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chapter 3 , completely positive maps

let Abe a G- algebra , ME
A e subspace . then we call Her operator

space . Multi) c- Mn CA) Inherits the novel structure of ten (A)
.

SEA operator system . 10 ! S → B is positive if ✗20 ⇒

011×7=0 .

-
We saythat $ is n - positive if # : tents? → MucB) is

positive ;
-
we say that is completely positive If Ion is positive
for allwe 1N .

- Of is completely isometric 1 contractive if fu is isometric /

Contractive ten .

- § is completely bounded if soup 11th 11 is
finite (bounded b- n

not enough)

⇒ 11 Yob = sup 11th Il
n

Remark of is n b-weeded ⇒ & is (n - n ) bounded .

-

Lemme (3.1 ) bet A bee e- olgebre with unit . bet a ,b c- A .

there

-

Ci) Dork ' C⇒ [
1 •

positive in tlaCA)
vs )

(ii) [
^ of positive in MzCA) 2=7 @

*
a Eb

otb

(a) ⇒ c) ,
so we prove lie)

'⇐ '

Take ñ : A → BCH) e faithful rep , set ✗
=+ (e) , p = is

(b) ⇒ ✗Ep

positivity for tes operators .

<(J ) , *%) / §) > =
2×1×3 + < y. ✗

* × > + < × , ✗
* y > + < y , .by,

= < ✗ + ay ,
✗+ ay > + 2b, CR- ✗* a)y >

20 if B-2220

'
=)

' assume P 22*2

⇒ 2 y s- t 2 y ,
(b - 2k23g > = a +Mi

< (f) ,(¥p/ (f) > = <✗ + ✗g. ✗+ay> + i. +di
set ✗= - ay §

☐



Propositions.2 bet 8 be an operator system ,
Be c-

-algebra

with unit , § : S → B 2 positive and unital .

Then § is contractive .

1 Pce)

pro-of.ee S . Hell a- I ⇒ 102 ( EET ) ) = [µ,@* ,] positive

⇒ Kote) 11<-1

levied 3.1

Propositions (Schwartz inequality
for 2 positive mops / Keolison's

inequality]

let A. B be unites c-- algebras , 01 : A→ B ce unital 2- positive

map .
Then

@(e)☒(a) = ☒(•
*e) b-of A

(follows from 3- 1 (Ii) )

propositions let An B unital CE algebras , MEA subspace 1AEM

bet s= Mt one * . If $ : M → B unital & 2 contractive ,

then 0T : S → B is positive & 2-contractive .

☒ lie +b* ) = (a) + of /b)
*

PI by Pnop 2.12 ,
if ¢ 's contractive → § is well defined

Moreover , M2 (5) = Macon) + Macon)
*
& (F)2 = (E)

by 2.12Cogan) s
we have 0L , contractive → $2 positive

⇒ § contractive

prop 32 ☐

Propositions
under the severe conditions of 3.4 . Suppose of : M→ B

unital & completely contractive →
§ : S → B is completely

positiveI completely contracture
.

Preview wehave identified Mzn (S) with Mz (Muts))
-

Algebraically : no- problem .

Norms one the severe : MaCmn (S)) inherits from MaCmn ( A)) here we

Maul S)
" " Man (A) I have

an iso of
d- algebras



Examples • & : A → B * -homomorphism between CE algebras

⇒ lou : MnCA) → Miners) also → horn .

* horn ⇒ positive & contractive =\ ☒ is completely positive &
completely contractive

• Fix a e-- algebra A , ✗eye A
I define § : A → A by local = Xey

bet @g) C- Mn(A)

⇒ 11 A-Ceij 111=11 (✗Qijy) 11 = IldiofG) - lay ) diag (g) U c- 11×11 Hey" Ally 11

⇒ 10 Cb & A $1110b c- R ✗ II. Ily 11
. If ✗=y* ⇒ completely

positive

• Combining the 2 examples :

bet 711
,
712 be Hilbert species vi. V2 : Hi → Ftz two bounded

operators .

let IT : A → Betz) be a * -homomorphism & define

§ : A → Beetle) as

on us V2
*
IT (e) V1

Then ☒ is completely bounded I 110111dB E N Ve 1111kV

moreover if Vn=Vz ⇒ $ Is completely positive

Rewire An completely positive maps we encountered one completely

bounded .
This is not a coincidence :

Proposition SEA operator system .
Be at - algebra .

Let $:S → $ completely positive .

Then § is completely bounded and Nola
) 11 = toll = H&M

cb.pro#-
: clearly , Notch 11 = 11$11 c- 11/0/1 Is

let us prove U&U do e- Nott)71

let us consider a matrix A = (ai) C- Mncs) with 11 (eight e- 1-

let us consider [ In A** ya] E Marcs) Is positive (3. c)



⇐* In ) ) = [[
←⇐4 Ion#)

⇒ Pan ( (
"" A

☒ At) loneIn)]|
-

positive ⇒ 11 Ion (A) h e thou ( In) U = Holli)N 9h

☐

-

SdwrprodoctsItefrprodvts
let A. BE ten

⇒ A- = ⑥ij) .
13=4'D ⇒ A-*B = laij - bij) ij

t A we get a linear map Sj. Mn → Mu B - A-* B

let V : in → In @ ①
n

et n ele es SA (B) = V (A@ B) v
*

F
Kronecker product

-

Proposition . 8 let -5 been operator space and f: S → ① a bounded

linear functional - then N f-Rob = N f- 11

Furthermore , if S Is an operator system I f- is positive → £1s Completely positive

proof let laid C-Mncs) , ✗ -ye Q
"
with bx 11=11911--1 .

⇒ I < flail✗ - y > 11 = 1 If flag)×jyT I = If ( §
,
aijxyi ) I

± 11-111 U -2 eij-xiy.tt

our goal is to show A -2 dij MYTH e- 11 (ai ) A

✓
follows from it being (1+1) entry of the matrix product

15-1*-1
. -

- .

yiyy.ee
" -

- -

any/ ÷
' °

.

- -
i

° Qhi Onn a. i

'

.

]
since ×,y were chosen to have nerve I.Cos

vectors) .

•
to conclude f- completely positive, let y=✗

< fnloij )x , × > = f- ( Ioij ×)Ñ) positive <⇒ oij positive

(AI) entry of a positive matrix
(diog entries
are positive)



Re*k : if 01 : S → CCD Comm + United C* -algebra)

is a bounded linear weep ,
then 1101 Kcb = 11$11 .

Furthermore , if S is an operator system I & positive ,
then 10 is

completely positive . (cf . Theorem 3. 5) .

-

(pij ) positive scalar matrix . 9 be a positive element of sometenure 3.10

c*
- algebra .

then Cq . pij) positive in ten (B) .

Theorem (Stinespring)

we d-algebra , and let
& :c → B positive .

Then Io is

completely positive
.

Piaf : uses a partition of unity argument
.

Corothwy (
matrix valuedversion ofvon

Neumann inequality)

let 7 been operator
one Hilbert spree with 111-11<-1 .

(pij) on hxn

Matrix of polynomials

N (pi) (D) Hg(µn)
E SOPH Pij (2) Upn : 1-21=1-3

Def -- the numerical radius of Tf BCH)

sup / CTX , × > I = : WCT)
✗ c- te

11×11<-1

Thin 7 C- Bche)
,
SE CCIT) = 2 ptq 1 pig polynomials 3

If@e

② WCT) c- I

② of :S → BCH) definedby

☒( ping) = PCT) + PCT >
*

+ pÉqo) - L is positive

This has the conseevence that we can extend the functional calculus from

polynomials to A-(D) for T with WCT) c- \

d
Lunations that ere analytic on Dl I entered continuously
to DT = D U IT

Growing (Berger- keto- Stempfh) TE BCH) ,wtf )=) , f-C- ACD)

f-107=0 ⇒ w(FCT)) c- Hft


