Answer the following questions:

Exercises 17-20 refer to the matrices A and B below. Make
appropriate calculations that justify your answers and mention an
appropriate theorem.
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17. How many rows of A contain a pivot position? Does the
equation Ax = b have a solution for each b in R*?

18. Can every vector in R* be written as a linear combination of

the columns of the matrix B above? Do the columns of B
span R*?

19. Can each vector in B* be written as a linear combination of
the columns of the matrix A above? Do the columns of A
span R*?

20. Do the columns of B span R*? Does the equation Bx =y
have a solution for each y in R*?



15. LetA = [ 3 -1 ] andb = [b’ ] Show that the equation
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Ax = b does not have a solution for all possible b, and
describe the set of all b for which Ax = b does have a
solution.

36. Suppose A is a 4 x 4 matrix and b is a vector in R* with the
property that Ax = b has a unique solution. Explain why the
columns of A must span R*.



In Exercises 28-31, (a) does the equation Ax = 0 have a nontriv-
ial solution and (b) does the equation Ax = b have at least one
solution for every possible b?

28. Ais a3 x 3 matrix with three pivot positions.
29. Ais a4 x 4 matrix with three pivot positions.



In Exercises 1-4, determine if the vectors are linearly indepen-
dent. Justify each answer.
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In Exercises 11-14, find the value(s) of & for which the vectors
are linearly dependent. Justify each answer.
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True/false:

22. a. If u and v are linearly independent, and if w is in
Span {u, v}, then {u, v, w} is linearly dependent.

b. If three vectors in R? lie in the same plane in R?, then
they are linearly dependent.

c. If a set contains fewer vectors than there are entries in the
vectors, then the set is linearly independent.

d. If asetin R” is linearly dependent, then the set contains
more than n vectors.

40. Suppose an m x n matrix A has n pivot columns. Explain
why for each b in R” the equation Ax = b has at most one
solution. [Hint: Explain why Ax = b cannot have infinitely
many solutions.]



True/false:
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Define T : R* — R? by T'(x) = Ax. Find T'(u) and T'(v).

In Exercises 3-6, with 7" defined by 7'(x) = Ax, find a vector x
whose image under 7 is b, and determine whether x is unique.

1 0 -3 -2
3. A=(-3 1 6|,b= 3
2 -2 -] -1

7. Let A be a 6 x 5 matrix. What must @ and b be in order to
define 7 : R — R? by T'(x) = Ax?



17. Let T : R?* — R? be a linear transformation that maps u =

3. - 3. -1
[4]1nto[l]andmapsv—[3]1nto[ 3j|.Usethefact

that 7" is linear to find the images under 7" of 2u, 3v, and
2u + 3v.

In Exercises 21 and 22, mark each statement True or False. Justify
each answer.
21.

b. If Ais a3 x5 matrix and T is a transformation defined
by T(x) = Ax, then the domain of T is R>.

c. If A 1is an m x n matrix, then the range of the transforma-
tion x — Axis R™.

e. A transformation T is linear if and only if
T(e1vi + cav2) = 1T (V1) + 2T(V2)

for all v, and v, in the domain of T and for all scalars ¢,
and c.

24. An dffine transformation T : R" — R™ has the form T'(x) =
Ax + b, with A an m xn matrix and b in R™. Show
that 7" is not a linear transformation when b # 0. (Affine
transformations are important in computer graphics.)



In Exercises 32-36, column vectors are written as rows, such as
X = (x;, Xx3), and T'(x) is written as 7 (x;, x,).

32. Show that the transformation 7" defined by 7'(x;,x;) =
(x; — 2|x3|, x; — 4x,) is not linear.

In Exercises 1-10, assume that T is a linear transformation. Find
the standard matrix of 7.

2. T:R3—>R2, T(e))=(,4), T(e;)=(-2,9), and
T(ey) = (3,—8), where e,, e,, and e; are the columns of
the 3 x 3 identity matrix.

11. A linear transformation 7" : R? — R? first reflects points
through the x;-axis and then reflects points through the x;-
axis. Show that 7" can also be described as a linear transfor-
mation that rotates points about the origin. What is the angle
of that rotation?

In Exercises 15 and 16, fill in the missing entries of the matrix,
assuming that the equation holds for all values of the variables.

2?2 7 X 2x, — 4x,
15. | ?2 7?2 X X| — X3
? ? ? X3 —X3 + 3X3



