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theorem let 10 ? S → Mn . Tfae

① 01 is completely positive

② of is n- positive

③ Sol is positive

Pro_of
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2.⇒ 3 follows from the inner product formula .

3=>2 Assume 840 positive .
Extend Sol to S : ReelA) → Q .
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c- A

thmf.IO : s → Mn completely positive . I completely positive extension

4 : A
→ ten

ThneG3_ of : te → seu . Amueue ie one , 4G) = s .

There TFAE 1) § completely contracture

2) § n- contractive

3)-15$ contractive
n

⇐ f- 1=7 2=7 3 ✓

z ⇒ I f- S/o is not only contractive but also unites

extends to ☒
contractive + chital → positive on Mtr

#
= S → Mn

Define ✗ the linear fat . onocieted
to ☒ .

4 extends 01
it is completely positive I unital

→ 4 is completely contracture ⇒ of corn. contr. ☐

ND : we have oetuelly proven more :

Tnm_ 4: te → Mn 1 EM , foci)= 1 . If 4 is n- contractive →

3- completely positive extension 4 : A → te

combining the previous results)

consider St@ Nut = { 2- die A. / die 51 , Ai C- tent 3

Ste nut a- Mul5)+

bereave 6.5 01 : S → Mn positive ⇐> S/o is positive on St@ Nut
-

Proofs .
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tennis Leto : s → ten positive, Cai;)c-Mncs) s.to/mlQij)Eo ,

there 3- of' :S → ten positive cental

s.to/mossumesThm-G6TFAE
1) every positive §

! S → Mn is comp. positive

2) every unital , positive
mop § : S → ten is completely positive

3) St@Mnt is dense in Mn (S)
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Puff we already proved 1 ⇐] 2
& 3--71

Assume Stern not dense

bet p c- Mnl8)
+ not in the closure of St@Mn -1

By Krein -Milman 1- s linear fat on Mn(97 , pontine on St@Mnt

but scp> < 0 .

Then the amocieted linear map is :S → M is positive
but not completely
positive
Cofh not positive) ☐

Grollowy-6.tt TFAE

@ it operator system
B I 01 : S - B positive of is completely

positive

2) for every n , every positive
$ : S → Mn comp. positive

8) St ☒Mn
-1 dense in Mn (s) -1 b- n

2)=) 3) follows from 6.6

1)holds =) 2)

to see 27=1 1) i assume B= BCH) .
Gwen Coij) in Mn ( S -1)

to check that Ion((dij ) ) enough to chose ×. . - - in c- H &

dream

q <* (eij)x, . ✗D= °

f- be f.deer . sobopeoe opened by Xi - - - in

4 : s → B (7)
the compression

5-= Nk n = dwelt) =, µ completely
pontine by ii) &

hence

o c- 2- < 4010574 , XD = 2-< (010-5)×1 ,XD ☐

Def S operator system
.

Shas e- partition of verity for ✗ ,
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, provided
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C- S

Z pi c- I > scalars 21 - .
.
in with 1211 = 11×11

such that
A ✗ - Ia) pill C E

we say that
8 has a partition of cutty for M , provided every

element of te is pontitionoble wrt S
.



Levene 6.8 let S be an operator system , ✗E S 11×11=1 .
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TFAE 1) ✗ partitionable wit S ;

2) every positive map §
with domain S satisfies

notch c-Hola) Is

3)
[¥,] is in the closure of St@ Mzt

1) ⇒ 2) similar argument of thm 2.4 . (using
believe 2.3)

to get 1101471K Nola ))}

2)⇒ 3) Assume 3) does not hold , that is
3- S: Macs) → a

s-t s( [2*9] ) co but scstetlzcd) so

let § be the tin . mop anocioted
to s
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'
from § s.to:( 1¥, ) )
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let Si = (r,+1-13/2 .
then I >i /si 1<1
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e- € < Is- Pi < It € &
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DX - I Call Sil si pi H <
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- 71
ehm sees s operator system . Every pontine map on S has

hover holly 11 where restrictedto
M ⇐] S has - partition of

unity for te .



Corotouy B ceolgeb.no , LEB ,
AEB 1€ A subalgebra ,

f-At D-
*
⇒ s has a partition of ueeety forA .

EXAM#E (illustrate the advantages of working with Pof U .

Def Aa- CCX) is uniform if I C- A carrot separates points .

A hypo - Dirichlet algebra is a uniform algebra Is CCD

st
. the closure of ✗+Ñ has finite codimension in A .

^

EXAMPLE AVWWS
☐ < Ric R2

A- = 47€01 Ric 12-1<1223

*(A) := algebra of national
>

functionals on A-

IT = { 2- c- ¢ I 12-1 = Ri 3 3=112

RIAD c- CAA) .

let s:= closure of RCA)-1 RTA) in CCAA]

S has codimension 1 (due to Walsh)

Define functionals Sj : a cont) - Q by
a-

got = ÷,ff( Rye
't ) alt

0

Fast Laurent polynomials one dense in RCA)
+n

for f = I Quzk a finite banneret poly , we have
U= -n

s, (f) = Sz (f)

⇒ s , (f)= Sz (f) b- f-E S

⇒ 5=2 -1€ CCAA)l self)= Sz(f) 3

claim S has No partition of levity for S itself

let f-c- S

_, ants , multiply bi ion th

- l 5.(f) = Sz (f)

there f has no petition of uoeety in
S

.



Consciences : 3- positive metal map of :S → tea at

1) § not contractive ;

2) § not completely positive (
otherwise completely contractive)

3) $ has no positive extension to CCAA)
( positive on Comm . C*dg ⇒ comp. pos )

4) 40 := 0/1 pe#) is awaited contraction but its positive extension

4- = § is not .

5) y has no contractive extension to S .

6) 4 Is not 2- contractive


