
Statistical thinking in 
“the experiment of the century”

• “If you need statistics, you did the wrong 
experiment” – Ernest Rutherford

Ernest Rutherford, 1st Baron Rutherford of Nelson, OM, FRS (30 August 1871 – 19 
October 1937) was a New Zealand-born British physicist who became known as 
the father of nuclear physics. Encyclopædia Britannica considers him to be the 
greatest experimentalist since Michael Faraday



Towards a definitive and 
successful Bell-type experiment

Bell (1964): quantum mechanics (QM) is incompatible with                                            
local hidden variables aka local realism 
(locality + realism)
(provided we assume freedom / no conspiracy) 

Experimental evidence: …, Aspect (1982), Weihs (1998), Giustina (2013), 
Christensen (2013) …  but not good enough! 

Why? technological limitations → loopholes → statistical issues familiar in 
epidemiology!



< 1200 m >

^ 
4 μs 

v

time (4 μs)

setting A → outcome X outcome Y ← setting B 

A

X

B

Y

space (4000 ft)

Alice Bobspeed of light = 1 foot per nanosecond



What is this QM?
• QM models the probability distribution of measurement 

outcomes, it does not tell us what actually happens 

• Measurement outcomes - orthogonal subspaces of 
complex Hilbert space 

• Quantum states - unit vectors in Hilbert space 

• Composite systems, measurements, modelled by tensor 
product 

• The probability of a particular outcome = squared length 
of projection of state vector into corresponding subspace

Pythagoras!



• Settings A, B  take values in  {1, 2} 

• Counterfactual outcomes X11, X12, X21, X22,                 
Y11, Y12, Y21, Y22  take values in  {–1, +1} 

• Actual outcomes X = XAB, Y = YAB 

• Freedom (no conspiracy)                                               
(A, B) ⫫ (X11, X12, X21, X22,Y11, Y12, Y21, Y22)

Bell’s inequality, 
Bell’s theorem



Locality, realism, freedom
• Realism = existence of counterfactual outcomes 

• Locality = Alice’s outcomes don’t depend on Bob’s settings and 
vice-versa 

• X1 := X11 = X12 ,  X2:= X21= X22 

• Y1 := Y11 = Y21 , Y2 := Y12 = Y22  

• X = XA, Y = YB 

• Freedom = statistical independence of actual settings from 
counterfactual outcomes 

• (A, B) ⫫ (X1, X2,Y1, Y2)



Bell’s inequality, 
Bell’s theorem

X1 = Y2   &   Y2 = X2   &   X2 = Y1    ⇒   X1 = Y1 

∴   X1 ≠ Y1   ⇒   X1 ≠ Y2   or   Y2 ≠ X2   or   X2 ≠ Y1 

∴   P(X1 ≠ Y1)  ≤  P(X1 ≠ Y2)  +  P(Y2 ≠ X2)  +  P(X2 ≠ Y1) 

∴   P11(X ≠Y )  ≤  P12(X ≠Y )  +  P22(Y ≠X )  +  P21(X ≠ Y )  

where Pab(…) = P( … | A = a, B = b)

X1

Y2

Y1

X2

NB:(probabilistic) Bell inequality is actually just 
a simple corollary of a logical implication



Bell’s inequality, 
Bell’s theorem

P11(X ≠Y )  ≤  P12(X ≠Y )  +  P22(Y ≠X )  +  P21(X ≠ Y )  

For instance:   0.75  ≤   0.25  +  0.25  +  0.25 

But QM promises we can get (approx) 0.85,  0.15,  0.15,  0.15 

Notice Eab(XY) = Pab(X =Y ) – Pab(X ≠Y ) = 1 – 2 Pab(X ≠Y ) 

Define S := E12(XY) + E22(XY) + E21(XY) – E11(XY) =: 𝜌12 + 𝜌22 + 𝜌21 -𝜌11 

Equivalently: S ≤ 2                   (CHSH: Clauser-Horne-Shimony-Holt, 1969) 

QM promises we can (maximally) get 2 √ 2                            (why not 4 ??)

X1

Y1

Y2

X2

Bell, 1964 Tsirelson, 1980 Pawlowski, 2009



John Bell explains: “I cannot say that action at a 
distance is required in physics. But I cannot say that 
you can get away with no action at a distance. You 
cannot separate off what happens in one place with 
what happens at another” 

https://www.youtube.com/watch?v=V8CCfOD1iu8  

Bell (1981) Bertlmann’s socks and the nature of reality

https://www.youtube.com/watch?v=V8CCfOD1iu8


The local polytope, quantum 
convex body, no-signalling polytope

Definitions: 

px,y,a,b = p(x, y | a, b) = P(X = x, Y = y | A = a, B = b)  

   = P(Xa = x, Yb = y)   under locality + realism + freedom 

p = ( p(x, y | a, b)x,y =±1;a,b=1,2 )  ∈  R16
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px,y,a,b = p(x, y | a, b) = P(X = x, Y = y | A = a, B = b)  

p = ( px,y,a,b : x, y =±1; a, b=1,2 )  ∈  R16 

Nonnegativity inequalities:   ∀x,y,a,b  px,y,a,b  ≥ 0  

Normalisation equalities:   ∀a,b  ∑x,y px,y,a,b  = 1 

No-signalling equalities:   ∀a  ∑y px,y,a,b  same for all b,      
                                         ∀b  ∑x px,y,a,b   same for all a

NB: no-signalling is a property of all decent physical models. Not just LHV theories …

The local-realism polytope, quantum 
convex body, no-signalling polytope
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Caricatures of the  
local-realism, quantum,  

no-signalling convex bodies

L  ⊊  Q  ⊊  NS

Generalised Bell inequalities: p parties, q settings, r outcomes 
Left 2 x 2 x 2, right p x q x r
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Quantum extreme point S = ± 2√2

0,43 0,07 0,43 0,07
0,07 0,43 0,07 0,43

0,43 0,07 0,07 0,43
0,07 0,43 0,43 0,07

No-signalling extreme point S = ± 4

0,5 0,0 0,5 0,0
0,0 0,5 0,0 0,5

0,5 0,0 0,0 0,5
0,0 0,5 0,5 0,0

Local-realism extreme point S = ± 2

1 0 0 1
0 0 0 0

1 0 0 1
0 0 0 0

2x2x2 case

Local-realism S = ± 2 nr QM best
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Example 
Froissart (1981) “I3322”

IL NUOVO CIMENTO VOL. 6 4 B,  N. 2 11 Agos to 1981 

Cons tructive  Ge ne ralization o f Be ll's  Ine qualitie s  (*). 

~I. X~ROISSART 

Coll~ge  de  3Fra~tce, Laboratoire  de  Phys ique  Corpusculaire  
11 Place  Marce lin Berthe lot, 75231 Paris  C E DE X  05 (France ) 

(rice vuto il 23 Ma rzo 1981) 

S u m m a ry.  - -  A proce s s  to  cons truct a ll ge ne ra liza tions  of Be ll's  ine qua li- 
tie s  in a  give n e xpe rime nta l s itua tion  is  pre s e nte d. In  vie w of the  com- 
ple te ne s s  thus  obta ine d, we  a ddre s s  a  criticis m to  a  ve ry wide  cla s s  of 
e xpe rime nts  which purport to  rule  out loca lly ca us a l the orie s  by de te cting 
a  viola tion of Be ll's  ine qua litie s . 

1. - We  s h o w h o w to  d e rive  fro m  loca l c a u s a lity a  c o m p le te  s e t o f g e n e ra liz e d  
Be ll's  ine qua litie s  (1) a p p ro p ria te  to  a n y e xp e rim e n ta l s itu a tio n .  We  illu s tra te  
th e  m e th o d  in  s e c t. 2 o n  a  s imple  e xa m p le .  In  s e c t. 3 we  e xte n d  th e  fo rm a lis m  
to  a n  a rb it ra ry e xp e rim e n ta l s itu a tio n  a n d  d e s c rib e  a  n u m b e r  of a p p lic a tio n s : 
g e n e ra liz a tio n  to  3 s e ttin g s  of th e  m e a s u rin g  a p p a ra tu s  in  e a c h  c h a n n e l,  ge n - 
e ra liz a tio n  to  3 o u tg o in g  p a rtic le s ,  g e n e ra liz a tio n  to  a  s itu a tio n  with  log ica l 
c o n s tra in ts .  In  s e c t. 4 , we  d is cus s  th e  e xte n t  b y  wh ic h  a  s imp le  q u a n tu m -  
m e c h a n ic a l m o d e l m a y  vio la te  e a c h  of th e  in e q u a litie s  we  p ro d u c e d .  Th is  
le a ds  to  a  (, q u a lity  fa c to r ~) fo r two -p a rtic le  ine qua litie s .  We  find  th a t  Be ll's  
o rig in a l in e q u a lity h a s  th e  b e s t q u a lity  fa c to r.  F in a lly,  we  d is cus s  in  s e ct. 5 
a  wid e  c la s s  of e xp e rim e n ts ,  wh ic h  we  ca ll (~ s e lf-a n a lys in g  ~). Th e s e  e xp e ri- 
m e n ts  do  n o t  le a d  to  a  c o n s is te n t p ro o f th a t  Na tu re  doe s  n o t o b e y a  lo c a lly 
c a u s a l th e o ry.  

We  d o  n o t d is cus s  in  d e ta il th e  e xa c t m e a n in g  of lo c a lly ca us a l,  wh ic h  we  
p o s tu la te  in  th e  fo rm  of a xio m  (1) a n d  its  g e n e ra liz a tio n  (2) a n d  (5). 

(*) To s pe e d up publica tion, the  a u thor of this  pa pe r ha s  a gre e d to  no t re ce ive  the  
proofs  for corre ction. 
(1) J .  S . BELL: Proc. S .X.F., Cours e  IL,  e dite d b y B. D'EsPAGNAT (~NTew York, N. Y., 
1971), p. 171 . See  the  re vie w b y J . F. CLAVSER a nd A. S mMo~Y: R e p. Prog. Phys .,  
41, 1881 (1978). 
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~ o t(;  h e re  th a t  n o t  a ll in te rc h a n g e s  of rows  a n d  c o lu m n s  a re  a llowe d ,  s ince  
th e re  a re  two  indi('e s  a c tu a lly fo r a  ro w, s a y r a n d  s ,  s o th a t  th e  o rd e rin g  of 
a  ro w is  

(r,  s ) , (r',  s ) , (r,  s ')  , (r',  s ') 

a n d  we  c a n  o n ly in te rc h a n g e  r with  r',  a n d /o r  s  with  s '.  
E q u a t io n s  (20) e m b o d y Be ll's  a n d  C la us e r a n d  Ho rn e ' s  (2) in e q u a litie s .  

In  th is  fo rm ,  th e y  a re  e xa c t ly  Be ll's  e xp re s s io n .  We  c a n  g e t to  C la us e r a n d  
t Io rn e ' s  b y  a d d in g  s u ita b le  m u ltip le s  o f th e  le ft -h a n d  s ide s  o f th e  g e n e ra liz a tio n  
of (19), in  s u c h  a  wa y a s  to  m a ke  th e  la s t e le m e n t o f e a c h  ro w a n d  c o lu m n  
of th e  coe ffic ie n t m a tr ix  va n is h : 

l 2 - - 2  0 
T I' P  0 4 - - 4  J v 2 ~ 0 .  

0 0 0 

Th e n ,  u s in g  (18), we  g e t 

(2o') 4 Tr I - -1  > 0  [/ =  1 .4 1 ],  

0 0 

wh ic h  is  C la us e r a n d  Ho rn e ' s  in e q u a lity,  e q u iva le n t  with  Be ll's .  
F o r  2 •  s e ttin g s ,  th e re  is  n o th in g  n e w: 24 in e q u a litie s  o f typ e  (17) a n d  a s  

m a n y  of typ e  (20). 
F o r  3 s e ttin g s  o n  e a c h  s ide , th e re  a re  21  in d e p e n d e n t  e q u a tio n s ,  36  in e q u a - 

litie s  o f t yp e  (17), 72 o f typ e  (20) a n d  576 o f th e  fo llo win g  typ e :  

(21) Tr  P  

1 0 1 0 - - 1  

0 0 0 0 0 

1 0 0 0 1 

0 o 0 1 0 

- - 1  0 1 0 0 

0 0 0 0 0 

0  84 

0 

0 
> 0 ( • 5 7 6 ) 

0 

0 

0 

[/ =  1 .2 5 ].  

(2) J .  F . CLaVSER a nd  M. A. tIoR~E: P h y s .  R e v .  D, lt}, 526 (1974). 
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keep to the exact quantum maximum in terms of com-
muting measurements [11, 16]. On the other hand, one
can use heuristic algorithms to obtain nontrivial lower
bounds in some finite dimensional Hilbert spaces on Bell
inequalities, recovering the explicit form of the states and
measurement operators as well. If the above computed
upper and lower bounds coincide within numerical accu-
racy for a given Bell inequality, then we may say that a
quantum Bell inequality has been obtained, which delim-
its the boundary of the quantum domain.
In particular, in our previous papers [13, 17] we com-

puted lower bounds on the maximum quantum viola-
tions and determined the corresponding measurement
operators and state vectors with two different methods,
both involved some parametrization of the operators and
applying a downhill simplex method to find the opti-
mum parameters. The disadvantage of these methods
is that the size of the Hilbert space was very limited.
We could actually handle systems of maximum eight di-
mensional real or six dimensional complex component
spaces. Different sizes of component spaces require dif-
ferent parametrizations for the operators, hence in order
to extend these methods to a higher dimension would in-
volve working out an appropriate parametrization. More-
over, the choice of measurement operators were also lim-
ited. For example, in the case of eight dimensional com-
ponent spaces only projection operators projecting onto
four dimensional subspaces were allowed.
In spite of the limitations we could get the maximum

quantum violation of the great majority of inequalities we
considered (the list comprises 241 bipartite Bell inequal-
ities with up to five settings per party collected from
Refs. [13, 18, 19] and detailed results concerning their
optimum violations are presented in the web page [20]).
However, there were still a few exceptions, where the up-
per bound value resulting from the NPA method [10] did
not match the best lower bound result. The most in-
teresting one was the case of I3322. This is the smallest
case we considered, and perhaps the simplest tight Bell
inequality after the CHSH one, with only three measure-
ment settings per party. It was introduced by Froissart
[21] back in 1981, and recently reinvented in Refs. [22, 23].
It reads

I3322 ≡ −〈A2〉 − 〈B1〉 − 2〈B2〉
+ 〈A1B1〉+ 〈A1B2〉+ 〈A2B1〉+ 〈A2B2〉
− 〈A1B3〉+ 〈A2B3〉 − 〈A3B1〉+ 〈A3B2〉 ≤ 0. (3)

In a local classical model we have the maximum value of
0, while the largest violation one could get with qubits
was 0.25, which could already be achieved with a max-
imally entangled pair of qubits (see e.g., [11, 13, 16–
18, 23]). On the other hand, the best upper bounds
are based on the NPA method [10] and at level three it
yields the significantly higher upper bound, 0.250 875 56
[11, 16]. We could even go above level three to an inter-
mediate level in [13], and presently we have got the upper
bound 0.250 875 38 at level four. From the dependence

of the bound on the level it was derived it seemed to be
clear that it would not go much lower (note also that the
computational complexity of the SDP problem increases
dramatically with higher levels of relaxations). In fact,
it is the above observation, which motivated us to search
for a quantum violation beyond the two-qubit value of
0.25.
In the present paper we set out to resolve the puzzling

problem concerning the maximum quantum violation of
the I3322 inequality. To this end, we introduce in Sec. II
an efficient iterative algorithm which was applied to ex-
plore the largest quantum violation of I3322 for states
up to local dimension 20. Sec. III contains the main re-
sults, presenting the explicit construction of states and
measurement operators, which give by means of an iter-
ative method the conjectured maximal quantum value of
I3322 in function of the dimensionality. In particular, for
dimensions very large we recover the upper bound com-
puted with the NPA method at level four within high
numerical accuracy, thereby establishing a quantum Bell
inequality for I3322. We note that the optimal quantum
state in the infinite dimensional space is far from the
maximally entangled state, thereby supporting the claim
that entanglement and nonlocality are different resources
[24]. In Sec. IV we investigate the remaining 19 Bell in-
equalities from a set of 241 inequalities (plus two addi-
tional symmetric 4-setting inequalities from Ref. [25]),
where the tightness of the quantum bound could not be
proven previously, and in some of the remaining cases
now we manage to close the gap. Sec. V summarizes the
results achieved.

II. THE ITERATIVE ALGORITHM

As mentioned above, the drawback of our previous
heuristic methods in Refs. [13, 17] for computing lower
bounds on the maximum quantum violation of Bell in-
equalities is that the size of the local Hilbert space we
could handle is limited up to dimension eight. With
the iterative method we introduce here for two-outcome
Bell inequalities we can go to higher dimensions, which
is only limited by the computational difficulties due to
the increasing complexity of the problem with increas-
ing Hilbert space dimensions. Similarly to the previous
methods, this algorithm does not guarantee to converge
to the global optimum solution. In case of larger spaces
we may miss it even after tens of thousands of restarts
with different initial values. Nevertheless, it managed to
find every optima we derived with our previous methods,
and in almost all cases it has done it considerably faster.
The problem to be solved consists of maximizing the

quantum value of the Bell expression with coefficients
Mµν , which can be written as:

Q = max
mA
∑

µ=0

mB
∑

ν=0

Mµν〈ψ|Âµ ⊗ B̂ν |ψ〉, (4)
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Károly F. Pál* and Tamás Vértesi†
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I. INTRODUCTION

One of the most puzzling features of quantum theory is
that it cannot be reproduced in terms of local realistic models.
Separated observers on a shared entangled state may carry
out measurements in such a way that the correlations they
generate are outside the set of common cause correlations [1].
In particular, such quantum correlations may find application
in novel device-independent information tasks, which have no
counterparts in the classical world. They enable perfect secu-
rity [2], randomness generation [3], and state tomography [4]
without the need to trust the internal working of the devices.

The nonclassical feature of the quantum world is best
revealed by the violation of Bell inequalities. The standard
scenario for a bipartite two-outcome Bell test is as follows. Two
spacelike separated parties, Alice and Bob, both share copies of
a quantum state |ψ〉 of a given dimension n × n. Alice (Bob)
may choose between mA (mB) alternative measurements at
random, where each measurement has two possible outcomes
{0,1}. In a single run of the experiment the correlations
between the two {0,1}-valued observables Ai and Bj can
be represented by the product AiBj . To obtain an accurate
estimation of the correlations for each pair (i,j ), Alice and
Bob repeat the experiment many times using a copy of the
state |ψ〉 in each round. Averaging over many runs of the
experiment yields the mean value 〈AiBj 〉.

The Clauser-Horne-Shimony-Holt (CHSH) inequality [5]
is probably the most well-known and simplest example of a
Bell inequality consisting of two measurement settings (mA =
mB = 2) both on Alice’s and on Bob’s part. Any correlations
in the framework of local classical theories obey the following
CHSH inequality [5]:

〈A1B1〉 + 〈A1B2〉 + 〈A2B1〉 − 〈A2B2〉 − 〈A1〉 − 〈B1〉 ! 0.

(1)

*kfpal@atomki.hu
†tvertesi@dtp.atomki.hu

Curiously, quantum theory allows for a violation of the CHSH
inequality, but the degree of quantum violation is still limited;
it obeys [6]

〈A1B1〉 + 〈A1B2〉 + 〈A2B1〉 − 〈A2B2〉 − 〈A1〉 − 〈B1〉
! 1/

√
2 − 1/2, (2)

where now the expectation values can be expressed
by 〈AiBj 〉 = 〈ψ |Âi ⊗ B̂j |ψ〉, 〈Ai〉 = 〈ψ |Âi ⊗ ÎB |ψ〉, and
〈Bj 〉 = 〈ψ |ÎA ⊗ B̂j |ψ〉, i,j = 1,2, with {0,1}-valued observ-
ables Âi , B̂j . According to Tsirelson’s theorem [6], the bound
applies to any quantum correlations without making assump-
tions on the sort of measurements or the dimensionality of the
states involved. However, the maximum value of 1/

√
2 − 1/2

can already be achieved with a maximally entangled two-qubit
state.

Inequalities whose bounds are saturated with quantum
correlations without relying on dimensionality such as in
Eq. (2) were coined quantum Bell inequalities [7]. Various
methods exist in the literature [8–10] which enable one
to derive quantum Bell inequalities. Also, several explicit
constructions exist in the literature (e.g., [11–14]), including
so-called irrelevant ones [15] (where the classical and quantum
limits coincide). The method invented by Navascués, Pironio,
and Acı́n (NPA) [10] is based on the solution of a hierarchy of
semidefinite programming (SDP) relaxations and is particu-
larly useful since it gives better and better upper bounds on the
maximum violation of an arbitrary Bell inequality by stepping
to higher levels in the hierarchy. Moreover, the series of upper
bounds in the hierarchy keep to the exact quantum maximum
in terms of commuting measurements [11,16]. In contrast, one
can use heuristic algorithms to obtain nontrivial lower bounds
in some finite-dimensional Hilbert spaces on Bell inequalities,
recovering the explicit form of the states and measurement
operators as well. If the foregoing computed upper and lower
bounds coincide within numerical accuracy for a given Bell
inequality, then we may say that a quantum Bell inequality has

1050-2947/2010/82(2)/022116(8) 022116-1 ©2010 The American Physical Society



Experiment
• The definitive experiment has now been done 

• It was done first, in Delft (and soon after in at least 
three other places)



Delft:  
the Hanson diamond group

LETTER
doi:10.1038/nature12016

Heralded entanglement between solid-state qubits
separated by three metres
H. Bernien1, B. Hensen1, W. Pfaff1, G. Koolstra1, M. S. Blok1, L. Robledo1, T. H. Taminiau1, M. Markham2, D. J. Twitchen2,
L. Childress3 & R. Hanson1

Quantum entanglement between spatially separated objects is one
of the most intriguing phenomena in physics. The outcomes of
independent measurements on entangled objects show correlations
that cannot be explained by classical physics. As well as being of
fundamental interest, entanglement is a unique resource for
quantum information processing and communication. Entangled
quantum bits (qubits) can be used to share private information or
implement quantum logical gates1,2. Such capabilities are particu-
larly useful when the entangled qubits are spatially separated3–5,
providing the opportunity to create highly connected quantum
networks6 or extend quantum cryptography to long distances7,8.
Here we report entanglement of two electron spin qubits in dia-
mond with a spatial separation of three metres. We establish this
entanglement using a robust protocol based on creation of spin–
photon entanglement at each location and a subsequent joint
measurement of the photons. Detection of the photons heralds
the projection of the spin qubits onto an entangled state. We verify
the resulting non-local quantum correlations by performing single-
shot readout9 on the qubits in different bases. The long-distance
entanglement reported here can be combined with recently achieved
initialization, readout and entanglement operations9–13 on local
long-lived nuclear spin registers, paving the way for deterministic
long-distance teleportation, quantum repeaters and extended
quantum networks.

A quantum network can be constructed by using entanglement to
connect local processing nodes, each containing a register of well-
controlled and long-lived qubits6. Solids are an attractive platform
for such registers, as the use of nanofabrication and material design
may enable well-controlled and scalable qubit systems14. The potential
impact of quantum networks on science and technology has recently
spurred research efforts towards generating entangled states of distant
solid-state qubits15–21.

A prime candidate for a solid-state quantum register is the nitrogen–
vacancy (NV) defect centre in diamond. The NV centre combines a
long-lived electronic spin (S 5 1) with a robust optical interface, enab-
ling measurement and high-fidelity control of the spin qubit15,22–24.
Furthermore, the NV electron spin can be used to access and manipu-
late nearby nuclear spins9–13,25, thereby forming a multi-qubit register.
To use such registers in a quantum network requires a mechanism to
coherently connect remote NV centres.

Here we demonstrate the generation of entanglement between
NV centre spin qubits in distant set-ups. We achieve this by combi-
ning recently established spin initialization and single-shot readout
techniques9 with efficient resonant optical detection and feedback-
based control over the optical transitions, all in a single experiment
and executed with high fidelity. These results put solid-state qubits on
a par with trapped atomic qubits3–5 as highly promising candidates for
implementing quantum networks.

Our experiment makes use of two NV spin qubits located in inde-
pendent low-temperature set-ups separated by 3 m (Fig. 1a). We

encode the qubit basis states j"æ and j#æ in the NV spin sublevels
mS 5 0 and mS 5 21, respectively. Each qubit can be independently
read out by detecting spin-dependent fluorescence in the NV pho-
non sideband (non-resonant detection)9. The qubits are individually
controlled with microwave pulses applied to on-chip striplines23.
Quantum states encoded in the qubits are extremely long-lived: using
dynamical decoupling techniques23, we obtain a coherence time
exceeding 10 ms (Fig. 1b), which is the longest coherence time mea-
sured so far for a single electron spin in a solid.

We generate and herald entanglement between these distant qubits
by detecting the resonance fluorescence of the NV centres. The specific
entanglement protocol we use is based on the proposal of ref. 26, and is
schematically drawn in Fig. 1c. Both centres NV A and NV B are
initially prepared in a superposition 1/!2(j"æ 1 j#æ). Next, each NV
centre is excited by a short laser pulse that is resonant with the j"æ to jeæ
transition, where jeæ is an optically excited state with the same spin
projection as j"æ. Spontaneous emission locally entangles the qubit and
photon number, leaving each set-up in the state 1/!2(j"1æ 1 j#0æ),
where 1 (0) denotes the presence (absence) of an emitted photon;
the joint qubit–photon state of both set-ups is then described by
1/2(j"A"Bæj1A1Bæ 1 j#A#Bæj0A0Bæ 1 j"A#Bæj1A0Bæ 1 j#A"Bæj0A1Bæ). The
two photon modes, A and B, are directed to the input ports of a
beamsplitter (see Fig. 1a), so that fluorescence observed in an output
port could have originated from either NV centre. If the photons
emitted by the two NV centres are indistinguishable, detection of pre-
cisely one photon on an output port would correspond to measuring
the photon state 1/!2(j1A0Bæ 6 e2iQj0A1Bæ) (where Q is a phase that
depends on the optical path length). Such a detection event would
thereby project the qubits onto the maximally entangled state
jyæ 5 1/!2(j"A#Bæ 6 e2iQj#A"Bæ).

Any realistic experiment, however, suffers from photon loss and
imperfect detector efficiency; detection of a single photon is thus also
consistent with creation of the state j""æ. To eliminate this possibility,
both qubits are flipped and optically excited for a second time. Because
j""æ is flipped to j##æ, no photons are emitted in the second round for
this state. In contrast, the states jyæ will again yield a single photon.
Detection of a photon in both rounds thus heralds the generation of an
entangled state. The second round not only renders the protocol
robust against photon loss, but it also changes Q into a global phase,
making the protocol insensitive to the optical path length difference26

(see Supplementary Information). Furthermore, flipping the qubits
provides a refocusing mechanism that counteracts spin dephasing
during entanglement generation. The final state is one of two Bell
states jY6æ 5 1/!2(j"A#Bæ 6 j#A"Bæ), with the sign depending on
whether the same detector (1) or different detectors (2) clicked in
the two rounds.

A key challenge for generating remote entanglement with solid-state
qubits is obtaining a large flux of indistinguishable photons, in part
because local strain in the host lattice can induce large variations in
photon frequency. The optical excitation spectra of the NV centres

1Kavli Institute of Nanoscience Delft, Delft University of Technology, PO Box 5046, 2600 GA Delft, The Netherlands. 2Element Six Ltd, Kings Ride Park, Ascot, Berkshire SL5 8BP, UK. 3McGill University
Department of Physics, 3600 Rue University, Montreal, Quebec H3A 2T8, Canada.
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Realizing robust quantum information transfer between long-lived qubit registers is a
key challenge for quantum information science and technology. Here we demonstrate
unconditional teleportation of arbitrary quantum states between diamond spin qubits
separated by 3 meters. We prepare the teleporter through photon-mediated heralded
entanglement between two distant electron spins and subsequently encode the source
qubit in a single nuclear spin. By realizing a fully deterministic Bell-state measurement
combined with real-time feed-forward, quantum teleportation is achieved upon each
attempt with an average state fidelity exceeding the classical limit. These results establish
diamond spin qubits as a prime candidate for the realization of quantum networks for
quantum communication and network-based quantum computing.

T
he reliable transmission of quantum states
between remote locations is a major open
challenge in quantum science. Quantum
state transfer between nodes containing
long-lived qubits (1–3) can extend quan-

tum key distribution to long distances (4), enable
blind quantum computing in the cloud (5), and

serve as a critical primitive for a future quantum
network (6).When providedwith a single copy of
an unknown quantum state, directly sending the
state in a carrier such as a photon is unreliable
due to inevitable losses. Creating and sending
several copies of the state to counteract such
transmission losses is impossible by the no-
cloning theorem (7). Nevertheless, quantum
information can be faithfully transmitted over
arbitrary distances through quantum telepor-
tation provided the network parties (named
“Alice” and “Bob”) have previously established
a shared entangled state and can communicate
classically (8–11).

Unconditional quantum teleportation

In the teleportation protocol (Fig. 1A), Alice is
initially in possession of the state to be teleported
(qubit 1), which is most generally given by jy〉 ¼
aj0〉þ bj1〉. Alice and Bob each have one qubit of
an entangled pair (qubits 2 and 3) in the joint
state jY−〉23 ¼ ðj01〉23−j10〉23Þ=

ffiffiffi
2

p
. The combined

state of all three qubits can be rewritten as

jy1〉jY−〉23 ¼
1
2
½jFþ〉12ðaj1〉3 − bj0〉3Þ

þ jF−〉12ðaj1〉3 þ bj0〉3Þ
þ jYþ〉12ð−aj0〉3 þ bj1〉3Þ
− jY−〉12ðaj0〉3 þ bj1〉3Þ&

where jFT〉 ¼ ðj00〉Tj11〉Þ=
ffiffiffi
2

p
,jYT〉 ¼ ðj01〉Tj10〉Þ=ffiffiffi

2
p

are the four Bell states. To teleport the quan-
tum state, Alice performs a joint measurement on
her qubits (qubits 1 and 2) in the Bell basis, pro-
jecting Bob’s qubit into a state that is equal to jy〉
up to a unitary operation that depends on the
outcome of Alice’s measurement. Alice sends the
outcome via a classical communication channel
to Bob, who can then recover the original state by
applying the corresponding local transformation.
Because the source qubit state always disap-

pears on Alice’s side, it is irrevocably lost when-
ever the protocol fails. Therefore, to ensure that
each qubit state inserted into the teleporter un-
conditionally reappears on Bob’s side, Alice must
be able to distinguish between all four Bell states
in a single shot, and Bob has to preserve the co-
herence of the target qubit during the commu-
nication of the outcome and the final conditional
transformation. Several pioneering experiments
have explored teleportation between remote nodes
(12–14), but unconditional teleportation between
long-lived qubits (1–3) has so far only been dem-
onstrated within a local qubit register (15–17).
We demonstrate unconditional teleportation

between diamond spin qubits residing in inde-
pendent setups separated by 3 m. This result is
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Fig. 1. Teleportation scheme and system de-
scription. (A) General scheme for teleportation.
In our experiment, Alice and Bob each control a
single NVcenter in a single-crystal chemical vapor
deposition–grown diamond by operating an in-
dependent cryogenic confocal microscope setup
(T = 8 K for Alice and T = 4 K for Bob). (B) Energy-
level schemeandqubit controlmethods.The source
state is encoded in Alice’s nitrogen-14 spin (green)
with basis states j0〉 ≡ mI ¼ 0, j1〉 ≡ mI ¼ −1. Two
distant NV electronic spins (purple), with basis
states encoded as j0〉 ≡ ms ¼ 0,j1〉 ≡ ms ¼ −1,
form the remote entangled pair shared by Alice
and Bob.The electron spin is initialized by optical
spin pumping on the NV center’s E1,2 transitions
(bright red arrows), and read out by spin-selective
optical excitation via the Ey transition (dark red
arrow) (18). Microwave (MW) pulses allow for electron spin manipulation, and radiofrequency
(RF) pulses are used to manipulate the nuclear spin when the electron is in state j1〉. (C)
Scanning electron microscope image of a diamond device, featuring a solid-immersion lens
for enhanced collection efficiency, a stripline for spinmanipulation bymagnetic resonance, and
electrodes for bringing the optical transitions of Alice and Bob on resonance using the dc Stark
effect. See supplementary methods for details (23).
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Heralded entanglement between solid-state qubits
separated by three metres
H. Bernien1, B. Hensen1, W. Pfaff1, G. Koolstra1, M. S. Blok1, L. Robledo1, T. H. Taminiau1, M. Markham2, D. J. Twitchen2,
L. Childress3 & R. Hanson1

Quantum entanglement between spatially separated objects is one
of the most intriguing phenomena in physics. The outcomes of
independent measurements on entangled objects show correlations
that cannot be explained by classical physics. As well as being of
fundamental interest, entanglement is a unique resource for
quantum information processing and communication. Entangled
quantum bits (qubits) can be used to share private information or
implement quantum logical gates1,2. Such capabilities are particu-
larly useful when the entangled qubits are spatially separated3–5,
providing the opportunity to create highly connected quantum
networks6 or extend quantum cryptography to long distances7,8.
Here we report entanglement of two electron spin qubits in dia-
mond with a spatial separation of three metres. We establish this
entanglement using a robust protocol based on creation of spin–
photon entanglement at each location and a subsequent joint
measurement of the photons. Detection of the photons heralds
the projection of the spin qubits onto an entangled state. We verify
the resulting non-local quantum correlations by performing single-
shot readout9 on the qubits in different bases. The long-distance
entanglement reported here can be combined with recently achieved
initialization, readout and entanglement operations9–13 on local
long-lived nuclear spin registers, paving the way for deterministic
long-distance teleportation, quantum repeaters and extended
quantum networks.

A quantum network can be constructed by using entanglement to
connect local processing nodes, each containing a register of well-
controlled and long-lived qubits6. Solids are an attractive platform
for such registers, as the use of nanofabrication and material design
may enable well-controlled and scalable qubit systems14. The potential
impact of quantum networks on science and technology has recently
spurred research efforts towards generating entangled states of distant
solid-state qubits15–21.

A prime candidate for a solid-state quantum register is the nitrogen–
vacancy (NV) defect centre in diamond. The NV centre combines a
long-lived electronic spin (S 5 1) with a robust optical interface, enab-
ling measurement and high-fidelity control of the spin qubit15,22–24.
Furthermore, the NV electron spin can be used to access and manipu-
late nearby nuclear spins9–13,25, thereby forming a multi-qubit register.
To use such registers in a quantum network requires a mechanism to
coherently connect remote NV centres.

Here we demonstrate the generation of entanglement between
NV centre spin qubits in distant set-ups. We achieve this by combi-
ning recently established spin initialization and single-shot readout
techniques9 with efficient resonant optical detection and feedback-
based control over the optical transitions, all in a single experiment
and executed with high fidelity. These results put solid-state qubits on
a par with trapped atomic qubits3–5 as highly promising candidates for
implementing quantum networks.

Our experiment makes use of two NV spin qubits located in inde-
pendent low-temperature set-ups separated by 3 m (Fig. 1a). We

encode the qubit basis states j"æ and j#æ in the NV spin sublevels
mS 5 0 and mS 5 21, respectively. Each qubit can be independently
read out by detecting spin-dependent fluorescence in the NV pho-
non sideband (non-resonant detection)9. The qubits are individually
controlled with microwave pulses applied to on-chip striplines23.
Quantum states encoded in the qubits are extremely long-lived: using
dynamical decoupling techniques23, we obtain a coherence time
exceeding 10 ms (Fig. 1b), which is the longest coherence time mea-
sured so far for a single electron spin in a solid.

We generate and herald entanglement between these distant qubits
by detecting the resonance fluorescence of the NV centres. The specific
entanglement protocol we use is based on the proposal of ref. 26, and is
schematically drawn in Fig. 1c. Both centres NV A and NV B are
initially prepared in a superposition 1/!2(j"æ 1 j#æ). Next, each NV
centre is excited by a short laser pulse that is resonant with the j"æ to jeæ
transition, where jeæ is an optically excited state with the same spin
projection as j"æ. Spontaneous emission locally entangles the qubit and
photon number, leaving each set-up in the state 1/!2(j"1æ 1 j#0æ),
where 1 (0) denotes the presence (absence) of an emitted photon;
the joint qubit–photon state of both set-ups is then described by
1/2(j"A"Bæj1A1Bæ 1 j#A#Bæj0A0Bæ 1 j"A#Bæj1A0Bæ 1 j#A"Bæj0A1Bæ). The
two photon modes, A and B, are directed to the input ports of a
beamsplitter (see Fig. 1a), so that fluorescence observed in an output
port could have originated from either NV centre. If the photons
emitted by the two NV centres are indistinguishable, detection of pre-
cisely one photon on an output port would correspond to measuring
the photon state 1/!2(j1A0Bæ 6 e2iQj0A1Bæ) (where Q is a phase that
depends on the optical path length). Such a detection event would
thereby project the qubits onto the maximally entangled state
jyæ 5 1/!2(j"A#Bæ 6 e2iQj#A"Bæ).

Any realistic experiment, however, suffers from photon loss and
imperfect detector efficiency; detection of a single photon is thus also
consistent with creation of the state j""æ. To eliminate this possibility,
both qubits are flipped and optically excited for a second time. Because
j""æ is flipped to j##æ, no photons are emitted in the second round for
this state. In contrast, the states jyæ will again yield a single photon.
Detection of a photon in both rounds thus heralds the generation of an
entangled state. The second round not only renders the protocol
robust against photon loss, but it also changes Q into a global phase,
making the protocol insensitive to the optical path length difference26

(see Supplementary Information). Furthermore, flipping the qubits
provides a refocusing mechanism that counteracts spin dephasing
during entanglement generation. The final state is one of two Bell
states jY6æ 5 1/!2(j"A#Bæ 6 j#A"Bæ), with the sign depending on
whether the same detector (1) or different detectors (2) clicked in
the two rounds.

A key challenge for generating remote entanglement with solid-state
qubits is obtaining a large flux of indistinguishable photons, in part
because local strain in the host lattice can induce large variations in
photon frequency. The optical excitation spectra of the NV centres

1Kavli Institute of Nanoscience Delft, Delft University of Technology, PO Box 5046, 2600 GA Delft, The Netherlands. 2Element Six Ltd, Kings Ride Park, Ascot, Berkshire SL5 8BP, UK. 3McGill University
Department of Physics, 3600 Rue University, Montreal, Quebec H3A 2T8, Canada.
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Realizing robust quantum information transfer between long-lived qubit registers is a
key challenge for quantum information science and technology. Here we demonstrate
unconditional teleportation of arbitrary quantum states between diamond spin qubits
separated by 3 meters. We prepare the teleporter through photon-mediated heralded
entanglement between two distant electron spins and subsequently encode the source
qubit in a single nuclear spin. By realizing a fully deterministic Bell-state measurement
combined with real-time feed-forward, quantum teleportation is achieved upon each
attempt with an average state fidelity exceeding the classical limit. These results establish
diamond spin qubits as a prime candidate for the realization of quantum networks for
quantum communication and network-based quantum computing.

T
he reliable transmission of quantum states
between remote locations is a major open
challenge in quantum science. Quantum
state transfer between nodes containing
long-lived qubits (1–3) can extend quan-

tum key distribution to long distances (4), enable
blind quantum computing in the cloud (5), and

serve as a critical primitive for a future quantum
network (6).When providedwith a single copy of
an unknown quantum state, directly sending the
state in a carrier such as a photon is unreliable
due to inevitable losses. Creating and sending
several copies of the state to counteract such
transmission losses is impossible by the no-
cloning theorem (7). Nevertheless, quantum
information can be faithfully transmitted over
arbitrary distances through quantum telepor-
tation provided the network parties (named
“Alice” and “Bob”) have previously established
a shared entangled state and can communicate
classically (8–11).

Unconditional quantum teleportation

In the teleportation protocol (Fig. 1A), Alice is
initially in possession of the state to be teleported
(qubit 1), which is most generally given by jy〉 ¼
aj0〉þ bj1〉. Alice and Bob each have one qubit of
an entangled pair (qubits 2 and 3) in the joint
state jY−〉23 ¼ ðj01〉23−j10〉23Þ=

ffiffiffi
2

p
. The combined

state of all three qubits can be rewritten as

jy1〉jY−〉23 ¼
1
2
½jFþ〉12ðaj1〉3 − bj0〉3Þ

þ jF−〉12ðaj1〉3 þ bj0〉3Þ
þ jYþ〉12ð−aj0〉3 þ bj1〉3Þ
− jY−〉12ðaj0〉3 þ bj1〉3Þ&

where jFT〉 ¼ ðj00〉Tj11〉Þ=
ffiffiffi
2

p
,jYT〉 ¼ ðj01〉Tj10〉Þ=ffiffiffi

2
p

are the four Bell states. To teleport the quan-
tum state, Alice performs a joint measurement on
her qubits (qubits 1 and 2) in the Bell basis, pro-
jecting Bob’s qubit into a state that is equal to jy〉
up to a unitary operation that depends on the
outcome of Alice’s measurement. Alice sends the
outcome via a classical communication channel
to Bob, who can then recover the original state by
applying the corresponding local transformation.
Because the source qubit state always disap-

pears on Alice’s side, it is irrevocably lost when-
ever the protocol fails. Therefore, to ensure that
each qubit state inserted into the teleporter un-
conditionally reappears on Bob’s side, Alice must
be able to distinguish between all four Bell states
in a single shot, and Bob has to preserve the co-
herence of the target qubit during the commu-
nication of the outcome and the final conditional
transformation. Several pioneering experiments
have explored teleportation between remote nodes
(12–14), but unconditional teleportation between
long-lived qubits (1–3) has so far only been dem-
onstrated within a local qubit register (15–17).
We demonstrate unconditional teleportation

between diamond spin qubits residing in inde-
pendent setups separated by 3 m. This result is
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Fig. 1. Teleportation scheme and system de-
scription. (A) General scheme for teleportation.
In our experiment, Alice and Bob each control a
single NVcenter in a single-crystal chemical vapor
deposition–grown diamond by operating an in-
dependent cryogenic confocal microscope setup
(T = 8 K for Alice and T = 4 K for Bob). (B) Energy-
level schemeandqubit controlmethods.The source
state is encoded in Alice’s nitrogen-14 spin (green)
with basis states j0〉 ≡ mI ¼ 0, j1〉 ≡ mI ¼ −1. Two
distant NV electronic spins (purple), with basis
states encoded as j0〉 ≡ ms ¼ 0,j1〉 ≡ ms ¼ −1,
form the remote entangled pair shared by Alice
and Bob.The electron spin is initialized by optical
spin pumping on the NV center’s E1,2 transitions
(bright red arrows), and read out by spin-selective
optical excitation via the Ey transition (dark red
arrow) (18). Microwave (MW) pulses allow for electron spin manipulation, and radiofrequency
(RF) pulses are used to manipulate the nuclear spin when the electron is in state j1〉. (C)
Scanning electron microscope image of a diamond device, featuring a solid-immersion lens
for enhanced collection efficiency, a stripline for spinmanipulation bymagnetic resonance, and
electrodes for bringing the optical transitions of Alice and Bob on resonance using the dc Stark
effect. See supplementary methods for details (23).
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Realizing robust quantum information transfer between long-lived qubit registers is a
key challenge for quantum information science and technology. Here we demonstrate
unconditional teleportation of arbitrary quantum states between diamond spin qubits
separated by 3 meters. We prepare the teleporter through photon-mediated heralded
entanglement between two distant electron spins and subsequently encode the source
qubit in a single nuclear spin. By realizing a fully deterministic Bell-state measurement
combined with real-time feed-forward, quantum teleportation is achieved upon each
attempt with an average state fidelity exceeding the classical limit. These results establish
diamond spin qubits as a prime candidate for the realization of quantum networks for
quantum communication and network-based quantum computing.

T
he reliable transmission of quantum states
between remote locations is a major open
challenge in quantum science. Quantum
state transfer between nodes containing
long-lived qubits (1–3) can extend quan-

tum key distribution to long distances (4), enable
blind quantum computing in the cloud (5), and

serve as a critical primitive for a future quantum
network (6).When providedwith a single copy of
an unknown quantum state, directly sending the
state in a carrier such as a photon is unreliable
due to inevitable losses. Creating and sending
several copies of the state to counteract such
transmission losses is impossible by the no-
cloning theorem (7). Nevertheless, quantum
information can be faithfully transmitted over
arbitrary distances through quantum telepor-
tation provided the network parties (named
“Alice” and “Bob”) have previously established
a shared entangled state and can communicate
classically (8–11).

Unconditional quantum teleportation

In the teleportation protocol (Fig. 1A), Alice is
initially in possession of the state to be teleported
(qubit 1), which is most generally given by jy〉 ¼
aj0〉þ bj1〉. Alice and Bob each have one qubit of
an entangled pair (qubits 2 and 3) in the joint
state jY−〉23 ¼ ðj01〉23−j10〉23Þ=

ffiffiffi
2

p
. The combined

state of all three qubits can be rewritten as

jy1〉jY−〉23 ¼
1
2
½jFþ〉12ðaj1〉3 − bj0〉3Þ

þ jF−〉12ðaj1〉3 þ bj0〉3Þ
þ jYþ〉12ð−aj0〉3 þ bj1〉3Þ
− jY−〉12ðaj0〉3 þ bj1〉3Þ&

where jFT〉 ¼ ðj00〉Tj11〉Þ=
ffiffiffi
2

p
,jYT〉 ¼ ðj01〉Tj10〉Þ=ffiffiffi

2
p

are the four Bell states. To teleport the quan-
tum state, Alice performs a joint measurement on
her qubits (qubits 1 and 2) in the Bell basis, pro-
jecting Bob’s qubit into a state that is equal to jy〉
up to a unitary operation that depends on the
outcome of Alice’s measurement. Alice sends the
outcome via a classical communication channel
to Bob, who can then recover the original state by
applying the corresponding local transformation.
Because the source qubit state always disap-

pears on Alice’s side, it is irrevocably lost when-
ever the protocol fails. Therefore, to ensure that
each qubit state inserted into the teleporter un-
conditionally reappears on Bob’s side, Alice must
be able to distinguish between all four Bell states
in a single shot, and Bob has to preserve the co-
herence of the target qubit during the commu-
nication of the outcome and the final conditional
transformation. Several pioneering experiments
have explored teleportation between remote nodes
(12–14), but unconditional teleportation between
long-lived qubits (1–3) has so far only been dem-
onstrated within a local qubit register (15–17).
We demonstrate unconditional teleportation

between diamond spin qubits residing in inde-
pendent setups separated by 3 m. This result is
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i,j

|Ψ−〉

Ey , E1,2

MW  RF

Fig. 1. Teleportation scheme and system de-
scription. (A) General scheme for teleportation.
In our experiment, Alice and Bob each control a
single NVcenter in a single-crystal chemical vapor
deposition–grown diamond by operating an in-
dependent cryogenic confocal microscope setup
(T = 8 K for Alice and T = 4 K for Bob). (B) Energy-
level schemeandqubit controlmethods.The source
state is encoded in Alice’s nitrogen-14 spin (green)
with basis states j0〉 ≡ mI ¼ 0, j1〉 ≡ mI ¼ −1. Two
distant NV electronic spins (purple), with basis
states encoded as j0〉 ≡ ms ¼ 0,j1〉 ≡ ms ¼ −1,
form the remote entangled pair shared by Alice
and Bob.The electron spin is initialized by optical
spin pumping on the NV center’s E1,2 transitions
(bright red arrows), and read out by spin-selective
optical excitation via the Ey transition (dark red
arrow) (18). Microwave (MW) pulses allow for electron spin manipulation, and radiofrequency
(RF) pulses are used to manipulate the nuclear spin when the electron is in state j1〉. (C)
Scanning electron microscope image of a diamond device, featuring a solid-immersion lens
for enhanced collection efficiency, a stripline for spinmanipulation bymagnetic resonance, and
electrodes for bringing the optical transitions of Alice and Bob on resonance using the dc Stark
effect. See supplementary methods for details (23).
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Diamonds
Hanson's research group produces qubits using electrons in diamonds. ‘We use diamonds because ‘mini prisons’ for 
electrons are formed in this material whenever a nitrogen atom is located in the position of one of the carbon atoms. The fact 
that we're able to view these miniature prisons individually makes it possible for us to study and verify an individual electron 
and even a single atomic nucleus. We're able to set the spin (rotational direction) of these particles in a predetermined state, 
verify this spin and subsequently read out the data. We do all this in a material that can be used to make chips out of. This is 
important as many believe that only chip-based systems can be scaled up to a practical technology,’ explains Hanson. 

Holy Grail
Hanson is planning to repeat the experiment this summer over a distance of 1300 metres, with chips located in various 
buildings on TU Delft's campus. This experiment could be the first that meets the criteria of the 'loophole-free Bell test', and 
could provide the ultimate evidence to disprove Einstein’s rejection of entanglement. Various research groups, including 
Hanson's, are currently striving to be the first to realise a loophole-free Bell test, which is considered 'Holy Grail' within 
quantum mechanics.

Delft:  
the Hanson diamond group

entanglement swapping

http://www.tudelft.nl/en/current/latest-news/article/detail/beam-me-up-data/

29 May 2014

http://www.tudelft.nl/en/current/latest-news/article/detail/beam-me-up-data/
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Statistical issues
• Detection loophole – intention to treat principle! 

• Memory loophole – randomisation and martingale theory! 

• Time variation – randomisation and martingale theory! 

• Statistical significance: based on randomisation of settings, not 
on an assumed physical model (no “iid” assumption) 

• Time variation – turn a bug into a feature by dynamic 
optimisation of test statistic 

• Statistical optimisation – from “S ≤ 2” to                                
        S + ∑ no-signalling equalities  cn.s.e. n.s.e. ≤  2

http://rpubs.com/gill1109

http://rpubs.com/gill1109


Turning around the randomness:  
Bell inequalities are logical inequalities
• Suppose A, B are independent fair Bernoulli 

• Define Iab  = I(A = a, B = b) 

• Condition on values of X1, X2, Y1, Y2 and define            
δab = I(xa ≠ yb) 

• Observe that                                                               
E(δ11 I11 – δ12 I12 – δ22 I22 – δ21 I21)  ≤ 0   because                 
x1 ≠ y1   ⇒   x1 ≠ y2   or   y2 ≠ x2   or   x2 ≠ y1

This leads to martingale tests: protection against: 
time dependence, trends and jumps, 
opportunistic stopping or skipping



Want to know more?
• http://www.slideshare.net/gill1109/epidemiology-

meets-quantum-statistics-causality-and-bells-
theorem 

• http://www.math.leidenuniv.nl/~gill 

• Survey paper in Statistical Science
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Statistics, Causality and Bell’s Theorem
Richard D. Gill

Abstract. Bell’s [Physics 1 (1964) 195–200] theorem is popularly sup-
posed to establish the nonlocality of quantum physics. Violation of
Bell’s inequality in experiments such as that of Aspect, Dalibard and
Roger [Phys. Rev. Lett. 49 (1982) 1804–1807] provides empirical proof
of nonlocality in the real world. This paper reviews recent work on
Bell’s theorem, linking it to issues in causality as understood by statis-
ticians. The paper starts with a proof of a strong, finite sample, version
of Bell’s inequality and thereby also of Bell’s theorem, which states that
quantum theory is incompatible with the conjunction of three formerly
uncontroversial physical principles, here referred to as locality, realism
and freedom.
Locality is the principle that the direction of causality matches the

direction of time, and that causal influences need time to propagate
spatially. Realism and freedom are directly connected to statistical
thinking on causality: they relate to counterfactual reasoning, and to
randomisation, respectively. Experimental loopholes in state-of-the-art
Bell type experiments are related to statistical issues of post-selection
in observational studies, and the missing at random assumption. They
can be avoided by properly matching the statistical analysis to the ac-
tual experimental design, instead of by making untestable assumptions
of independence between observed and unobserved variables. Method-
ological and statistical issues in the design of quantum Randi challenges
(QRC) are discussed.
The paper argues that Bell’s theorem (and its experimental confir-

mation) should lead us to relinquish not locality, but realism.

Key words and phrases: Counterfactuals, Bell inequality, CHSH in-
equality, Tsirelson inequality, Bell’s theorem, Bell experiment, Bell test
loophole, nonlocality, local hidden variables, quantum Randi challenge.

1. INTRODUCTION

Bell’s (1964) theorem states that certain predic-
tions of quantum mechanics are incompatible with
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typographic detail.

the conjunction of three fundamental principles of
classical physics which are sometimes given the short
names “realism”, “locality” and “freedom”. Corre-
sponding real world experiments, Bell experiments,
are supposed to demonstrate that this incompati-
bility is a property not just of the theory of quan-
tum mechanics, but also of nature itself. The conse-
quence is that we are forced to reject at least one of
these three principles.
Both theorem and experiment hinge around an

inequality constraining probability distributions of
outcomes of measurements on spatially separated
physical systems; an inequality which must hold if
all three fundamental principles are true. In a nut-

1

and freedom.

http://www.slideshare.net/gill1109/epidemiology-meets-quantum-statistics-causality-and-bells-theorem
http://www.slideshare.net/gill1109/epidemiology-meets-quantum-statistics-causality-and-bells-theorem
http://www.slideshare.net/gill1109/epidemiology-meets-quantum-statistics-causality-and-bells-theorem
http://www.math.leidenuniv.nl/~gill


I cannot say that action at a distance is required in physics. But I cannot say 
that you can get away with no action at a distance. You cannot separate off 
what happens in one place with what happens at another – John Bell 

Nature produces chance events (irreducibly chance-like!) which can occur 
at widely removed spatial locations without anything propagating from point 
to point along any path joining those locations. … The chance-like character 
of these effects prevents any possibility of using this form of non locality to 
communicate, thereby saving from contradiction one of the fundamental 
principles of relativity theory according to which no communication can 
travel faster than the speed of light – Nicolas Gisin

Postscript

Quantum Chance: Nonlocality, Teleportation and Other Quantum Marvels. Springer, 2014

https://www.youtube.com/watch?v=V8CCfOD1iu8

https://www.youtube.com/watch?v=V8CCfOD1iu8

