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self-adjoint ,that is SES
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A linear heap of '- A → B between two linear species is positive if it

weeps positive elements to positive elements .

Proposition bet A , B be unital at - algebras , Sc
A an operator

system . If to : S- B is positive ,
then it is bounded end
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of continuous functions on T , £ the coordinate fat .
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Therein (2-4)

bet Be 4- algebra , 01 : CCX) → B positive .

Then both Holl1)H

Proof WCOG assume 0/117 c- 1 . let f£ CCX) . NfNE t .

let E> 0 gwen .
choose a finite open covering
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we now need a domicile results from complex analysis :
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the bet T be an operator on a Hilbert space t with UTHE I

bet SECCIT) be our operator system defined by

5--2 pceib) +qcei) : pig polynomials 3

The map § : S → BAD defined by $(pig )= pct) +act)
*

is positive .

PIF enough to prove positivity for strictly positive ne .
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If we can show this meter✗ operator ↳ pontine ,

we are done

nihilpotent :let R= [ % : : ?] rn-11=0 11k" = '
0 TO
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"

= ( I - R)
-
'
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-
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so we needto check C.I - R) - ' + (n- Rt) -
I
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")

< ( 1- R)
-
'
+ (1- Rt)

"
- 1) h, h> = ay ,

( I - R) y> + 211
- R)y , y >

- ( (1-Rly
,

( 1-Ny) > =

= My 11? kRyU2 20
because R contraction

am



Coriolanus If A is a merited E- algebra , one A with Hell = s ,
then there

is eventual positive map of : CCIT) → A with cp)=p(e) .

Corollary let Bic C*- algebras with Wei ,
A-c- B a subalgebra ,

-

S = A+ A-
*

.

If 10:S → C positive , then 11#a) 11 C- 17☒(1) 1111@11 Toc-A

corollary (Russo - Dye)
-

TA
,
B be unital CT- algebras , of: A → B a positive creep .

Then 111011 = 11/011-711
.

We conclude by showing how positive maps cerise :

Lex let A bee at - algebra , S a- A an operator system ,

and

f : S → ① a linear functioned with f- (1)= 1-
,
hf 11 =L

.

If one S is a normal element of a, then fla) lies in the closed convex hull

of the spectrum of a .

that Recall that the co of a compact set is the intersection of ell closed

disks containing the set .

Suppose flat € Co Cola)) . Then I > and r>os.tl f-lot -11 > r

while Ofa) a- Zz : It - d l s r 3s ①

But then old - 21) c- { 2- : 12-1 er }

moreover for a normal hall= spree) =) ha - 1111 Er

while lfkel - d h > r { with
~ 115-11=1

☐

Renard : theconvex hull of the spectrum of a positive operator C- ☒+ ,

so f must be positive .

Proposition : Let s be an operator system , B ce aerial c*- algebra

of : S → B a aeeitel contraction .
Then § is positive .

If : By GNS, we represent Bon ceHilbert space ñ : B → BCH)

let ✗ c- H
,
h ✗11=1

,
set flat = < I $(a) × , ✗ >

⇒ f- (1) =L ,
N f- 11<-11/011 . By the previous lemme , if apositive ,

flat positive ⇒ total pontine
☐
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Proposition let A bee unital C*- algebra , Ms A subspace with 1 te .

If B is a unital C*- algebra of : M → B e unital contraction ,
then

§ : oe+r* → B gwen by

* la -1b¥) = blot + ☒b)
*
t

is well- defined I there is a unique positive extension of & to Mt M *

Pref : Suppose § has a positive extension , then by g.ceolyomtnen of positive
maps-

the extension must satisfy ty

To prove well
- oleficdenem : a,a* E M ⇒ ☒CoE) = of(a)

let Si = {a :aeM dateM3

⇒ Sr is an operator system by definition ,
and since & is Keitel + Contractive

t b self - edyoint on S"
on Sr ⇒ & is positive ⇒

(Exercise 2- 1.)

⇒ ☒ is well-defined .

To see that § is positive we represent B = BCH) , define @ (a) = = < To (a) ✗ ,
✗>

to prove § positive we use Hahn - Beneath .

Indeed , let g : M-7 A plot = <the ✗ , ×> ,

"f)1=1

⇒ y extends
to pi: M + M

'
→ o ng , 11=1

HB

=) fi positive ,
so fill + b*) =p, let + Ñb = Jla + b*)

=) § positive


