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Thue( Dilation theorem for commuting isometries)
letvi. . - Vn3 bee set of commuting isometries on a Helbert space H .

There there exists a Hilbert Space K2 7h and e set of commuting ueritonies
{ Un - - - Um3 on 2 Sit Vnme .. . Vnmn = PH Unm" . . Unm" 17-1 t {me . . . muse Noh

.

Corollary let Uni- Vn commuting isometries

Pijpocyuoueéel in a - oovnielsles

B.Gen,
s sup { 11 fij (ti -- - 2-a)

A / 12th / El lek en z
⇒ ftp.j (Vn -- - Un)H

PI : Any poly in n- Comm isometries can be
written ostehe compression of -

polyamide in n uniforms .

-

g( Us . - . Vu) = Png Iu- - - - un) I µ

Cui - - . Un) c- CCX) ✗ c- IT
"

compact subset

6rokouy5.3_ Vu . - .
Vu commuting isometries

(↳
* V1) 2 (Viv,

*) 20

Pf : take Ui , -- . ih as in
5. I 1<=4 ⑦ Ht

y*Ui= vile,*
→ Ui = (

✓i ✗ i

y, )
Vitt E H

→(Vivi) = (Vivi)
-1 Xix,*

rewrite (Vivj
* I =

☐

we can get a generalisation of the lot thm .

Thm5 bet G- be our Abelian group . PCG spanning cone ,
i.e

1) 0 E P ;

2) P is closed under addition giifze P⇒ 8,-182 EP

3) age P 3- 81,82 Sit g= og- 82 (spanning condition)

let ✓ :P -7 BCH) be e semigroup homomorphism sit gig) is an isometry LEP .

⇒ 2 K? H Hilbert space & it : G- → BCK) a unitary rep. such that g(g) = Put /8) IH
ye P

Piaf : $ : G- → BCH) g = gi - gz m g (ga) (g)

of = 81-82 = 83-84

→ gGÑg Cge) =p (827*8183)+94378
(pi) =

=L (82+83)*8(go + gil
=

= gGn→piFg(go c- pe) = plaguing 1ps)
⇒ well-defined

☒ is completely positive : consider gr . . . gu s -t gi = pi - qi pi , gie P
1 c- it is

=\ ☒ C- Gi + gjl = fcpitqj /
* p(qi-pjl-D-cgeqp-x.pcq.PT positive

9 ⇒ G- completely
diagonal# positive .



Noiueorkcs dilation thm gives us KE H ,
T : G- → BCK) unitary reps

✓ : t-→ K et $(8) = ✓* +(f)V , V*V= ☒(o) = I

=) UH = H
T

isometrically ☐

let us move to contractions

Thun 5.5 (Ando is there)
-

let Ti , T2 commuting contractions on e Hilbert space
tl . There

3- KZ H ,
V , , Uz commuting uvuitoviees on K .

then

Tin Tam = P ( U, " Uzm) /
µ

him = 0

te

Piaf : to show : 3- converting isometries vi. V2 s -t

TinTzu = Pz V ,
"
Vzm / z

let V : e2CÑ? → UCE )
(hi . - .kz ) ↳ (Thi , 11-TFF)

"

? o
,
h
?

NB : not commuting in general :

(V1Vz ) ( hi , hz , . . . ) = ( T1 T2 h, Di Tzh, , 0 , Dzh , 0 ,
hz - .

'

(VzV1 ) (hi , hz , . - .
) = (TLTI h , Dz Ti hi i 0 ,

D, hi , 0,
he . . . )

Assume
that 3- U : Hot → to

bet W : Gail → e'CH) s- t (hi - . - he) m(hi ,

⇒ wvnvzw
"
are converting isometries & they satisfy *)

what is miming is existence of U .

isometry between { (Ditz he , , 0 , Dzhi . 0 )}= Mr

{⑨212 hi , 0 , Dihi , 0) )} = th

ohne th = deemHH ) & dine M? 2 dueM ☐

Corollary Coon Neumann type inequality) let IT .
T2 commuting

contractions , gi
i= ^ - - - n polynomials in two variables

sup 211 pi,j (ti , -2271 A gym
: 12-11=1 ,

I-221=1 3
→ Agi (17.1-2)HE

Bctlcmi )

NB_ VN feels for 3 or more commuting contractions



Counterexample
on ①

5
. consider operators

Ai= ¥ /
¥

0 )
* = £3 (0¥

, , , , , •
)0 0

0

O l - l - l 0

A> = ¥
, , , , ,

J , P G-
' ' ti

, 2-37=2-12+25-1 2-32-2712-27173
- 22-2-23

Not known if 11g (IT -. . Till
I Kn UP His

lower bounds : kn ? F-

=) Get Pn denote the algebra of polynomials in n- variables

set Up an = sup 11pct, - . - Tn) U where sup is overthe

set of n - tuples of

commuting
contraction -

fer every p
2- n-tuple where the supremum is achieved

0

• for each p chose
d-commuting h- tuple where U pls u is detained

→ fever the oliret sour of ell
such n-tuples

⇒ geta single
n- tuple for every polynomial .

Then

IT : Pn -7 BCH) is an isometric vs homomorphism -

p - p (I - - th)
→ universal op. algebra for h-tuples
of Comm - Contractions

-

coroliouy Coommnteut lifting
theorem)

bet T be a contraction on a thibert space ,
and let (U.

W) be

the minimal unitary dilation of T . If R commutes withT ,

then there exists S commuting
with U s -t URh= ash and

beth = Pte SU
" Its

-

Bff = Gwen T E BCHD
i= ' > 2 A € BCHi.tk) , we say that

A intertwines T.IT provided AT = Tz A



Corotouy (Intertwining dotation theorem)
let t 1=-112 be contractions on H with

minimal unitary dilation (Ui , Ki) . If A intertwines Tr & Tz ⇒ F R

intertwining Un. V2 s-t NA 11=111211 &

AT
"
= Tenth = PH

,

RUT / 7h = PakhiR/ a, two .

Ef : we observe that the minimal unitary adulation of

I. (T' z) is Ñ = (
"'

uz ) on Kie ke

RD )
we can apply commuters lifting to = ( £ § ) → Ñ = (

Ñ B

satisfying A^F " = Pa , @ Ha
£ Ñ " /Hi@ Hz

component - wise ⇒ AT
"
= Paz RU ,

" / H n>_0

moreover NAME HRH a- 11£11 = HE 11=11^-11 → 11A 11=11RU ☐

Appns : norms of operator valued aeoteioes

H separable , f :T→ H measurable I square integrable
Lee

hu = ¥, f e
- inofcéoldo

⇒ Zemo his

249117 = ECT) @H = em) ☒ tf = My / H) 4

An e nom- bounded sequence of operators . 0 < r Ll

Br (e't) = 2- An v14 e
int

f
f
converges

continuous op .
vowed function IT → BCH) .

MBR bounded as operator on GCIT.tt)
: NMBrU= HBroly

=> using the
above & : operator valved Toeplitz matrix .



theorem let 71 be separable . An E BCH) h2o a sapience of operators

as

The Operator valued thenKel matrix (Aitj ) o is bounded on PCH) ⇐>

F An c- BCH) neo St AB has = sup
11 Brm < tis

rat

B(eio) = I
←•

An emo .
h= - D

Moreover
,
there exist a pontoon choice of An neo s-t

N Ait, U
= IIB his

proof : relies on the intertwining dilation theorem .


