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Loopholes: 
experimental loopholes

By definition, experimental loopholes are closable by careful experimental precautions 

However, the effectiveness of those precautions might be subject to metaphysical 
objections



Detection Loophole

• Photon polarization: not all photons actually arrive


• Outcomes are actually ternary: horizontal, vertical, non-
detection


• If QM is true, and we would use usual optimal states and 
measurements, and detection is completely at random 
(and independent at the two measurement stations), we 
would need at least 82% detector efficiency before we 
could violate a Bell inequality



Coincidence loophole

• We don’t predetermine times of *emission* of photons


• Two detections in each wing of the experiment are 
considered a pair, if they arrive at times less than some 
prechosen time interval (“the coincidence window”) delta 
apart



Solution to coincidence 
loophole

• Use a pre-fixed lattice of time-slots of width delta


• Use a martingal test (ie count only those time slots when 
there is one detection in both wings)



Solution to detection 
loophole

• In photonics experiments, we now have photo-detectors 
with 75% efficiency


• It turns out that we can violate Bell provided we go to 
different states and measurements: Eberhard inequality, 
Peter Bierhorst proof, Vienna and NIST experiments



Other loopholes

• Finite statistics loophole


• “Measurability” loophole


• Time dependence (memory)


• Time trends, jumps, …

All fixed by Gill (2001, 2003) using martingale theory. 
This also takes care of opportunistic stopping; it delivers safe statistics



Other loopholes (continued)

• Bell’s fifth position - QM itself prevents implementation of 
a successful loophole-free experiment


• This would be a kind of “undecidability”, built into the 
fabric of quantum mechanics itself (conspiracy?)


• Experimentally disproved by 2015 loophole-free 
experiments … if you trust them



Challenge

• Come up with a new loophole


• Give it a fancy name


• Show how to fix it


• There are some attempts to catalogue all known and 
perhaps as yet unknown loopholes



Metaphysical loopholes

• No amount of experimental precautions can rule them out


• However, one can try to make them ridiculous



Metaphysical loopholes
• The conspiracy loophole (predetermination)


• Determinism / predetermination applies to the settings together with well as all the rest. You can’t 
separate off different components of a composite physical system as if they were somehow 
“independent” of one another


• Physical independence and statistical independence - see results from algorithmic complexity 
theory of Jonas Peters et al. in their book on Causality and Learning


• Does the famous experiment with photons from distant galaxies solve this problem?


• Solipsism (ultimately, it’s all in the mind anyway, stupid)


• qBism, quantum Buddhism


• Many worlds theory


• Collapse-free QM



Computer challenges
• Quantum Randi challenge (Sasha Vongehr)


• My 2001 challenge to Luigi Accardi


• My recent challenge to Joy Christian


• QM also makes a prediction about 10 000 Bell experiments each with N = 1 
carried out on 10 000 distant galaxies… so “time” and “memory” are *not* 
really issues


• But Bell-deniers usually do exploit time dependence, time trends, time 
breaks


• Example: Joy Christian and his team of helpful programmers



STATISTICS, CAUSALITY AND BELL’S THEOREM 3

the observed variables; see, for instance, Ver Steeg
and Galstyan (2011).
In view of the experimental support for violation

of Bell’s inequality, the present writer prefers to
imagine a world in which “realism” is not a fun-
damental principle of physics but only an emergent
property in the familiar realm of daily life. In this
way, we can keep quantum mechanics, locality and
freedom. This position does entail taking quantum
randomness very seriously: it becomes an irreducible
feature of the physical world, a “primitive notion”;
it is not “merely” an emergent feature. He believes
that within this position, the measurement problem
(Schrödinger cat problem) has a decent mathemat-
ical solution, in which causality is the guiding prin-
ciple (Slava Belavkin’s “eventum mechanics”).
Many practical minded physicists claim to be ad-

herents of the so-called Many Worlds interpretation
(MWI) of quantum mechanics. In the writer’s opin-
ion (but also of many writers on quantum founda-
tions), this interpretation also entails a rejection of
“realism”, but now in a very strong sense: the reality
of an actual random path taken by Nature through
space–time is denied. The only reality is the ensem-
ble of all possible paths. Devilish experiments lead
to dead cats turning up on some paths, and alive
cats on others. According to MWI, the only real-
ity is the quantum wave-function. The reality of the
death (or not) of the cat is an illusion.

2. BELL’S INEQUALITY

To begin with, I will establish a new version of the
famous Bell inequality (more precisely: Bell-CHSH
inequality). My version is not an inequality about
theoretical expectation values, but is a probabilis-
tic inequality about experimentally observed aver-
ages. Probability derives purely from randomisation
in the experimental design.
Consider a spreadsheet containing an N × 4 ta-

ble of numbers ±1. The rows will be labelled by an
index j = 1, . . . ,N . The columns are labelled with
names A, A′, B and B′. I will denote the four num-
bers in the jth row of the table by Aj , A′

j , Bj and

B′

j . Denote by 〈AB〉= (1/N)
∑N

j=1AjBj , the aver-
age over theN rows of the product of the elements in
the A and B columns. Define 〈AB′〉, 〈A′B〉, 〈A′B′〉
similarly.
Suppose that for each row of the spreadsheet, two

fair coins are tossed independently of one another,
independently over all the rows. Suppose that de-
pending on the outcomes of the two coins, we either

get to see the value of A or A′, and either the value
of B or B′. We can therefore determine the value
of just one of the four products AB, AB′, A′B, and
A′B′, each with equal probability 1

4 , for each row
of the table. Denote by 〈AB〉obs the average of the
observed products of A and B (“undefined” if the
sample size is zero). Define 〈AB′〉obs, 〈A′B〉obs and
〈A′B′〉obs similarly.

Fact 1. For any four numbers A, A′, B, B′ each
equal to ±1,

AB +AB′ +A′B −A′B′ =±2.(1)

Proof. Notice that

AB+AB′+A′B−A′B′ =A(B+B′)+A′(B−B′).

B and B′ are either equal to one another or unequal.
In the former case, B−B′ = 0 and B+B′ =±2; in
the latter case B −B′ =±2 and B +B′ = 0. Thus,
AB+AB′+A′B−A′B′ equals either A or A′, both
of which equal ±1, times ±2. All possibilities lead
to AB +AB′ +A′B −A′B′ =±2. !

Fact 2.

〈AB〉+ 〈AB′〉+ 〈A′B〉 − 〈A′B′〉 ≤ 2.(2)

Proof. By (1),

〈AB〉+ 〈AB′〉+ 〈A′B〉 − 〈A′B′〉

= 〈AB +AB′ +A′B −A′B′〉 ∈ [−2,2]. !

Formula (2) is known as the CHSH inequality
(Clauser et al. (1969)). It is a generalisation of the
original Bell (1964) inequality.
When N is large one would expect 〈AB〉obs to

be close to 〈AB〉, and the same for the other three
averages of observed products. Hence, equation (2)
should remain approximately true when we replace
the averages of the four products over all N rows
with the averages of the four products in each of
four disjoint sub-samples of expected size N/4 each.
The following theorem expresses this intuition in a
precise and useful way. Its straightforward proof,
given in the Appendix, uses two Hoeffding (1963)
inequalities (exponential bounds on the tail of bi-
nomial and hypergeometric distributions) to prob-
abilistically bound the difference between 〈AB〉obs
and 〈AB〉, etc.

Theorem 1. Given an N × 4 spreadsheet of
numbers ±1 with columns A, A′, B and B′, sup-
pose that, completely at random, just one of A and
4 R. D. GILL

A′ is observed and just one of B and B′ are observed
in every row. Then, for any η ≥ 0,

Pr(〈AB〉obs + 〈AB′〉obs + 〈A′B〉obs
− 〈A′B′〉obs ≤ 2 + η)(3)

≥ 1− 8e−N(η/16)2 .

Traditional presentations of Bell’s theorem derive
the large N limit of this result. If for N →∞, experi-
mental averages converge to theoretical mean values,
then by (3) these must satisfy

〈AB〉lim + 〈AB′〉lim + 〈A′B〉lim − 〈A′B′〉lim ≤ 2.(4)

Like (2), this inequality is also called the CHSH in-
equality.
I conclude this section with an open problem. An

analysis by Vongehr (2013) of the original Bell in-
equality, which is “just” the CHSH inequality in the
situation that one of the four correlations is identi-
cally equal to ±1, suggests that the following con-
jecture might be true. I come back to this in the last
section of the paper.

Conjecture 1. Under the assumptions of The-
orem 1,

Pr(〈AB〉obs + 〈AB′〉obs + 〈A′B〉obs − 〈A′B′〉obs > 2)
(5)

≤ 1
2 .

3. BELL’S THEOREM

Both the original Bell inequality, and Bell-CHSH
inequality (4), can be used to prove Bell’s theorem:
quantum mechanics is incompatible with the princi-
ples of realism, locality and freedom. If we want to
hold on to all three principles, quantum mechanics
must be rejected. Alternatively, if we want to hold
on to quantum theory, we have to relinquish at least
one of those three principles.
An executive summary of the proof of Bell’s the-

orem consists purely of the following one-liner: cer-
tain models in quantum physics, referring to an ex-
periment with the layout of Figure 1, predict

〈AB〉lim + 〈AB′〉lim + 〈A′B〉lim − 〈A′B′〉lim
(6)

= 2
√
2.

More details will be given in a moment.
If we accept quantum mechanics, should we re-

ject locality, realism, or freedom? Almost no-one is
prepared to abandon freedom. It seems to be a mat-
ter of changing fashion whether one blames local-
ity or realism. I will argue that we must place the

blame on realism, and not in the weak sense of the
Copenhagen interpretation which is a kind of dog-
matic assertion that it doesn’t make any sense to ask
“what is actually going on behind the scenes”, but
in a more positive sense: the positive assertion that
quantum randomness is both real and fundamental.
In classical physics, randomness is merely the result
of dependence on uncontrollable initial conditions.
Variation in those conditions, or uncertainty about
them, leads to variation, or uncertainty, in the fi-
nal result. However, there is no such explanation
for quantum randomness. Quantum randomness is
intrinsic, nonclassical, irreducible. It is not an emer-
gent phenomenon. It is the bottom line. It is a fun-
damental feature of the fabric of reality.
For present purposes, we do not need to under-

stand any of the quantum mechanics behind (6): we
just need to know the specific statistical predictions
which follow from a particular model in quantum
physics called the EPR-B model. The initials refer
here to the celebrated paradox of Einstein, Podolsky
and Rosen (1935) in a version introduced by Bohm
(1951). The EPR-B model predicts the statistics of
measurements of spin on each of an entangled pair
of spin-half quantum systems in the singlet state.
Fortunately, we do not need to understand any of
these words in order to understand what an EPR-B
experiment looks like (see Figure 1 again).
In one run of this stylised experiment, two par-

ticles are generated together at a source, and then
travel to two distant locations. Here, they are mea-
sured by two experimenters Alice and Bob. Alice
and Bob are each in possession of a measurement
apparatus which can “measure the spin of a parti-
cle in any chosen direction”. Alice (and similarly,
Bob) can freely choose (and set) a setting on her
measurement apparatus. Alice’s setting is an arbi-
trary direction in real three-dimensional space rep-
resented by a unit vector a. Her apparatus will then
register an observed outcome ±1 which is called the
observed spin of Alice’s particle in direction a. At
the same time, far away, Bob chooses a direction b

and also gets to observe an outcome ±1. This is re-
peated many times—the complete experiment will
consist of a total of N runs. We will imagine Alice
and Bob repeatedly choosing new settings for each
new run, in the same fashion as in Section 2: each
tossing a fair coin to make a binary choice between
just two possible settings, a and a′ for Alice, b and
b′ for Bob.
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Statistics, Causality and Bell’s Theorem
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Abstract. Bell’s [Physics 1 (1964) 195–200] theorem is popularly sup-
posed to establish the nonlocality of quantum physics. Violation of
Bell’s inequality in experiments such as that of Aspect, Dalibard and
Roger [Phys. Rev. Lett. 49 (1982) 1804–1807] provides empirical proof
of nonlocality in the real world. This paper reviews recent work on
Bell’s theorem, linking it to issues in causality as understood by statis-
ticians. The paper starts with a proof of a strong, finite sample, version
of Bell’s inequality and thereby also of Bell’s theorem, which states that
quantum theory is incompatible with the conjunction of three formerly
uncontroversial physical principles, here referred to as locality, realism
and freedom.
Locality is the principle that the direction of causality matches the

direction of time, and that causal influences need time to propagate
spatially. Realism and freedom are directly connected to statistical
thinking on causality: they relate to counterfactual reasoning, and to
randomisation, respectively. Experimental loopholes in state-of-the-art
Bell type experiments are related to statistical issues of post-selection
in observational studies, and the missing at random assumption. They
can be avoided by properly matching the statistical analysis to the ac-
tual experimental design, instead of by making untestable assumptions
of independence between observed and unobserved variables. Method-
ological and statistical issues in the design of quantum Randi challenges
(QRC) are discussed.
The paper argues that Bell’s theorem (and its experimental confir-

mation) should lead us to relinquish not locality, but realism.

Key words and phrases: Counterfactuals, Bell inequality, CHSH in-
equality, Tsirelson inequality, Bell’s theorem, Bell experiment, Bell test
loophole, nonlocality, local hidden variables, quantum Randi challenge.

1. INTRODUCTION

Bell’s (1964) theorem states that certain predic-
tions of quantum mechanics are incompatible with
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the conjunction of three fundamental principles of
classical physics which are sometimes given the short
names “realism”, “locality” and “freedom”. Corre-
sponding real world experiments, Bell experiments,
are supposed to demonstrate that this incompati-
bility is a property not just of the theory of quan-
tum mechanics, but also of nature itself. The conse-
quence is that we are forced to reject at least one of
these three principles.
Both theorem and experiment hinge around an

inequality constraining probability distributions of
outcomes of measurements on spatially separated
physical systems; an inequality which must hold if
all three fundamental principles are true. In a nut-

1

Challenge 
to a Bell-denier who is happy not to exploit *memory* of past *settings* 
  
Bell-denier generates 16000 x 4 spreadsheet of numbers +/-1  
(“counterfactual outcomes”) 

Trusted third party generates 16000 pairs of fair coin tosses  
(“actual settings”) 

Compute CHSH for actual chosen settings, actually thereby designated outcomes 

Win/lose criterium: < > 2.4 (halfway between LR bound 2 and QM max 2.8… 



> N <- 800 
> pbinom(0.80*N, N, 0.75, lower.tail = FALSE) 
[1] 0.0003587726 
> pbinom(0.80*N, N, 0.85, lower.tail = TRUE) 
[1] 8.248497e-05

Bell martingale challenge 
  

Success (in one trial):= outcomes equal & settings not (2, 2); or outcomes unequal & settings (2, 2) 
X := # Successes in N trials 
Win/lose criterium: Success rate := X/N < > 0.8 
LR: E( X/N ) ≤ 0.75; QM: E( X/N ) ≤ 1/2 + √2 / 4 ≈ 0.85, with equality attainable

CHSH “spreadsheet” challenge, 16 000 experiments each with N = 1 

LR: E( S ) ≤ 2; QM: E( S ) ≤ 2 √ 2 ≈ 2.828, with equality attainable 
Criterion: S < > 2.4

> eta 
[1] 0.4 
> N <- 16000 
> 8 * exp( -N * (eta/16)^2) 
[1] 0.0003631994

Sharp

Not sharp
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Bell Inequality Violation with Free Choice and Local Causality on the Invariant Set

T. N. Palmer

Bell's Theorem requires any theory which obeys the technical definitions of Free Choice and Local Causality to satisfy the Bell inequality. 
Invariant set theory is a finite theory of quantum physics which violates the Bell inequality exactly as does quantum theory: in it neither Free 
Choice nor Local Causality hold, consistent with Bell's Theorem. However, within the proposed theory, the mathematical expressions of both 
Free Choice and Local Causality involve states which, for number-theoretic reasons, cannot be ontic (cannot lie on the theory's fractal-like
invariant set I_U in state space). Weaker versions of Free Choice and Local Causality are proposed involving only the theory's ontic states. 
Conventional hidden-variable theories satisfying only these weaker definitions still obey the Bell inequality. However, invariant set theory, 
which violates the Bell inequality, satisfies these weaker definitions. It is argued that the weaker definitions are consistent with the physical 
meaning behind free choice and local causality as defined in space-time, and hence that Free Choice and Local Causality are physically too 
strong. It is concluded that the experimental violation of the Bell inequality may have less to do with free choice or local causality per se, and 
more to do with the presence of a holistic but causal state-space geometry onto which quantum ontic states are constrained.
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Bell’s Theorem Versus Local Realism in a Quaternionic Model of Physical Space

Quantum correlations are weaved by the spinors of the Euclidean primitives

The Vector Algebra War

Mathematics is a product of the imagination that sometimes works on simplified 
models of reality. Platonism is a viral form of philosophical reductionism that breaks 
apart holistic concepts into imaginary dualisms. I argue that lifting the veil of 
mathematical Platonism will accelerate progress. In summation, Platonic ideals do 
not exist; however, ad hoc elegant simplifications do exist and are of utility provided 
we  remain aware of their limitations.

The 7th Conference on Applied Geometric Algebras in Computer Science and Engineering

What is the connection between these items? 
Do you agree with the last statement? 

Why would someone make such a statement? 
Does it matter?

Conclusion
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