Iv05hSNqZD7FqUNEYdTBfLzsiFdQYkSpR90pCF+3tiSmOtJ3FoO2NqRnq1Njf/q3UzE10HUy7TzKBky4+iTBCTkPnlZMAVMiMmFihT3O5K2IgqyozNp2RD8FZPXodWveZZfqhXGjd5HEU4g3O4BA+uoAF30AQfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOZ8/ge+Nzw==</latexit><latexit sha1_base64="ToaREfrBZ/SQkTU96PfGBXz24NA=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXOwYW/vsrtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnpJFMMfZaIRHVCqlFwib7hRmAnVUjjUGA7HN/O6+0nVJon8tFMUgxiOpQ84owaa/nV+75X7Zcrbs1diKyDl0MFcjX75a/eIGFZjNIwQbXuem5qgilVhjOBs1Iv05hSNqZD7FqUNEYdTBfLzsiFdQYkSpR90pCF+3tiSmOtJ3FoO2NqRnq1Njf/q3UzE10HUy7TzKBky4+iTBCTkPnlZMAVMiMmFihT3O5K2IgqyozNp2RD8FZPXodWveZZfqhXGjd5HEU4g3O4BA+uoAF30AQfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOZ8/ge+Nzw==</latexit><latexit sha1_base64="ToaREfrBZ/SQkTU96PfGBXz24NA=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXOwYW/vsrtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnpJFMMfZaIRHVCqlFwib7hRmAnVUjjUGA7HN/O6+0nVJon8tFMUgxiOpQ84owaa/nV+75X7Zcrbs1diKyDl0MFcjX75a/eIGFZjNIwQbXuem5qgilVhjOBs1Iv05hSNqZD7FqUNEYdTBfLzsiFdQYkSpR90pCF+3tiSmOtJ3FoO2NqRnq1Njf/q3UzE10HUy7TzKBky4+iTBCTkPnlZMAVMiMmFihT3O5K2IgqyozNp2RD8FZPXodWveZZfqhXGjd5HEU4g3O4BA+uoAF30AQfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOZ8/ge+Nzw==</latexit><latexit sha1_base64="ToaREfrBZ/SQkTU96PfGBXz24NA=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXOwYW/vsrtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMBdfGdb+dwsbm1vZOcbe0t39weFQ+PmnpJFMMfZaIRHVCqlFwib7hRmAnVUjjUGA7HN/O6+0nVJon8tFMUgxiOpQ84owaa/nV+75X7Zcrbs1diKyDl0MFcjX75a/eIGFZjNIwQbXuem5qgilVhjOBs1Iv05hSNqZD7FqUNEYdTBfLzsiFdQYkSpR90pCF+3tiSmOtJ3FoO2NqRnq1Njf/q3UzE10HUy7TzKBky4+iTBCTkPnlZMAVMiMmFihT3O5K2IgqyozNp2RD8FZPXodWveZZfqhXGjd5HEU4g3O4BA+uoAF30AQfGHB4hld4c6Tz4rw7H8vWgpPPnMIfOZ8/ge+Nzw==</latexit>

M2
<latexit sha1_base64="mb5QwdO5iqXGArxzjWsNXDBmuzo=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXuwYW/vsjtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMpTDout9OYWNza3unuFva2z84PCofn7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fh2Xm8/cW1Eoh5xkvIgpkMlIsEoWsuv3vfr1X654tbchcg6eDlUIFezX/7qDRKWxVwhk9SYruemGEypRsEkn5V6meEpZWM65F2LisbcBNPFsjNyYZ0BiRJtn0KycH9PTGlszCQObWdMcWRWa3Pzv1o3w+g6mAqVZsgVW34UZZJgQuaXk4HQnKGcWKBMC7srYSOqKUObT8mG4K2evA6tes2z/FCvNG7yOIpwBudwCR5cQQPuoAk+MBDwDK/w5ijnxXl3PpatBSefOYU/cj5/AIN0jdA=</latexit><latexit sha1_base64="mb5QwdO5iqXGArxzjWsNXDBmuzo=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXuwYW/vsjtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMpTDout9OYWNza3unuFva2z84PCofn7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fh2Xm8/cW1Eoh5xkvIgpkMlIsEoWsuv3vfr1X654tbchcg6eDlUIFezX/7qDRKWxVwhk9SYruemGEypRsEkn5V6meEpZWM65F2LisbcBNPFsjNyYZ0BiRJtn0KycH9PTGlszCQObWdMcWRWa3Pzv1o3w+g6mAqVZsgVW34UZZJgQuaXk4HQnKGcWKBMC7srYSOqKUObT8mG4K2evA6tes2z/FCvNG7yOIpwBudwCR5cQQPuoAk+MBDwDK/w5ijnxXl3PpatBSefOYU/cj5/AIN0jdA=</latexit><latexit sha1_base64="mb5QwdO5iqXGArxzjWsNXDBmuzo=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXuwYW/vsjtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMpTDout9OYWNza3unuFva2z84PCofn7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fh2Xm8/cW1Eoh5xkvIgpkMlIsEoWsuv3vfr1X654tbchcg6eDlUIFezX/7qDRKWxVwhk9SYruemGEypRsEkn5V6meEpZWM65F2LisbcBNPFsjNyYZ0BiRJtn0KycH9PTGlszCQObWdMcWRWa3Pzv1o3w+g6mAqVZsgVW34UZZJgQuaXk4HQnKGcWKBMC7srYSOqKUObT8mG4K2evA6tes2z/FCvNG7yOIpwBudwCR5cQQPuoAk+MBDwDK/w5ijnxXl3PpatBSefOYU/cj5/AIN0jdA=</latexit><latexit sha1_base64="mb5QwdO5iqXGArxzjWsNXDBmuzo=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXuwYW/vsjtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMpTDout9OYWNza3unuFva2z84PCofn7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fh2Xm8/cW1Eoh5xkvIgpkMlIsEoWsuv3vfr1X654tbchcg6eDlUIFezX/7qDRKWxVwhk9SYruemGEypRsEkn5V6meEpZWM65F2LisbcBNPFsjNyYZ0BiRJtn0KycH9PTGlszCQObWdMcWRWa3Pzv1o3w+g6mAqVZsgVW34UZZJgQuaXk4HQnKGcWKBMC7srYSOqKUObT8mG4K2evA6tes2z/FCvNG7yOIpwBudwCR5cQQPuoAk+MBDwDK/w5ijnxXl3PpatBSefOYU/cj5/AIN0jdA=</latexit>

Mn
<latexit sha1_base64="mnFeDEf4pg0m95XffrvrS+PFOy4=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXuwYW/vsjtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMpTDout9OYWNza3unuFva2z84PCofn7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fh2Xm8/cW1Eoh5xkvIgpkMlIsEoWsuv3vdVtV+uuDV3IbIOXg4VyNXsl796g4RlMVfIJDWm67kpBlOqUTDJZ6VeZnhK2ZgOedeiojE3wXSx7IxcWGdAokTbp5As3N8TUxobM4lD2xlTHJnV2tz8r9bNMLoOpkKlGXLFlh9FmSSYkPnlZCA0ZygnFijTwu5K2IhqytDmU7IheKsnr0OrXvMsP9QrjZs8jiKcwTlcggdX0IA7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuGPnM8f3qCODA==</latexit><latexit sha1_base64="mnFeDEf4pg0m95XffrvrS+PFOy4=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXuwYW/vsjtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMpTDout9OYWNza3unuFva2z84PCofn7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fh2Xm8/cW1Eoh5xkvIgpkMlIsEoWsuv3vdVtV+uuDV3IbIOXg4VyNXsl796g4RlMVfIJDWm67kpBlOqUTDJZ6VeZnhK2ZgOedeiojE3wXSx7IxcWGdAokTbp5As3N8TUxobM4lD2xlTHJnV2tz8r9bNMLoOpkKlGXLFlh9FmSSYkPnlZCA0ZygnFijTwu5K2IhqytDmU7IheKsnr0OrXvMsP9QrjZs8jiKcwTlcggdX0IA7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuGPnM8f3qCODA==</latexit><latexit sha1_base64="mnFeDEf4pg0m95XffrvrS+PFOy4=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXuwYW/vsjtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMpTDout9OYWNza3unuFva2z84PCofn7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fh2Xm8/cW1Eoh5xkvIgpkMlIsEoWsuv3vdVtV+uuDV3IbIOXg4VyNXsl796g4RlMVfIJDWm67kpBlOqUTDJZ6VeZnhK2ZgOedeiojE3wXSx7IxcWGdAokTbp5As3N8TUxobM4lD2xlTHJnV2tz8r9bNMLoOpkKlGXLFlh9FmSSYkPnlZCA0ZygnFijTwu5K2IhqytDmU7IheKsnr0OrXvMsP9QrjZs8jiKcwTlcggdX0IA7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuGPnM8f3qCODA==</latexit><latexit sha1_base64="mnFeDEf4pg0m95XffrvrS+PFOy4=">AAAB7HicbZA9TwJBEIbn8AvxC7W02QgmVuSORkuijY0JJh6QwIXsLXuwYW/vsjtnQgi/wcZCY2z9QXb+Gxe4QsE32eTJOzPZmTdMpTDout9OYWNza3unuFva2z84PCofn7RMkmnGfZbIRHdCargUivsoUPJOqjmNQ8nb4fh2Xm8/cW1Eoh5xkvIgpkMlIsEoWsuv3vdVtV+uuDV3IbIOXg4VyNXsl796g4RlMVfIJDWm67kpBlOqUTDJZ6VeZnhK2ZgOedeiojE3wXSx7IxcWGdAokTbp5As3N8TUxobM4lD2xlTHJnV2tz8r9bNMLoOpkKlGXLFlh9FmSSYkPnlZCA0ZygnFijTwu5K2IhqytDmU7IheKsnr0OrXvMsP9QrjZs8jiKcwTlcggdX0IA7aIIPDAQ8wyu8Ocp5cd6dj2VrwclnTuGPnM8f3qCODA==</latexit>

�
<latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit>

�
<latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit>

�
<latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit><latexit sha1_base64="zp8kj16naOuOz6IBMNfAZAiRNhI=">AAAB7XicbZDLTgIxFIZP8YZ4Q126aQQTV2SGjS6JblxiIpcEJqRTOlDptJO2Y0ImvIMbFxrj1vdx59tYYBYK/kmTL/85Jz3nDxPBjfW8b1TY2Nza3inulvb2Dw6PyscnbaNSTVmLKqF0NySGCS5Zy3IrWDfRjMShYJ1wcjuvd56YNlzJBztNWBCTkeQRp8Q6q13t67GqDsoVr+YthNfBz6ECuZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nMoScxMkC22neEL5wxxpLR70uKF+3siI7Ex0zh0nTGxY7Nam5v/1Xqpja6DjMsktUzS5UdRKrBVeH46HnLNqBVTB4Rq7nbFdEw0odYFVHIh+Ksnr0O7XvMd39crjZs8jiKcwTlcgg9X0IA7aEILKDzCM7zCG1LoBb2jj2VrAeUzp/BH6PMH2F2OoQ==</latexit>

IID ensemble 
(quantum data) Measurement Outcomes 

(classical data)
State 

estimator

X1
<latexit sha1_base64="snnnArvYm2IPpt59NtHe9f7HGEI=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXLWzYbpvdqQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6ZSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G5e7zxxbUSiHnGa8iCmIyUiwShay691B15tUKm6dXchsg5eAVUo1BpUvvrDhGUxV8gkNabnuSkGOdUomOSzcj8zPKVsQke8Z1HRmJsgXyw7I5fWGZIo0fYpJAv390ROY2OmcWg7Y4pjs1qbm//VehlGN0EuVJohV2z5UZRJggmZX06GQnOGcmqBMi3sroSNqaYMbT5lG4K3evI6tBt1z/JDo9q8LeIowTlcwBV4cA1NuIcW+MBAwDO8wpujnBfn3flYtm44xcwZ/JHz+QOSvI3a</latexit><latexit sha1_base64="snnnArvYm2IPpt59NtHe9f7HGEI=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXLWzYbpvdqQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6ZSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G5e7zxxbUSiHnGa8iCmIyUiwShay691B15tUKm6dXchsg5eAVUo1BpUvvrDhGUxV8gkNabnuSkGOdUomOSzcj8zPKVsQke8Z1HRmJsgXyw7I5fWGZIo0fYpJAv390ROY2OmcWg7Y4pjs1qbm//VehlGN0EuVJohV2z5UZRJggmZX06GQnOGcmqBMi3sroSNqaYMbT5lG4K3evI6tBt1z/JDo9q8LeIowTlcwBV4cA1NuIcW+MBAwDO8wpujnBfn3flYtm44xcwZ/JHz+QOSvI3a</latexit><latexit sha1_base64="snnnArvYm2IPpt59NtHe9f7HGEI=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXLWzYbpvdqQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6ZSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G5e7zxxbUSiHnGa8iCmIyUiwShay691B15tUKm6dXchsg5eAVUo1BpUvvrDhGUxV8gkNabnuSkGOdUomOSzcj8zPKVsQke8Z1HRmJsgXyw7I5fWGZIo0fYpJAv390ROY2OmcWg7Y4pjs1qbm//VehlGN0EuVJohV2z5UZRJggmZX06GQnOGcmqBMi3sroSNqaYMbT5lG4K3evI6tBt1z/JDo9q8LeIowTlcwBV4cA1NuIcW+MBAwDO8wpujnBfn3flYtm44xcwZ/JHz+QOSvI3a</latexit><latexit sha1_base64="snnnArvYm2IPpt59NtHe9f7HGEI=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXLWzYbpvdqQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6ZSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G5e7zxxbUSiHnGa8iCmIyUiwShay691B15tUKm6dXchsg5eAVUo1BpUvvrDhGUxV8gkNabnuSkGOdUomOSzcj8zPKVsQke8Z1HRmJsgXyw7I5fWGZIo0fYpJAv390ROY2OmcWg7Y4pjs1qbm//VehlGN0EuVJohV2z5UZRJggmZX06GQnOGcmqBMi3sroSNqaYMbT5lG4K3evI6tBt1z/JDo9q8LeIowTlcwBV4cA1NuIcW+MBAwDO8wpujnBfn3flYtm44xcwZ/JHz+QOSvI3a</latexit>

X2
<latexit sha1_base64="6jl1eJbe2ipAN/THfujwstEqCks=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXLWzYbpvdqQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6ZSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G5e7zxxbUSiHnGa8iCmIyUiwShay691B43aoFJ16+5CZB28AqpQqDWofPWHCctirpBJakzPc1MMcqpRMMln5X5meErZhI54z6KiMTdBvlh2Ri6tMyRRou1TSBbu74mcxsZM49B2xhTHZrU2N/+r9TKMboJcqDRDrtjyoyiTBBMyv5wMheYM5dQCZVrYXQkbU00Z2nzKNgRv9eR1aDfqnuWHRrV5W8RRgnO4gCvw4BqacA8t8IGBgGd4hTdHOS/Ou/OxbN1wipkz+CPn8weUQY3b</latexit><latexit sha1_base64="6jl1eJbe2ipAN/THfujwstEqCks=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXLWzYbpvdqQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6ZSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G5e7zxxbUSiHnGa8iCmIyUiwShay691B43aoFJ16+5CZB28AqpQqDWofPWHCctirpBJakzPc1MMcqpRMMln5X5meErZhI54z6KiMTdBvlh2Ri6tMyRRou1TSBbu74mcxsZM49B2xhTHZrU2N/+r9TKMboJcqDRDrtjyoyiTBBMyv5wMheYM5dQCZVrYXQkbU00Z2nzKNgRv9eR1aDfqnuWHRrV5W8RRgnO4gCvw4BqacA8t8IGBgGd4hTdHOS/Ou/OxbN1wipkz+CPn8weUQY3b</latexit><latexit sha1_base64="6jl1eJbe2ipAN/THfujwstEqCks=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXLWzYbpvdqQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6ZSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G5e7zxxbUSiHnGa8iCmIyUiwShay691B43aoFJ16+5CZB28AqpQqDWofPWHCctirpBJakzPc1MMcqpRMMln5X5meErZhI54z6KiMTdBvlh2Ri6tMyRRou1TSBbu74mcxsZM49B2xhTHZrU2N/+r9TKMboJcqDRDrtjyoyiTBBMyv5wMheYM5dQCZVrYXQkbU00Z2nzKNgRv9eR1aDfqnuWHRrV5W8RRgnO4gCvw4BqacA8t8IGBgGd4hTdHOS/Ou/OxbN1wipkz+CPn8weUQY3b</latexit><latexit sha1_base64="6jl1eJbe2ipAN/THfujwstEqCks=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXLWzYbpvdqQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6ZSGHTdb2djc2t7Z7e0V94/ODw6rpyctk2SacZ9lshEd0NquBSK+yhQ8m6qOY1DyTvh5G5e7zxxbUSiHnGa8iCmIyUiwShay691B43aoFJ16+5CZB28AqpQqDWofPWHCctirpBJakzPc1MMcqpRMMln5X5meErZhI54z6KiMTdBvlh2Ri6tMyRRou1TSBbu74mcxsZM49B2xhTHZrU2N/+r9TKMboJcqDRDrtjyoyiTBBMyv5wMheYM5dQCZVrYXQkbU00Z2nzKNgRv9eR1aDfqnuWHRrV5W8RRgnO4gCvw4BqacA8t8IGBgGd4hTdHOS/Ou/OxbN1wipkz+CPn8weUQY3b</latexit>

Xn
<latexit sha1_base64="gMwk/hCh1FgmcnY8Xy+wW+1boUc=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXKWzYbpvdrQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6aCa+O6387G5tb2zm5pr7x/cHh0XDk5beskUwx9lohEdUOqUXCJvuFGYDdVSONQYCec3M3rnSdUmify0UxTDGI6kjzijBpr+bXuQNYGlapbdxci6+AVUIVCrUHlqz9MWBajNExQrXuem5ogp8pwJnBW7mcaU8omdIQ9i5LGqIN8seyMXFpnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELml5MhV8iMmFqgTHG7K2FjqigzNp+yDcFbPXkd2o26Z/mhUW3eFnGU4Bwu4Ao8uIYm3EMLfGDA4Rle4c2Rzovz7nwsWzecYuYM/sj5/AHvbY4X</latexit><latexit sha1_base64="gMwk/hCh1FgmcnY8Xy+wW+1boUc=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXKWzYbpvdrQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6aCa+O6387G5tb2zm5pr7x/cHh0XDk5beskUwx9lohEdUOqUXCJvuFGYDdVSONQYCec3M3rnSdUmify0UxTDGI6kjzijBpr+bXuQNYGlapbdxci6+AVUIVCrUHlqz9MWBajNExQrXuem5ogp8pwJnBW7mcaU8omdIQ9i5LGqIN8seyMXFpnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELml5MhV8iMmFqgTHG7K2FjqigzNp+yDcFbPXkd2o26Z/mhUW3eFnGU4Bwu4Ao8uIYm3EMLfGDA4Rle4c2Rzovz7nwsWzecYuYM/sj5/AHvbY4X</latexit><latexit sha1_base64="gMwk/hCh1FgmcnY8Xy+wW+1boUc=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXKWzYbpvdrQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6aCa+O6387G5tb2zm5pr7x/cHh0XDk5beskUwx9lohEdUOqUXCJvuFGYDdVSONQYCec3M3rnSdUmify0UxTDGI6kjzijBpr+bXuQNYGlapbdxci6+AVUIVCrUHlqz9MWBajNExQrXuem5ogp8pwJnBW7mcaU8omdIQ9i5LGqIN8seyMXFpnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELml5MhV8iMmFqgTHG7K2FjqigzNp+yDcFbPXkd2o26Z/mhUW3eFnGU4Bwu4Ao8uIYm3EMLfGDA4Rle4c2Rzovz7nwsWzecYuYM/sj5/AHvbY4X</latexit><latexit sha1_base64="gMwk/hCh1FgmcnY8Xy+wW+1boUc=">AAAB7HicbZBNT8JAEIanfiJ+oR69bAQTT6TlokeiF4+YWCCBhmyXKWzYbpvdrQlp+A1ePGiMV3+QN/+NC/Sg4Jts8uSdmezMG6aCa+O6387G5tb2zm5pr7x/cHh0XDk5beskUwx9lohEdUOqUXCJvuFGYDdVSONQYCec3M3rnSdUmify0UxTDGI6kjzijBpr+bXuQNYGlapbdxci6+AVUIVCrUHlqz9MWBajNExQrXuem5ogp8pwJnBW7mcaU8omdIQ9i5LGqIN8seyMXFpnSKJE2ScNWbi/J3Iaaz2NQ9sZUzPWq7W5+V+tl5noJsi5TDODki0/ijJBTELml5MhV8iMmFqgTHG7K2FjqigzNp+yDcFbPXkd2o26Z/mhUW3eFnGU4Bwu4Ao8uIYm3EMLfGDA4Rle4c2Rzovz7nwsWzecYuYM/sj5/AHvbY4X</latexit>

�̂n(X1, . . . , Xn)
<latexit sha1_base64="AwNU9ANgXeFw+MdI5o5EIIDC868=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g4kQIYTdWGgZtLGMYB6QDcvsZJIMmZ1dZu4KYUlr46/YWChi6x/Y+TdOki008cDA4Zx7uHNPEAuuwXG+rdza+sbmVn67sLO7t39gHx61dJQoypo0EpHqBEQzwSVrAgfBOrFiJAwEawfjm5nffmBK80jewyRmvZAMJR9wSsBIvo1L3ohA6qlRNPVlueO7Fez1I9C4gju+PC/5dtGpOnPgVeJmpIgyNHz7y+RpEjIJVBCtu64TQy8lCjgVbFrwEs1iQsdkyLqGShIy3Uvnl0zxmVH6eBAp8yTgufo7kZJQ60kYmMmQwEgvezPxP6+bwOCql3IZJ8AkXSwaJAJDhGe14D5XjIKYGEKo4uavmI6IIhRMeQVTgrt88ipp1aruRdW5qxXr11kdeXSCTlEZuegS1dEtaqAmougRPaNX9GY9WS/Wu/WxGM1ZWeYY/YH1+QOxyphi</latexit>

Partial answers to the key questions:

measurement design: separate measurements

estimation method: LS, PLS, ML, ...

statistical model: completely unknown state or small rank state



General quantum parameter estimation setup with IID ensembles

IID model 
(quantum data)

Collective 
Measurement

Outcome(s) 
(classical data)

Parameter 
estimator

M(n)
<latexit sha1_base64="lgAQJJd2Stn+6P3FiaKHNiThe7w=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFhMhNuEuFloGbWyECOYDkiPsbfaSNXu7x+6eEI78BxsLRWz9P3b+GzfJFZr4YODx3gwz84KYM21c99vJra1vbG7ltws7u3v7B8XDo5aWiSK0SSSXqhNgTTkTtGmY4bQTK4qjgNN2ML6Z+e0nqjST4sFMYupHeChYyAg2VmqV7yrivNwvltyqOwdaJV5GSpCh0S9+9QaSJBEVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSwWOqPbT+bVTdGaVAQqlsiUMmqu/J1IcaT2JAtsZYTPSy95M/M/rJia88lMm4sRQQRaLwoQjI9HsdTRgihLDJ5Zgopi9FZERVpgYG1DBhuAtv7xKWrWqd1F172ul+nUWRx5O4BQq4MEl1OEWGtAEAo/wDK/w5kjnxXl3PhatOSebOYY/cD5/AO++jgo=</latexit>

X(n)
<latexit sha1_base64="VtYGC3Zd0749axCk8QnUx3rUcRU=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+6g0JJoY4mJfCRwIXvLHqzs7V5290zIhf9gY6Extv4fO/+NC1yh4EsmeXlvJjPzgpgzbVz328ltbG5t7+R3C3v7B4dHxeOTtpaJIrRFJJeqG2BNORO0ZZjhtBsriqOA004wuZ37nSeqNJPiwUxj6kd4JFjICDZWape7FXFZHhRLbtVdAK0TLyMlyNAcFL/6Q0mSiApDONa657mx8VOsDCOczgr9RNMYkwke0Z6lAkdU++ni2hm6sMoQhVLZEgYt1N8TKY60nkaB7YywGetVby7+5/USE177KRNxYqggy0VhwpGRaP46GjJFieFTSzBRzN6KyBgrTIwNqGBD8FZfXiftWtWrV937Wqlxk8WRhzM4hwp4cAUNuIMmtIDAIzzDK7w50nlx3p2PZWvOyWZO4Q+czx8ApY4V</latexit>

�̂n = �̂n(X(n))
<latexit sha1_base64="OqN4N/6RD2o6wYC6lZ9MFDlf2e8=">AAACEHicbVC7SgNBFJ2Nrxhfq5Y2g4mYNGE3FtoIQRvLCOYB2SXMTibJkNnZZeauEJZ8go2/YmOhiK2lnX/j5FGYxAMXDufcy733BLHgGhznx8qsrW9sbmW3czu7e/sH9uFRQ0eJoqxOIxGpVkA0E1yyOnAQrBUrRsJAsGYwvJ34zUemNI/kA4xi5oekL3mPUwJG6tjnBW9AIPVgwICMOxJf40Wh2CrKUqnQsfNO2ZkCrxJ3TvJojlrH/va6EU1CJoEKonXbdWLwU6KAU8HGOS/RLCZ0SPqsbagkIdN+On1ojM+M0sW9SJmSgKfq34mUhFqPwsB0hgQGetmbiP957QR6V37KZZwAk3S2qJcIDBGepIO7XDEKYmQIoYqbWzEdEEUomAxzJgR3+eVV0qiU3Yuyc1/JV2/mcWTRCTpFReSiS1RFd6iG6oiiJ/SC3tC79Wy9Wh/W56w1Y81njtECrK9fKqeb/g==</latexit>

��
<latexit sha1_base64="ixYOseZWyinIRl1dIoGf8tMksso=">AAAB9HicbVA9TwJBEN3DL8Qv1NJmI5hYkTsstCTaWGIiHwl3IXvLHrdhb/fcnSMhhN9hY6Extv4YO/+NC1yh4EsmeXlvJjPzwlRwA6777RQ2Nre2d4q7pb39g8Oj8vFJ26hMU9aiSijdDYlhgkvWAg6CdVPNSBIK1glHd3O/M2bacCUfYZKyICFDySNOCVgpqPo6Vn0fYgak2i9X3Jq7AF4nXk4qKEezX/7yB4pmCZNABTGm57kpBFOigVPBZiU/MywldESGrGepJAkzwXRx9AxfWGWAI6VtScAL9ffElCTGTJLQdiYEYrPqzcX/vF4G0U0w5TLNgEm6XBRlAoPC8wTwgGtGQUwsIVRzeyumMdGEgs2pZEPwVl9eJ+16zbuquQ/1SuM2j6OIztA5ukQeukYNdI+aqIUoekLP6BW9OWPnxXl3PpatBSefOUV/4Hz+ADhrkbo=</latexit>

��
<latexit sha1_base64="ixYOseZWyinIRl1dIoGf8tMksso=">AAAB9HicbVA9TwJBEN3DL8Qv1NJmI5hYkTsstCTaWGIiHwl3IXvLHrdhb/fcnSMhhN9hY6Extv4YO/+NC1yh4EsmeXlvJjPzwlRwA6777RQ2Nre2d4q7pb39g8Oj8vFJ26hMU9aiSijdDYlhgkvWAg6CdVPNSBIK1glHd3O/M2bacCUfYZKyICFDySNOCVgpqPo6Vn0fYgak2i9X3Jq7AF4nXk4qKEezX/7yB4pmCZNABTGm57kpBFOigVPBZiU/MywldESGrGepJAkzwXRx9AxfWGWAI6VtScAL9ffElCTGTJLQdiYEYrPqzcX/vF4G0U0w5TLNgEm6XBRlAoPC8wTwgGtGQUwsIVRzeyumMdGEgs2pZEPwVl9eJ+16zbuquQ/1SuM2j6OIztA5ukQeukYNdI+aqIUoekLP6BW9OWPnxXl3PpatBSefOUV/4Hz+ADhrkbo=</latexit>

��
<latexit sha1_base64="ixYOseZWyinIRl1dIoGf8tMksso=">AAAB9HicbVA9TwJBEN3DL8Qv1NJmI5hYkTsstCTaWGIiHwl3IXvLHrdhb/fcnSMhhN9hY6Extv4YO/+NC1yh4EsmeXlvJjPzwlRwA6777RQ2Nre2d4q7pb39g8Oj8vFJ26hMU9aiSijdDYlhgkvWAg6CdVPNSBIK1glHd3O/M2bacCUfYZKyICFDySNOCVgpqPo6Vn0fYgak2i9X3Jq7AF4nXk4qKEezX/7yB4pmCZNABTGm57kpBFOigVPBZiU/MywldESGrGepJAkzwXRx9AxfWGWAI6VtScAL9ffElCTGTJLQdiYEYrPqzcX/vF4G0U0w5TLNgEm6XBRlAoPC8wTwgGtGQUwsIVRzeyumMdGEgs2pZEPwVl9eJ+16zbuquQ/1SuM2j6OIztA5ukQeukYNdI+aqIUoekLP6BW9OWPnxXl3PpatBSefOUV/4Hz+ADhrkbo=</latexit>

quantum IID model: n systems in state fl◊ with unknown parameter ◊ œ �

measurement: allow for general (collective) measurements

estimation problem: find ‘optimal procedures for achieving ultimate precision’

I minimise estimation risk: R(◊̂n|◊) = E(d(◊̂n, ◊))
I define suitable confidence regions (error bars)



Outline

Quantum Fisher information and quantum Cramér-Rao bound

Local Asymptotic Normality for quantum IID ensembles

Local Asymptotic Normality for quantum Markov processes



Quantum Cramér-Rao bound

Theorem [Helstrom, Holevo, Belavkin, Braunstein&Caves]

Let Q = {fl◊ : ◊ œ Rk
} be a ‘smooth’ quantum model.

For any unbiased measurement M with outcome ◊̂ œ Rk (i.e. E◊̂ = ◊)

Var(◊̂) ØF (◊)≠1 =∆ EÎ◊̂ ≠ ◊Î
2

Ø TrF (◊)≠1

F (◊) is the Quantum Fisher information matrix F (◊)i,j := Tr(fl◊L◊,i ¶ L◊,j)

Symmetric logarithmic derivatives L◊,j : selfadjoint solutions of ˆfl◊
ˆ◊j

= fl◊ ¶ L◊,j

Quantum Fisher information as quadratic approximation for the Bures distance

d2
b
(fl◊, fl◊+”◊) = 1

4
”◊T F (◊)”◊, d2

b
(fl, ‡) = 2[1 ≠ Tr(


Ô

fl‡
Ô

fl)]

one parameter pure state rotation model: |Â◊Í := e≠i◊G
|ÂÍ, ÈÂ|G|ÂÍ = 0

F (◊) = 4
...dÂ◊

d◊

...
2

= 4VarÂ(G) = 4
+

Â
--G2

-- Â
,
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(non-) Achievability of the QCR bound

◊ œ R: bound achieved (locally) at ◊0 by measuring X = ◊01 + L◊0
F (◊0)

I E◊X = ◊0 + Tr(fl◊L◊0 )
F (◊0) = ◊0 + Tr(fl◊0 L◊0 )

F (◊0) + �◊
Tr(fl

Õ
◊0

L◊0 )
F (◊0) + O(�◊2)

= ◊0 + �◊ + O(�◊2) = ◊ + O(�◊2)

I Var◊0 (X) = E◊0

#
(X ≠ E◊0 X)2

$
=

Tr(fl◊0 L2
◊0

)
F 2(◊0) = 1

F◊0

For n samples: measure separately (and adaptively) and average X(n) = 1
n

q
i

X(i)

Standard MSE scaling: E
#
(◊̂n ≠ ◊)2

$
¥

1
nF (◊)

multidimensional ◊: achievability of QFI is problematic if [L◊,i, L◊,j ] ”= 0



Example: estimating the direction of the spin vector

One-dim. model: (small) rotation of | ø Í

z

y

x

|�u�

|ÂuÍ := exp (iu‡x) | ø Í = cos(u)| øÍ + sin(u)| ¿ Í

Quantum Fisher information F = 4Èø |‡2
x| øÍ = 4

SLD L = 2‡y is the ‘most informative’ spin observable

E
1

L

F

2
= 2 sin(2u)

4 ¥ u, Var(û) = Var
1

L

F

2
= 1

4 = 1
F

Two parameter model |Âux,uy Í = exp(i(uy‡x ≠ ux‡y))| ø Í

Since [‡x, ‡y] ”= 0, optimal measurements for ux and uy are incompatible
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Example: quantum Gaussian shift

Continuous variables system: canonical observables Q, P on L2(R)

QP ≠ P Q = i1 (Heisenberg’s commutation relations)

Vacuum (Gaussian) state |0Í œ L2(R) with characteristic function

„(u, v) := È0 | exp(≠ivQ ≠ iuP ) | 0Í = exp(≠(u2 + v2)/4)

Coherent states |u, vÍ := exp(≠ivQ ≠ iuP ) | 0Í

QFI F = 4
1 Var(P ) 0

0 Var(Q)

2
= 2 · 1

P

Q

v

u

|u, v�

Optimal measurements

I one-parameter: û ≥ N(u, 1/2) by measuring Q ∆ E[|û ≠ u|
2] = 1

2

I QCR bound not achievable: since Q, P are incompatible, (u, v) cannot be estimated
optimally simultaneously. What is the optimal measurement?



Optimal measurement for Gaussian shift

Idea: ‘make’ Q and P commute by ‘adding quantum noise’

Beamsplitter: combine (Q, P ) with independent
system (QÕ, P Õ)

Q± := Q ± QÕ

P± := P ± P Õ

Noisy coordinates commute:

∆ [Q+, P≠] = [Q + QÕ, P ≠ P Õ] = 0

(Q,P )

(Q�, P �)

(Q+, P+)

(Q�, P�)

Heterodyne measurement (Q+, P≠) gives estimator (û, v̂) ≥ N((u, v), 1
2 + V Õ)

MSE minimised when (QÕ, P Õ) is in the ‘minimum uncertainty’ state |0Í with V Õ = 1
2

E[|u ≠ û|
2 + |v ≠ v̂|

2] = 2



Outline

Quantum Fisher information and quantum Cramér-Rao bound

Local Asymptotic Normality for quantum IID ensembles

Local Asymptotic Normality for quantum Markov processes



Optimal estimation using local asymptotic normality1 2 3 4
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Quantum  
channel

P

Q

v

u

|u, v�

L. Le Cam

LAN: sequence of IID models converges to a Gaussian shift model for ◊ = ◊0 + u/
Ô

n

Operational formulation: there exist quantum channels Tn and Sn (dep. on ◊0) such that

lim
næŒ

sup
ÎuÎÆn‘

..Tn

!
fl

¢n

◊0+u/
Ô

n

"
≠ �(u, V0)

..
1

= 0

lim
næŒ

sup
ÎuÎÆn‘

..fl
¢n

◊0+u/
Ô

n
≠ Sn(�(u, V0))

..
1

= 0

LAN is used to derive minimax rates and optimal measurements
1J. Kahn, M.G., Commun. Math. Phys. (2009), M.G., B. Janssens and J.Kahn, Commun. Math. Phys. (2008)
2R.D. Gill, M.G., I.M.S. Collections (2012)
3C. Butucea, M.G. and M. Nussbaum Ann. Statist. (2018)
4M.G., J. Kiukas, J. Math. Phys. (2017), M.G., J. Kiukas, Commun. Math. Phys. (2015), C. Catana, L. Bouten, M.G. J.

Phys. A (2015)



Convergence to Gaussian model for i.i.d. ensembles of pure states

Quantum data: ensemble of n identically prepared systems

|Â◊Í
¢n :=

!
ei◊G

|ÂÍ

"¢n

, ÈÂ|G|ÂÍ = 0

�
F/2u

�
F/2v

Q

P

�����n
�0+u/

�
n

�

�����n
�0+v/

�
n

�

Local asymptotic normality (Gaussian approximation):

Write ◊ = ◊0 + u/
Ô

n for ◊ an “uncertainty neighbourhood" of size n≠1/2 around ◊0

The overlaps of such joint states converge to those of a Gaussian shift model with QFI = F

+
Â¢n

◊0+u/
Ô

n

-- Â¢n

◊0+v/
Ô

n

,
=

+
Â|ei(u≠v)G/

Ô
n
-- Â

,n

¸ ˚˙ ˝
(1≠ÈÂ|G2|ÂÍ/2n+... )n

≠æ e(u≠v)2F/8 =
e

F/2 u

---


F/2 v

f



Gaussian approximation for pure states

n identically prepared spins
---Â uxÔ

n
,

uyÔ
n

f
:= exp

1
i
uy‡x ≠ ux‡y

Ô
n

2
| ø Í

Collective observables Lx,y,z :=
q

n

i=1 ‡
(i)
x,y,z

Quantum Central Limit Theorem

ux, uy = 0 =∆

I
LxÔ

n

D
≠æ N(0, 1)

LyÔ
n

D
≠æ N(0, 1)

Ë
LxÔ

n
,

LyÔ
n

È
= 2i

n
Lz

l.l.n.

≠≠≠≠æ 2i1

•

z

x

y

√

n

n



Gaussian approximation for pure states

n identically prepared spins
---Â uxÔ

n
,

uyÔ
n

f
:= exp

1
i
uy‡x ≠ ux‡y

Ô
n

2
| ø Í

Collective observables Lx,y,z :=
q

n

i=1 ‡
(i)
x,y,z

Quantum Central Limit Theorem

ux, uy ”= 0 =∆

I
LxÔ

n

D
≠æ N(2ux, 1)

LyÔ
n

D
≠æ N(2uy , 1)

Ë
LxÔ

n
,

LyÔ
n

È
= 2i

n
Lz

l.l.n.

≠≠≠≠æ 2i1

•

z

x

y

√

n

n



Gaussian approximation for mixed states

n identically prepared spins with local parameter u = (ux, uy , uz)

fl uÔ
n

:= e
i

uy‡x≠ux‡yÔ
n

3
µ + uzÔ

n
0

0 1 ≠ µ ≠
uzÔ

n

4
e

≠i
uy‡x≠ux‡yÔ

n

Collective observables Lx,y,z :=
q

n

i=1 ‡
(i)
x,y,z

Quantum Central Limit Theorem (mixed states)

Lx,yÔ
n

D
≠æ N (2(2µ ≠ 1)ux,y , 1)

Lz≠n(2µ≠1)Ô
n

D
≠æ N (uz , µ(1 ≠ µ))

Ë
LxÔ

n
,

LyÔ
n

È
= 2i

n
Lz

l.l.n.

≠≠æ 2(2µ ≠ 1)i1

•

z

x

√

n

y

(2µ − 1)n



Local spin model and the Gaussian limit

)
flu/

Ô
n : u = (ux, uy, uz)

*
neighbourhood of fl0 := Diag(µ, 1 ≠ µ)

flu/
Ô

n := Un (ux, uy)
Ë

µ + uzÔ
n

0
0 1 ≠ µ ≠

uzÔ
n

È
Un (ux, uy)ú

Un(ux, uy) := exp(i(uy‡x ≠ uy‡y)/
Ô

n)

z

y

x

Gaussian shift model: Nu ¢ �u

I Classical part: Nu := N(uz , µ(1 ≠ µ))

I Quantum part: �u := �
1

ux


2(2µ ≠ 1) , uy


2(2µ ≠ 1) ; (2(2µ ≠ 1))≠1

2



Local asymptotic normality for mixed spin states 5

Theorem
Let flu,n :=

!
flu/

Ô
n

"¢n be the state of n i.i.d. spins with 1/2 < µ < 1.

Then there exist quantum channels Tn, Sn such that for any ÷ < 1/4

lim
næŒ

sup
ÎuÎ<n÷

ÎTn (flu,n) ≠ Nu ¢ �uÎ1 = 0,

and
lim

næŒ
sup

ÎuÎ<n÷
Îflu,n ≠ Sn (Nu ¢ �u)Î1 = 0.

LAN + Optimal estimation of Gaussian shift ∆ asymptotically optimal state
estimation

5M.G., B. Janssens and J. Kahn, Commun. Math. Phys. (2008)



Example: optimal qubit estimation with norm-one squared loss function

Quadratic approximation for norm-one squared distance

..flû/
Ô

n
≠ flu/

Ô
n

..2
1

= 4
n

#
(ûz ≠ uz)2 + (2µ ≠ 1)2((ûx ≠ ux)2 + (ûy ≠ uy)2)

$
+O(n≠3/2)

Gaussian limit model:

N(uz , µ(1 ≠ µ)) ¢ �
1

ux


2(2µ ≠ 1) , uy


2(2µ ≠ 1) ; 1

2(2µ ≠ 1)
1
2

Probability distribution of heterodyne measurement on quantum part

N
1

ux


2(2µ ≠ 1) , uy


2(2µ ≠ 1) ; 1

2(2µ ≠ 1)
1 + 1

2
1
2

æ N
1

ux , uy ; µ

2(2µ ≠ 1)2 1
2

Optimal risk

nE
..flû/

Ô
n

≠ flu/
Ô

n

..2
1

= 4
1

µ

2
+ µ

2
+ µ(1 ≠ µ)

2
= 8µ ≠ 4µ2



Idea of the proof

Block diagonal form (Weyl Theorem)

!
C2"¢n =

n/2n

j=0,1/2

C2j+1
¢ Cdj

fl¢n

u/
Ô

n
=

n/2n

j=0,1/2

pu,n(j) flu,n(j) ¢
1
dj

Classical part: pu,n(j) = P[L = j] with L the total spin

L ¥ Lz ≥ Bin(µ + uz/
Ô

n, n) s.

≠æ Nu

Quantum part: embed conditional state flu,j isometrically into L2(R)

Vj : Hj æ L2(R)
Tj : flu,j ‘≠æ Vjflu,jV ú

j



Isometric embedding

Orthonormal bases

Lz|m, jÍ = m|m, jÍ ( C2j+1 )
|kÍ = Hk(x)e≠x

2
/2 ( L2(R) )

Ladder operators
;

L+ := Lx + iLy

L≠ := Lx ≠ iLy

and
;

a := (Q + iP )/
Ô

2
aú := (Q ≠ iP )/

Ô
2

m = j

m = j-1

m = -j

a

a�

Vj

|0�

|1�

|2j + 1�

L+

L�



Local asymptotic normality in d-dimensions

Local model around fl0 = Diag(µ1, . . . , µd) with µ1 > µ2 > · · · > µd > 0

flu/
Ô

n =

S

U
µ1 + h1/

Ô
n . . . zú

1,d/
Ô

n

...
. . .

...
z1,d/

Ô
n . . . µd ≠

qd≠1
i=1

hi/
Ô

n

T

V u = (h, z) œ Rd≠1
◊ Cd(d≠1)/2

Gaussian shift model: Nu ¢ �u

I Classical part: Nu := N(z, I≠1
µ )

I Quantum part: �u :=
o

1Æj<kÆd
�

1
zj,k

2
Ô

µj ≠µk
; µj +µk

2(µj ≠µk)

2



Local asymptotic normality in d-dimensions14

Theorem
Let flu,n :=

!
flu/

Ô
n

"¢n be the state of n i.i.d systems with µ1 > · · · > µd > 0.

Then there exist quantum channels Tn, Sn such that

lim
næŒ

sup
uœ�n,—,“

ÎTn(flu,n) ≠ Nu ¢ �uÎ1 = 0

lim
næŒ

sup
uœ�n,—,“

ÎSn(Nu ¢ �u) ≠ flu,nÎ1 = 0

where

�n,—,“ =
)

u := (z, d) : ÎzÎ Æ n— , ÎdÎ Æ n“
*

, with — < 1/9, “ < 1/4.

14M. G., J. Kahn, Commun. Math. Phys. (2008)



Blocks indexed by Young diagrams

Block diagonal form
!
Cd

"¢n
=

n

⁄

H⁄ ¢ K⁄

fl¢n

u/
Ô

n
=

n

⁄

pu,n(⁄) flu,n(⁄) ¢ tr⁄

Young diagrams ⁄ with d lines and n boxes λ1 ≈ nµ1

λd ≈ nµd

Classical part: pu,n ¥ Mult
1

µ1 + h1Ô
n

, . . . , µd ≠
q

i

hiÔ
n

; n
2

=∆ Nu



Bases and ladder operators in H⁄

Non-orthogonal basis |t, ⁄Í = |m, ⁄Í

m = (mi,j = ˘j’s in row i} : i < j)

Structure of ⇥⇥:

• ‘Ladder operators’ Li,j = ⇥⇥(Ei,j), L�i,j = ⇥⇥(Ej,i) for 1 ⇥ i < j ⇥ d don’t act as ladder...

L�2,3 :
1 1 2
2 2
3

�⌅
1 1 3
2 2
3

+ 2
1 1 2
2 3
3

• However they do so on ‘typical vectors’ |m| = O(n�)⇤ n

L�2,3 :
1 1 1 1 1 1 1 2 2 3
2 2 2 2 3 3
3 3 3

�⌅ O(n�)
1 1 1 1 1 1 1 2 3 3
2 2 2 2 3 3
3 3 3

+ O(n)
1 1 1 1 1 1 1 2 2 3
2 2 2 3 3 3
3 3 3

After normalisation first term drops and we get an a�i,j creation operator

L�2,3/
⌥

n : |{m1,2, m1,3, m2,3}, �⌃
⇥=⇧�⌅

�
m2,3 + 1 |{m1,2, m1,3, m2,3+1}, �⌃ !!

• Asymptotically, Li,j/
⌥

n acts only on row i and they all commute with each other...

We have convergence to a tensor product of harmonic oscillators (ai,j , a�i,j) in the vacuum

semi-standard Young tableau t

Typical vectors are ¥ orthogonal

If |m|, |l| = O(n÷) with ÷ < 2/9 then

|Èm, ⁄ | l, ⁄Í| = O(n≠c(÷))

Structure of ⇥⇥:

• ‘Ladder operators’ Li,j = ⇥⇥(Ei,j), L�i,j = ⇥⇥(Ej,i) for 1 ⇥ i < j ⇥ d don’t act as ladder...

L�2,3 :
1 1 2
2 2
3

�⌅
1 1 3
2 2
3

+ 2
1 1 2
2 3
3

• However they do so on ‘typical vectors’ |m| = O(n�)⇤ n

L�2,3 :
1 1 1 1 1 1 1 2 2 3
2 2 2 2 3 3
3 3 3

�⌅ O(n�)
1 1 1 1 1 1 1 2 3 3
2 2 2 2 3 3
3 3 3

+ O(n)
1 1 1 1 1 1 1 2 2 3
2 2 2 3 3 3
3 3 3

After normalisation first term drops and we get an a�i,j creation operator

L�2,3/
⌥

n : |{m1,2, m1,3, m2,3}, �⌃
⇥=⇧�⌅

�
m2,3 + 1 |{m1,2, m1,3, m2,3+1}, �⌃ !!

• Asymptotically, Li,j/
⌥

n acts only on row i and they all commute with each other...

We have convergence to a tensor product of harmonic oscillators (ai,j , a�i,j) in the vacuum

typical Young tableau t

Approximate ladder operators

Structure of ⇥⇥:

• ‘Ladder operators’ Li,j = ⇥⇥(Ei,j), L�i,j = ⇥⇥(Ej,i) for 1 ⇥ i < j ⇥ d don’t act as ladder...

L�2,3 :
1 1 2
2 2
3

�⌅
1 1 3
2 2
3

+ 2
1 1 2
2 3
3

• However they do so on ‘typical vectors’ |m| = O(n�)⇤ n

L�2,3 :
1 1 1 1 1 1 1 2 2 3
2 2 2 2 3 3
3 3 3

�⌅ O(n�)
1 1 1 1 1 1 1 2 3 3
2 2 2 2 3 3
3 3 3

+ O(n)
1 1 1 1 1 1 1 2 2 3
2 2 2 3 3 3
3 3 3

After normalisation first term drops and we get an a�i,j creation operator

L�2,3/
⌥

n : |{m1,2, m1,3, m2,3}, �⌃
⇥=⇧�⌅

�
m2,3 + 1 |{m1,2, m1,3, m2,3+1}, �⌃ !!

• Asymptotically, Li,j/
⌥

n acts only on row i and they all commute with each other...

We have convergence to a tensor product of harmonic oscillators (ai,j , a�i,j) in the vacuum

Approximate isometry

V⁄ : |mÍ ‘≠æ

p

1Æj<kÆd

|mj,kÍ



LAE for pure states on an infinite dimensional space 6

Sobolev class of ‘nice’ states |ÂÍ =
q

j
Âj |jÍ œ ¸2(N)

S
–(L) :=

I
|ÂÍÈÂ| :

Œÿ

j=0

|Âj |2
j

2– = ÈN
2–Í Æ L, and ÎÂÎ = 1

J
, – > 0, L > 0.

Unique local decomposition around fixed state |Â0Í

|ÂÍ = |ÂuÍ :=


1 ≠ ÎuÎ2|Â0Í + |uÍ, |uÍ œ H0

Gaussian model: coherent states |G(Ônu)Í in the Fock space F(H0)

Local asymptotic equivalence
{|ÂuÍ

¢n : ÎuÎ Æ “n} ¥ {|
Ô

nuÍ : ÎuÎ Æ “n}

Application: estimation rate for minimax optimal estimator for |ÂÍ œ S–(L)

sup
|ÂÍœS–(L)

Efl

#
Îfl̂n ≠ flÎ

2
1
$

¥ n≠2–/(2–+1)

6C. Butucea, M.G. , M. Nussbaum, Ann. Statist. (2018)



Outline

Quantum Fisher information and quantum Cramér-Rao bound

Local Asymptotic Normality for quantum IID ensembles

Local Asymptotic Normality for quantum Markov processes



System identification and estimation with input-output open systems

System
Input Output

N(t)

Q(t)

B(t)
(H, L)

Unitary dynamics: singular coupling with incoming input fields (Q Stoch Di� Eq7)

dU(t) =
1

≠iHdt + LdAú(t) ≠ LúdA(t) ≠
1
2

LúLdt
2

U(t)

System identification: if ◊ æ (H◊, L◊), estimate ◊ by measuring the output8

I which parameters can be identified ?
I how does the output QFI scale with time t ?
I how does this relate to dynamical properties, e.g. ergodicity, spectral gap...?
I which measurements are informative ?
I how to achieve high estimation accuracy ?

7K. R. Parthasarathy, An introduction to quantum stochastic calculus, Springer Birkhäuser (1992)
8H. Mabuchi Quant. Semiclass. Optics (1996); J. Gambetta and H. M. Wiseman Phys. Rev. A (2001);
S. Gammelmark and K. Molmer Phys. Rev. A (2013), S.Bonnabel, M.Mirrahimi, P.Rouchon, Automatica (2009)...



Quantum input-output systems9

Input-output formalism describes controlled open system dynamics

Quantum filtering, feedback control, quantum networks

Control and system identification: two sides of the coin

Feedback control of cavity state in the atom maser
C. Sayrin et al, Nature (2011)

Advanced LIGO
B. P. Abbott et al. Phys. Rev. Lett. (2016)

9C. W. Gardiner and P. Zoller, Quantum Noise (2004)
H. M. Wiseman and G. J. Milburn, Quantum measurements and control (2010)



Output state as superposition of quantum trajectories

Monitoring the environment produces jump trajectories with infinitesimal Kraus operators

I "no emission": K0
◊

= e≠i”tH◊

Ò
1 ≠ ”t

q
j

Ljú
◊

Lj

◊

I "emission" in channel j: Kj

◊
= e≠i”tH◊

Ô

”tLj

◊

System-output state: coherent superposition of quantum trajectories, (continuous) MPS10

|Âs+o

◊
(t)Í = U◊(t)|Âs+o

in
Í =

ÿ

j1,...,jn

Kjn
◊

. . . Kj1
◊

|ÂÍ ¢ |jn . . . j1Í, n = t/”t

10M. Fannes, B. Nachtergale and R. Werner, Commun. Math. Phys.(1992);
D. Perez-Garcia, F. Verstraete, M. Wolf and I. Cirac, Quantum Inf. Comput. (2007)



Generator of parameter change in system+output state

Model dynamics with unknown parameter ◊ œ Rm

D◊ = (H◊, L◊) ≠æ

--�s+o
◊

(t)
,

= U◊(t)|Ï ¢ �Í

Tangent vector at D◊ corresponding to changes in component ◊a

Ḋ◊,a = (Ḣ◊,a, L̇◊,a) =
1

ˆH

ˆ◊a

,
ˆL

ˆ◊a

2
D� Ḋ�,a

Ḋ�,b

Generator of parameter change for component ◊a

ˆ

ˆ◊a

--�s+o
◊

(t)
,

= U̇◊,a(t)|Ï ¢ �Í = U◊(t)G◊,a(t)|Ï ¢ �Í

Generator is a quantum stochastic integral (fluctuation operator)

G◊,a(t) :=
Ô

tFt(Ḋ◊,a) =
⁄

t

0
L̇◊,a(s)dAú(s) ≠ iED(Ḋ◊,a)(s)ds

ED(Ḋ) := Ḣ + Im(L̇úL) ≠ Tr
#
flD

ss(Ḣ + Im(L̇úL))
$

1



Quantum information geometry of stationary output state11

T nonid
D

Ḋb

Ḋa

D

T id
D

Theorem (QFI of ergodic systems as Riemanian metric)
The quantum Fisher information matrix Fa,b(t) = 4Re

+
Gú

◊,a
(t) · G◊,b(t)

,
grows linearly in t

with rate Fa,b given by the asymptotic Markov covariance of fluctuators

Fa,b = 4Re
!

Ḋ◊,a, Ḋ◊,b

"
D

:= 4Re Tr
#
flss

!
L̇◊,a ≠ i[L◊, L

≠1
¶ ED(Ḋ◊,a)]

"ú
·

!
L̇◊,b ≠ i[L◊, L

≠1
¶ ED(Ḋ◊,b)]

"$
.

The tangent space decomposes into identifiable and unidentifiable subspaces TD = T
id

D
ü T

nonid

D

T
nonid

D
:= {Ḋ : Ḋ = i[K, D] + c(1, 0)} ≠æ (Ḋ, ḊÕ)D = 0

T
id

D
= {Ḋ : ED(Ḋ) = 0} ≠æ (Ḋ, ḊÕ)D = Tr(flD

ssL̇úL̇Õ)

Fa,b defines a Riemannian metric on P = D/G

11M.G., J. Kiukas, J. Math. Phys. (2017)



Gaussian approximation (LAN) for (system +) output state12

����s+o
�0+u/

�
t
(t)

�

����s+o
�0+v/

�
t
(t)

�

u
v

Parameter uncertainty ¥ t≠1/2
∆ interesting statistical features are local: ◊ = ◊0 + u/

Ô
t

D
◊0+u/

Ô
t

= D◊0 + 1
Ô

t
Ḋu + O(t≠1) = D◊0 + 1

Ô
t

ÿ

a

uaḊ◊0,a + O(t≠1)

Theorem (Local asymptotic normality)
Let WD be the CCR algebra over T

id

D
(continuous variable system) with Weyl unitaries W (u)

and “vacuum” state |0Í satisfying

W (u)W (v) = e≠iIm(Ḋu,Ḋv)D W (u + v), È0|W (u)|0Í := e≠ 1
2 ÎḊuÎ2

D

System+output quantum model |�s+o

◊0+u/
Ô

t
(t)Í converges locally to coherent states (Gaussian)

model |uÍ := W (u)|0Í.

lim
tæŒ

e
�s+o

◊0+u/
Ô

t
(t)

--- �s+o

◊0+v/
Ô

t
(t)

f
= e≠ 1

2 ÎḊu≠ḊvÎ2
D = Èu|vÍ

12M.G., J. Kiukas, J. Math. Phys. (2017), Similar result for the reduced output state



The Holevo bound is achievable

Holevo bound: quantum statistical model {fl◊ : ◊ œ � µ Rk
}

I X◊ := (X◊,1, . . . , X◊,k) s.t. Tr(fl◊X◊,i) = 0, Tr( ˆfl
◊

ˆ◊i
X◊,j) = ”i,j

I Z(X◊)i,j := Tr(fl◊X◊,jX◊,i)

For any unbiased measurement with outcome ◊̂ œ Rk

E(Î◊̂ ≠ ◊Î
2) Ø C(◊) := inf

X◊

Tr (Re(Z(X◊)) + |Im(Z(X◊))|)

Theorem [M.G. and J. Kahn 2010]

There exist measurements ◊̂n for
Ó!

fl◊
"¢n : ◊ œ �

Ô
such that

the Holevo bound is attained asymptotically

lim
næŒ

nE(Î◊̂n ≠ ◊Î
2) = C(◊)

asymptotically, ◊̂n is locally minimax and Bayesian optimal for regular priors


